Applications of the
CHAPTER Derivative

, 3
1. continuous; closed and bounded Critical points: -2, _E, 1
2
2. extreme 3 9

Y(-2)=-2, ‘P[Ej =7 Y1) =4
3. endpoints; stationary points; singular points

. - 9
, , ) Maximum value = 4, minimum value = ——
4. f'(c)=0; f'(c) does not exist 4

oy Lo 2 _6 .2 ,
Problem Set 3.1 8. G(x)_g(6x +6x—12)_g(x +X-2);

2

1. Endpoints: -2, 4 X" +x-2=0 whenx=-2,1
Singular points: none Critical points: -3, -2, 1, 3
Stationary points: 0, 2 SN RPN _ 7 B
Critical points: —2,0,2,4 G3)=5.6(2)=4,6)=-,63)=9

Maximum value =9,
2. Endpoints: -2, 4 7
Singular points: 2 minimum value = ——
Stationa ints: 0 >
ry points:
Critical points: —-2,0,2,4 ) )
9. f'(x)=3x"-3;3x"-3=0 whenx=-1, 1.

3. Endpoints: -2, 4 Critical points: —1, 1
Singular points: none f-1)=3,f1)=-1
Stationary points: —1,0,1,2,3 No maximum value, minimum value = —1
Critical points: -2,-1,0,1,2,3,4
(See graph.)
4. Endpoints: -2, 4 25 !

Singular points: none
Stationary points: none
Critical points: -2,4

5 f'(X)=2x+4;2x+4 =0 when x=-2.
Critical points: -4, -2, 0 -5 ?
f(-4)=4,1(-2)=0,f0)=4 -F
Maximum value = 4, minimum value = 0

10. f'(x)=3x>-3;3x>-3=0 whenx=-1, 1.

, 1
6. h'(X)=2x+1;2x+1=0 when x = _E. Critical points: ,%, -1,1,3
.. . 1
Critical points: -2, ——, 2 f (_%j - %7 f)=3f()=-1f(3)=19
h(-2)=2, h(—%) - _%’ h(2) =6 Maximum value = 19, minimum value = —1
Maximum value = 6, minimum value = —i
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11. h(r)= —iz; h'(r) is never 0; h'(r) is not defined 15. g'(x)=— sz =5 - 2X2 =0 whenx=0.
r (1+x7) 1+x7)
when r =0, but r = 0 is not in the domain on Critical point: 0
[-1, 3] since h(0) is not defined. g(0)=1

Critical points: —1, 3

+. B +
Note that lim h(r) =—o and lim h(x)=oo. As X =0, g(X) = 07 as X = =0, 9(x) > 0.

X0~ x—0" Maximum value = 1, no minimum value
No maximum value, no minimum value. (See graph.).
2X 2X
12. g'(x)=- ;= =0 whenx=20

A+x3)2 (1+x2)?
Critical pointS' -3,0,1

1
9(-3)= ,9(0)—1 g(l) = 3
L1 L1
Maximum value = 1, minimum value = — =5 5%
1-%°
\ 3 16. f'(x)=———;
13, f'(x)=4x" —4x () (1+x%)2
=4x(x* -1 2
(1) —LJ%7:OwMWX=7L1
=4x(x-1)(x+1) (1+x7)
4x(x—1)(x+1)=0 when x=0,1,-1. Critical points: -1, 1, 4
Critical points: -2,-1,0,1,2 f(-1)= _l, f(1) :l, f(4) :i
f(=2)=10; f(-1)=1; f(0)=2; f(1)=1; 2 12 17
f ( 2) =10 Maximum value = 3
Maximum value: 10 o 1
Minimum value: 1 minimum value =——

14. f'(x)=5x*-25x*+20 x
17. r'(@)=cos@; cosf =0 when 9:E+kn

( —5x +4)
( )()(2 _1) Critical points: —%,%
=5(x=2)(x+2)(x=1)(x+1) r[ Ej__L r(zj_l
5(x=2)(x+2)(x=1)(x+1)=0 when 4 27 \e) 2
Xx=-2,-1,1,2 . 1.
. ) Maximum value = —, minimum value = ——
Critical points: —3,-2,—1,1,2 2 2
19
f(-3)=-79; f(—2):—?; f(_l):_?; 18. s'(t) =cost+sint; cost+ sint=0 when
35 13 — T
f(1)="2; f(2)=— tant=-1or t=——+Kkm
=2 1(9)=t 3

.. . 3n
Maximum value: 33—5 Critical points: 0, VR

Minimum value: -79 s(0)=-1, s( ) V2, s(r)=1.

Maximum value = \/E S
minimum value = -1
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25. 9'(0) =06 (secOtan0)+20secd

19. a'(x)= ;a'(X) does not exist when X = 1.
| - | =0OsecH(Otan+2)
Critical points: 0, 1, 3
> = h =0.
a(0) = 1. a(1) - 0, a3) = 2 93ecf9(¢9tan¢9+2) 0 when =0
Maximum value = 2, minimum value = 0 Consider the ;t,:r)e/lph:
20. f'(s)= 3|(33s 2|) f'(s) does not exist when s_%. -
Critical points: —1,%, 4 \i - /
f(—l):S,f(%):O,f(4):10 I
_n — T X
Maximum value = 10, minimum value = 0 4 - 4
-1 -
21. g'(x )"T f'(x) does not exist when x = 0. B
Critical points: —1, 0, 27 . . T T
> Critical points: ——,0,—
9(-1)=-1,9(0)=0,9(27) =3 P 474
Maximum value = 3, minimum value = —1 ju 222 2\ 222
Y TRRRIC A 'Y LT
22, s'(t)= 3/5 ;8'(t) does not exist when t=0. ,
Crltlcal points: —1, 0, 32 Maximum value: %;Minimum value: 0
s(-1)=1,s(0)=0,s(32)=4
Maximum value = 4, minimum value = 0
(2+t)(5t2/3j—t5/3(1)
23. H '(t)=—sint 26. h'(t) = 3
2
—sint =0 when (2+1)
t=0,7,27,37,47,57x,67, 77,87 23(5 23(10 2
Critical points: 0,7,27,37,47,57,67, 77,87 _t E(ZH)_t _t ?+§t
H(0)=1; H(z)=-1; H(27)=1; (2+t)2 (2+t)2
H(3z)=-1; H(4r)=1; H(57)=—1; _2t2/3(t+5)
H(67)=1; H(77)=-1; H(87z)=1 3(2+t)°
Maximum value: 1 h'(t) is undefined when t=-2 and h'(t)=0
Minimum value: —1 when t =0 or t =-5. Since —5 is not in the
24. ¢ ‘(x) =1-2cos X interval of interest, it is not a critical point.
| Critical points: —1,0,8
1-2cosXx=0— cos X =— when h(—l):—l' h(O):O' h(8):E
2 > 5
X=_ Sn 7w ow S Maximum value: ? Minimum value: —1
373373
.\ . Sr w5z 27 F0x)=3%2 —12x+1:3x2 —12x+1=0
Critical points: 27, T3 2z - a (x) =3x X+155X X+1l=
BB
St -5x when X=2——— and X=2+——.
9(-27)=-27; g 3 ZT—\/g; 3 3
g(__j:__Jrf g( j Z_3: Critical points: —I, 2—£ 2+ \/—
3 3 ’ /5
33
g(%)zs?ﬁﬁ; 9(27)=27 f(-1) =6, f(ZTJz2.04,
33
Maximum value: 577[+ NE) f (2 +g} ~-26.04, f(5) =18
Minimum value: _5_77_\/5 Maximum value = 2.04;
T3 minimum value ~ —26.04
156 Section 3.1 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



(X —6X2 + X +2)(3x% —12x+1)

b. g'x)= 5
‘x3 —6x2+x+2‘
g'(x) =0 when x=2§ and
Xx=2 +@. g'(X) does not exist when

f(x) = 0; on [-1, 5], f(X) = 0 when
X = —0.4836 and X ~ 0.7172
33

Critical points: —1, —0.4836, 2 — 5

33

0.7172, 2452, 5
g(-1) = 6, g(~0.4836) = 0,

( 33

gl2 —TJ ~2.04, 9(0.7172) = 0,

[

2 +TJ ~26.04, g(5)=18

Maximum value = 26.04,
minimum value = 0

28. a. f'(X)=xcosx; on[-1, 5], X cos X =0 when

Xx=0, Xx=—,X
2 2

Critical points: —1,0, E, 3—“, 5
22

f(—1)23.38,f(0) =3, f (gj ~3.57,

f (37“) ~ 271, f(5) ~-2.51

Maximum value ~ 3.57,
minimum value ~2.71

(cos X+ Xsin X+ 2)(Xcos X) .
|cosx+XsinX+2| ’

b. g'(x)=

i 3n
'‘X)=0whenx=0, X=—, X="—
9'(x) 5 5

g'(x) does not exist when f(x) = 0;
on [-1, 5], f(X) = 0 when X ~ 3.45

Critical points: —1, 0, g, 3.45,37“, 5

g(-1)~3.38,9(0)=3, g Gj ~3.57,

9(3.45)=0, g (37“) ~2.71, g(5) ~2.51

Maximum value = 3.57;
minimum value = 0

Instructor's Resource Manual

29. Answers will vary. One possibility:
AY

S S ) 97 I I I N N
=

30. Answers will vary. One possibility:
Ay

-5

31. Answers will vary. One possibility:
Ay

S S Y N
5 X

32. Answers will vary. One possibility:
AY

A
II_IIIIIIIIII=
5 X
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33. Answers will vary. One possibility: 3.2 Concepts Review
A
1. Increasing; concave up

2. £'(x)>0; f"(x)<0

=

3. An inflection point
S S Y B By

B ° g 4. f"(c)=0; f"(c) does not exist.
> Problem Set 3.2
34. Answers will vary. One possibility: 1. f'(x)=3; 3>0 forall x. f(X) is increasing

AY for all x.

2. g'(x)=2x-1; 2x—1>0 when x>%. g(x) is

. . 1 .
increasing on [5, o | and decreasing on

(-4

3. h'(t)=2t+2; 2t+2>0whent>-1.h(t)is

increasing on [-1, o ) and decreasing on
(o0, —1].

-5

35. Answers will vary. One possibility:
|

<

4. f'(x)=3x%;3x> >0 for x=0.

\ f(x) is increasing for all X.

L ./ Ll 5. G'(X):6X2718x+12:6(X72)(x71)
5 X Split the x-axis into the intervals (—oo, 1), (1, 2),
(2, ).

Test points: x:0,3,3;G’(0):12, G’ 3 :_é’
2 2 2

||||?|\

G'(3)=12
G(X) is increasing on (—oo, 1] U [2, «) and

36. Answers will vary. One possibility:
y .
decreasing on [1, 2].

5 -

B 6. f'(t)=3t>+6t=3t(t+2)

B Split the x-axis into the intervals (—oo , —2),

N 7 (-2,0), (0, ).

L S '=X Test points: t=-3,-1, 1; f'(-3)=9,

- 5

n f'-1)=-3, f'1)=9

B f(t) is increasing on (—oo, —2] U [0, o) and

Sl decreasing on [-2, 0].
7. W(2)=23-222=2%(2-2)
Split the x-axis into the intervals (—oo, 0), (0, 2),
(2, ).
Test points: z=-1, 1, 3; h'(-1)=-3, h'(1)=-1,
h'(3)=9
h(z) is increasing on [2, o) and decreasing on
(—OO s 2]
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8.

10.

11.

12.

13.

14.

15.

2-X
f'(x)=——
(==
Split the x-axis into the intervals (—oo, 0), (0, 2),
(2, ).
Test points: -1, 1, 3; f'(-1)=-3, f'()=1,
1

f (3)2—5

f(x) is increasing on (0, 2] and decreasing on
(_OO: 0) VU [2: OO)

H'(t) = cost; H'(t) > 0 when Ost<g and

3n <t<2m
2
H(t) is increasing on {0, g} U [%T, Zn} and

. [n 371}
decreasing on | —,— |.
22

R'(8) = —2cos@sind; R'(8) >0 when §< f<mn
and 3n <0 <2m

2
R( @) is increasing on [g, n} V) [%, 275} and

decreasing on [O, E} U [n, 3—75}
2 2

f"(x) =2; 2> 0 for all x. f(X) is concave up for all
X; no inflection points.

G"(w) =2; 2> 0 for all w. G(w) is concave up for
all w; no inflection points.

T"(t)=18t; 18t>0 whent> 0. T(t) is concave up

on (0, « ) and concave down on (-, 0);
(0, 0) is the only inflection point.

f”(z)zz—ﬁ:i(z4 —3); z*-3>0 for
Z4 Z4

z<-3 and z>43.
f(z) is concave up on (o0, — i‘/g) ) (il/g ,0) and
concave down on (—% ,0)u (0, i‘/g); inflection

. 1 4 1

points are —i‘/g, f——j and (\/g, \/5——)
(5535 5

q"(x) =12x> —36x—48;q"(x) > 0 when x <—1
and x> 4.
g(x) is concave up on (-, —1) U (4, «) and
concave down on (-1, 4); inflection points are
(-1, -19) and (4, —499).

Instructor's Resource Manual
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16.

17.

18.

19.

20.

f"(x)= 12x% +48x = 12x(x+4); f"(x) >0 when
X <-4 and x> 0.
f(x) is concave up on (—o0, —4) U (0, o) and
concave down on (-4, 0); inflection points are
(-4, -258) and (0, -2).

F"(x) =2sin? X—2cos® X+4 = 6—4cos’ X;

6—4cos> x>0 for all x since 0<cos> x<1.

F(x) is concave up for all x; no inflection points.

G"(X) = 48+ 24 cos’ X —24sin> X

=24+ 48cos? X; 24+48 cos® x> 0 for all x.
G(X) is concave up for all X; no inflection points.

f'(x) =3x>-12;3x* =12 >0 when
X<-2or x>2.
f(x) is increasing on (—o , 2] U [2, o) and
decreasing on [-2, 2].

f"(x) = 6x; 6x >0 when x> 0. f(x) is concave up
on (0, «) and concave down on (—, 0).

y
20

| 1L 1 1 % 1 | 141 1
-5 5 X

=20
9'(x) =12x%2 —6x—6 = 6(2x +1)(x—1); g'(x)>0
when X < f% or X > 1. g(X) is increasing on
1 . 1
—oo, ) U[l, ) and decreasing on Y 1.
g"(X) =24x-6=6(4x—-1); g"(x)>0 when
1
X>—.
4
g(Xx) is concave up on (%, oo) and concave down
=)
on | —oo,— |.
4

501

=50
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21, g'00=12x> —12x? =12x*(x=1); g'(X)>0 23. G'(x)=15x* —15x% =15x*(x* —-1); G'(X)>0

when x > 1. g(X) is increasing on [1, oo ) and when X <—1 or x> 1. G(X) is increasing on
decreasing on (—o0,1]. (-0, —-1]U[l, «) and decreasing on [-1, 1].
" 3 2 .
g"(x) = 36X —24x =12x(3x—2); g"(X)>0 G"(x) = 60x” —30x =30x(2x" —1);
2 . .. . 1
when X< 0 or X > 3 g(X) is concave up on Split the x-axis into the intervals | —oo, _E ,
(o0, 0) U (E, ooj and concave down on (0, gj (_L’ ()J, [0’ Lj’ (L’ OO].
3 3 R AN
20 11

Test points: X =—1, 3 I, G"(-1)=-30,

G”(lJ =E,G"[1j = 7%6"(1) =30.

T T 1T 1T 1T T T T2

2 2 2
G(X) is concave up on (L Oju(L ooj and
N2 V2
Lol ' concave down on | —oo L vl 0 =
-3 0 3 X ’ \/5 ’ \/5 ’
y
22. F'(X)=6X>—12x3 =6X° (x> -2) S
Split the x-axis into the intervals (—oo, -2 ), [\:
(_\/Ea O)a (Oa \/5)’ (\/57 OO) . | 1 | \ | | |
— X
Test points: x=-2, -1, 1, 2; F'(-2) =-96, } i 3
F'(-1)=6,F'(1)=-6,F'(2)=96 =
F(X) is increasing on [—«/E ,0lu [«/E ,00) and -5F
decreasing on (oo, -2 1ulo0, 2 1 2x
4 ) 2.9 By 24, H'(X)=————; H'(X)>0 when x> 0.
F"(X) =30X" —36X~ =6X"(5X" —6); 5x°—6>0 (x> +1)?
6 6 H(X) is increasing on [0, oo ) and decreasing on
when X< —,[— or X>,[—. (—o0, 0].
5 5 ’ 5
F(X) is concave up on | —o0, — 6 U 6 oo | and H"(x) = 2(12_ 2 3); H"(x)>0 when
4 5 5 ’ (X + 1)

1 1
[6 | e <X <=
concave down on [— g, g} 3 3

y H(X) is concave up on (—L Lj and concave
sf? NN
. downon | —0, —— [U| —, 0 |.
B V3 3
[ I T y
-3 B 30X 51
el T
-5 B 5 X
5
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25.

26.

217.

f100 =—2%X_. £/(x) >0 when 0<x<g. f(x)

c
2+/sin X

. . T .
is increasing on | 0, 5 and decreasing on

b
E,TC .
cos? X —2sin? x

f7(x)=—
4sin’/?
(0, o). f(x) is concave down on (0, 7).

.\I
-

; F"(X) <0 for all xin

3x—4 4
g'(x) = ; 3X—4>0when X >—.

240x=2 3
g(x) is increasing on[2, ).

0"(=—>=8

—/, 3x — 8 >0 when X>§.

. 8
g(x) is concave up on (g, ooj and concave down

on (2, §j
3

18

T T T T T 17171

| I N N T I |
10x

-2

2 o
f()— 1/3,2 5x>0whenx<§, f'(x)

does not ex1st atx=0.
Split the x-axis into the intervals (—oo, 0),

FIEE

1
Test points: —1,—,1; f'(-1)=——,
P 5 =D 3

(1Y s,
f(gj—T,f(l)——

f(x) is increasing on [O, %} and decreasing on

2
(—OO, 0] U|:g, OOJ
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28.

oo 2(5X+1)
f =
(==

1 .
X < e f"(x) does not exist at X = 0.

: ~2(5x + 1) > 0 when

1 8
Test points: —1, ——,1; f"(-1) =—,
p 0 D 5

104/3

oL _
f(_lOJ ()= 3

. 1
f(x) is concave up on (—oo, —gj and concave

down on (—%, Oj U (0, ).

4(x+2)
3x2/3 :

g'(x)=

X+2>0when x>-2, g'(X)

does not exist at X = 0.
Split the X-axis into the intervals (—o0,-2),
(_2: 0)7 (05 0 )

4

Test points: -3, -1, 1; ¢'(-3) =——+,
35/3

9'-D=+ ,9(1) 4.

g(x) is increasing on [-2, o) and decreasing on

(-0, 2]

9" (x )—4("5/?), X—4>0when x>4, g"(X)
does not exist at X = 0.
. y 20
Test points: -1, 1, 5; g"(-1) =—,
” 4 " 4
9'0=-7.9"0)=—=73"
3 9(5)

g(x) is concave up on (—o0, 0) U (4, ) and
concave down on (0, 4).
25 —‘

Nt

=10 10x

T 1T
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29.

30.

31.

32.

33.

34.

fix)

ftx)

/

'
b

T

T

o0 b=

'
P f—

T T T

o0 b=

35.

36.

37.

38.

39.

40.

f(x)= ax? +bx+c; f'(x)=2ax+Db;
f"(x)=2a
An inflection point would occur where f"(x)=0,

or 2a = 0. This would only occur when a = 0, but
if a = 0, the equation is not quadratic. Thus,
quadratic functions have no points of inflection.

f(x) =ax® +bx? +cx+d;
f'(x)= 3ax? +2bx+c; f "(X) = 6ax+2b
An inflection point occurs where f"(x)=0, or

6ax+2b=0.
The function will have an inflection point at
b

Xx=——,a=0.

3a
Suppose that there are points X; and X, in |
where f'(x)>0 and f'(X,)<0. Since ' is
continuous on |, the Intermediate Value Theorem
says that there is some number € between X; and

X, such that f’(c) =0, which is a contradiction.
Thus, either f'(x) >0 forall xin | and fis
increasing throughout | or f'(X) <0 forall Xin |
and f is decreasing throughout I.

Since x> +1=0 has no real solutions, f'(X)

exists and is continuous everywhere.
x> —X+1=0 has no real solutions. X> —X+1>0
and x> +1>0 forall X, so f'(X)>0 forall x.

Thus f is increasing everywhere.

a. Let f(x)=x* andlet | =[0,a],a>y.
f'(X) =2x> 0 on Il. Therefore, f(X) is
increasing on I, so f(x) < f(y) for x <y.

b. Let f(x)=+x andlet | =[0,a],a>y.
f'(x)= R > 0 on |. Therefore, f(X) is

2x

increasing on |, so f(x) < f(y) for x <y.
c. Let f(x) _1L and let | =[0, a], a>y.
X

f'(x)= _iz <0 on |. Therefore f(X) is
X

decreasing on I, so f(x) > f(y) for x <y.

f'(x)= 3ax? +2bx+c
In order for f(X) to always be increasing, a, b, and
¢ must meet the condition 3ax> +2bx+c > 0 for
all X. More specifically, a > 0 and b? —3ac < 0.
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3b—ax L . . 45. a. 1.5
41, f"(x)=———. If (4, 13) is an inflection point )
b 3b-4a .
then 13 = 2a+5 and RTE =0. Solving these -_g/_O B 2 4 6
-1
equations simultaneously, a = % and b= % -1.5
b. f'(x)<0:(1.3,5.0
42. F(x) =a(X-R)(X—H)X-F) (0 <0:(13,5.0)
f'(x) =al(x—1n)2X-1K —1i)+(X-KL)(X-1r)] c. f"(x)<0:(=0.25,3.1)U(6.5,7]
f'(x)= a[3x2 “2X(R+ KL +R)+00L + 65 +015]
F7(x) = a[6X—2(1y + 1, +13)] d. f(x)=cosx—Lsin®
a[6x—2(f +1, +13)]=0 2 2
6x:2(r1+r2+r3);x:r1”§+r3 /:\ /\
-2 2 4 &
-0.5
43. a. [fO)+g()])' =f'(X)+g'(x). .
Since f'(x)>0 and g'(x) >0 for all x, .

f'(xX)+g'(x) >0 for all x. No additional
conditions are needed.

X
' 42
b. [f(x)-9(0)]' = f(¥)g'()+ f'(x)g(x). N
f(x)9' () + f'(X)g(x)> 0 if ’\\5 /\

f(x)>—&g(x) for all x. = \ 2 P 3
g'(x) -0.5 \
c. [f(gC)I' = f'(g(x)g'(x). -
Since f'(x)>0 and g'(x) >0 forall X, 46. a
f'(9(x))g'(x) > 0 for all x. No additional 8
conditions are needed. 6
4
44, a. [f(X)+gX)]" = f"(X)+g"(x). 5
Since f"(x)>0 and g”" >0 forall x,
£7(x)+g"(x)> 0 for all x. No additional 2or e B
conditions are needed. b. f'(x)<0:(2.0,4.7)u (9.9, 10]
b. [f(x)-g()]"=[f009'(x)+ F'()g(X)] c. f"(x)<0:[0,3.4)U(7.6,10]
= (9" + F'()g00)+2F'(x)9'(X).
The additional condition is that d. F(0=x| - 2 cosl Xlsinl X4 cos2 [ X
fF)9" 00+ £ )g(x)+2f'(x)g'(x) >0 ' 3 3 3 3
for all X is needed. ) x 2%
= cos? (5) —gsin [?j
c. [Fe)I"=[f"(g(xNg'x)] ,
= £(g(x)g"(x)+ F"(g()NG'(OT. >
The additional condition is that 1.5
" ’ 2 1
F(g(0) > —— QOGN oy 0.5
g"(x) - Z\y & 8 1o
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) 2% 2xY) 2 . (2x 3 2
e. f (X):——cos(?j—gsm(—) C. d_3s<0,d_25>0
dt dt
1.5
1
0.5 /\ AS
o5 2 4 6 10
1
-1.5
-2
47. f'(x)>0 on (-0.598, 0.680)
f is increasing on [-0.598, 0.680].
48. f"(x)<0 when x>1.63 in [-2, 3] —_—
f is concave down on (1.63, 3). t
Concave up.
49. Let s be the distance traveled. Then % is the d2s
d. — =10 mph/min
speed of the car. dt
AS
a. E =ks, k a constant
dt
AS
Tt
Concave up.
> ds d%s .
t e. — and — are approaching zero.
Concave up. dt dt
2 S
b. d_zs >0 1
dt
I
7 T e — V——
K
Concave down.
™t
Concave up.
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ds .
f. — is constant.
dt

AS

Tt
Neither concave up nor down.

av

50. a. —— =k <0, V is the volume of water in the

dt
tank, Kk is a constant.

Neither concave up nor down.
AVO

~Y

b. v =3 1 2l gal/min
dt 2 2
Neither concave up nor down.

AVO

~Y

Instructor's Resource Manual

2
oyt g,
dt dt dt2
Concave down.
A h(t)

>

Tt

di d?I

I(t) =k now, but —, —— > 0 in the future
dt gt?

where | is inflation.

A0

Tt

2
%<0, butM>0 and att=2: d—p>0.
dt dt? dt

where p is the price of oil.

Concave up.
A PO

=Y
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dT dT P d?P

f. —>0,——<0, where T is David’s c. —>0,——<0, where P is world

dt dt2 dt dt?

temperature. population.

Concave down. Concave down.

ATO 4 PO

™t ™t
dc __ d*c . do __d?%0 .
51. a2 —>0,———> 0, where C is the car’s cost. d. —>0,——>0, where @ is the angle that

dt dt2 dt dt?

Concave up. the tower makes with the vertical.

A CO Concave up.

A 00

Tt

~Y

b. f(t) is oil consumption at time t.

df d2f e. P =1(t)is profit at time t.
P A P d’P
dt —>0, — <0
Concave up. dt dt
A f® Concave down.
A PO
" _
Tt
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f. Risrevenue at time t. h(t)

P<o0, Z—T >0 5 /
Could be either concave up or down. 3 /
AP 2

1

5 0 15 20

54. The height is always increasing so h'(t) > 0. The

rate of change of the height decreases for the first
50 minutes and then increases over the next 50
minutes. Thus h"(t) <0 for 0<t <50 and

h"(t)> 0 for 50<t<100.
h(t)

P
A 3
/

Y

\

50 100

> t

/ 55. V =3t, 0<t<8. The height is always increasing,
so h'(t) > 0. The rate of change of the height

decreases from time t = 0 until time t; when the

—

water reaches the middle of the rounded bottom

52. a R() =~ 028, t<1981 part. The rate of change then increases until time

dr d?R t, when the water reaches the middle of the neck.
b. On[1981, 1983], ot 0 dt2 >0, Then the rate of change decreases until t =8 and
R(1983) ~ 0.36 the vase is full. Thus, h"(t) >0 fort; <t <t, and
dv h"(t) <0 fort, <t<8.
53. — =2in’/sec A h®
dt

The cup is a portion of a cone with the bottom cut
off. If we let X represent the height of the missing 24
cone, we can use similar triangles to show that

X _X+5

3 35
3.5x=3x+15
0.5x=15

x=30
Similar triangles can be used again to show that, at tl tl ; =t
any given time, the radius of the cone at water ! 2
level is

h+30
r =
20
Therefore, the volume of water can be expressed
as
v -z +30)° 457
1200 2
We also know that V =2t from above. Setting the
two volume equations equal to each other and
solving for h gives h = 3/wt +27000 —30.
7T
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56. V =20-.1t, 0<t<200. The height of the water 3.3 Concepts Review

is always decreasing so h'(t) < 0. The rate of

change in the height increases (the rate is negative, .

and its absolute value decreases) for the first 100

days and then decreases for the remaining time. 2. maximum; minimum
Therefore we have h"(t) > 0for 0 <t <100, and
h"(t) < 0 for 100 <t <200. 3. maximum

(1)

1/2full\\
\ Problem Set 3.3

AN

100 200 1. /() =3x> —12x = 3X(X - 4)

Critical points: 0, 4

f'(X)>0o0n(—o0,0), f'(X)<0 on (0, 4),
f'(X)>0 on (4, ©)

- 4. local maximum, local minimum, 0

57. a. The cross-sectional area of the vase is
approximately equal to AV and the

corresponding radius is r =~/AV /7 . The

table below gives the approximate values for r. F700 = 6x-12; £7(0) = -12, f'(4) = 12.
The vase becomes slightly narrower as you Local minimum at X = 4;
move above the base, and then gets wider as local maximum at X =0

you near the top.

2. f'(0)=3x*-12=3(x> —4)

Depth Vo |ARAV | r=JAV /7 Critical points: -2, 2

f'(X)>0 on(—o,-2), f'(x)<0 on(-2,2),
f'(x)>0 on (2, ©)

2 8 4 1.13 f'(x)=6x f"(-2)=-12, f"(2)=12

Local minimum at X = 2;

1 4 4 1.13

3 1 3 0.98 local maximum at X = -2
4 14 3 0.98 -
3. f'(0)=2c0s26;2c0s260 #0 on (O, —j
5 20 6 1.38 4
No critical points; no local maxima or minima on
6 28 8 1.60 (0 nj
b 4 .

b. Near the base, this vase is like the one in part
(a), but just above the base it becomes larger.
Near the middle of the vase it becomes very
narrow. The top of the vase is similar to the

1 1 1
4, f'(X)=—=+cosX;—+cosX=0 when cosx=——.
2 2 2

one in part (a). Critical points: %, 43_7:
Depth v A=AV | r=JAV/z f'(x)>0on (O,z?nj, f'(x)<0on (%,%),
1 4 4 1.13
f'(x)>0 on (ﬂ 27:)
2 9 5 126 3 5 A
" . En 27 3 ” 4n 3
3 12 3 0.98 F'(x) = —sinX; f (7)=‘7’f (7}7
4 14 2 0.80 Local minimum at X = t—n; local maximum at
5 20 6 138 P
X=—.
6 28 8 1.60 3
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5. ¥'(0)=2sinfcosb

Tep<Z
2 2

Critical point: 0
¥'(0) <0 on (—%,0), ¥'(0) >0 on (0, gj

P"(0) =2cos” 6 —2sin’ 0; ¥"(0)=2
Local minimum at X =0

r'(z) =42’

Critical point: 0

r'(z) <0 on (-, 0);

r'(z) >0 on (0, )

r'(x)= 12x%; r"(0) = 0; the Second Derivative

Test fails.
Local minimum at z = 0; no local maxima

(x2+4)~1—x(2x) 4-x2
F(x) = 5 2 -, 2
(x +4) (x +4)
Critical points: —2,2
f'(x)<0 on (—o0,-2) and (2,);
f'(x)>0 on (-2,2)

g 20
(x +4)
f"(—z):%; f"(2)=—%

Local minima at X = -2 ; Local maxima at x =2

g'(z):(l+z )(22) 2z (22): 27 :
(1+22) (1+22)
Critical point: z=0
9'(2)<0 on (—»,0)
9'(z)>0 on (0,)
-2(32° -1)

(22+1)3

9"(z)

g"(0)=2

Local minimaat z=0.

Instructor's Resource Manual

9.

10.

1
h'(y)=2y+—
y
3
Critical point: ——

h'(y)<0 on [—w,—%}
h'(y)>0 on [—g,Oj and (0,00)
n(y)=2-%
y
h[—£J=2— 2,16 4
A
%/Z

Local minima at —7

(+1)3)-(x (20320 3¢
(x2 +1)2 (x2 +1)2
The only critical points are stationary points. Find

these by setting the numerator equal to 0 and
solving.

3-2x-3x> =0
a=-3,b=-2,c=3

222 -4()() _26v@0 1240

f'(x)=

2(-3) -6 3
Critical points: _1_3\/5 and _l+3m
f'(x)<0 on _OO’—1—3—\/EJ and
~1+4/10
—’w .
3
f'(0)>0 on —l—m,—1+\/ﬁ
3 3
2(3% +3x* ~9x-1)

fr(x)= 3
(x2 +1)
f [ﬂ} ~0.739

f [ﬂ] ~-2.739

Local minima at X = ﬂ ;
Local maxima at X = ﬂ
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11, f'(x)=3x2-3=3(x2 1) . 6 [ (2" 6 (153
Critical points: —1, 1 ' (S)_72553/5 S 15 T o252

f7(x)=6x; f"(-1)=—-6, f"(1)=6

. 5/3
Local minimum value f(1) =-2; r'(s)<0on | — 3 01,r'(s)> 0 on (0, )
local maximum value f(-1) =2 15 T ’

' 3 2
12, 9'(x) =4x7 +2x = 2x(2x" +1) Local minimum value r(0) = 0; local maximum
Critical point: 0 value
g”(X)=12X2+2;g”(0):2 2 5/3 2 5/3 2 2/3 3( 2 2/3
.. . r—|— =-3| — +| —= ===
Local minimum value g(0) = 3; no local maximum 15 15 15 5015
values
13. H'(x)=4x> —6x> =2x2(2x-3) 17. f'(t)=1+i2
t
Critical points: 0,3 No critical points
2 No local minimum or maximum values
H"(x) =12x> —12x = 12x(x—1); H"(0)=0,
2
o3 18. f'(x)zx(x—+8)
) . 3 Critical point: 0
3 27 Local minimum value f(0) = 0, no local maximum
Local minimum value H (Ej = fg; no local values
maximum values (X = 0 is neither a local . 1 , )
minimum nor maximum) 19. A'(O)= ~Ttsind ; A'(6) does not exist at
14, f'(x)=5(x— 2)4 0= 37“, but A(6) does not exist at that point
Critical point: 2 cither.
f(x)=20(x—-2)*; "(2)=0 No critical points
f'(x)> 0 on (=00, 2), f'(X) >0 on (2, ) No local minimum or maximum values
No local minimum or maximum values sin 6 cosd T 3n
20. g'(®)=————;9'(6)=0 when 6 =—,—;
15 t 2 t) d t=2 |sm 0' 22
. gt)=——=—:q' t exist at t= 2. ,
9o 3t-2)1/3 g'(1) does not exista g'(0) does not existatx= 7.
Critical point: 2 Split the X -axis into the intervals | 0, I ,
' 2 2 2
9gMH==,9'C)=—%
3 3 T 3n) (3n )
No local minimum values; local maximum value 2’ T T 2 Pl T
9@ = 7. . n 3t 5t Tn ,(m@ 1
Test points: —, —,—,—;d'| — |=—,
3/5 4’ 4° 47 4 4)
, 2 1587 +2
16. r(s):3+533/5 I ;1'(s)=0 when g’(ﬂj——i g(S_TCJ_L g'(ﬂj__L
573 4 274 ) 277 4 V2
S = _(_j ,1'(s) does not exist at s = 0. Local minimum value g( 7z ) = 0; local maximum
5/3 values ¢ (Ej =1 and g (3—nj =1
Critical points: —(—j ,0 2 2
15
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21.

3 3 9
25. F'(X)=—=-4,—=-4=0 when x=—
. (2k-1)7 Ixo X 16
4(sin2x)(cos2x) =0 when x=-——— or 9
4 Critical points: 0,—, 4
kz . . 16
X =— where K is an integer. 9 9
2 F(0)=0, F(—j:—, F(4)=-4
Critical points: 0, Z , ’2’ ,2 16) 4
- - Minimum value F(4) = —4; maximum value
f(0)=0; f|—=|=1;, f|=|=0;
© ( 4 j ( 2 j F (ij 2
16 4
f(2)~0.5728
Minimum value: f (0)= f (2 j = 26. From Problem 25, the critical points are 0 and %
. V4 , 9 , 9
Maximum value: f|— |=1 F'(X)>0on | 0,— |,F'(X)<0on | —,
4 16 16
2 F decreases without bound on i, o |.No
-2(x* —4) 16
22. f'(x)= — 9 9
(X2 + 4) minimum values; maximum value F [EJ = Z
f'(x)=0 when x=2 or x=-2. (there are no
singular points) 27, £'(X) = 64(=1)(sin X) 2 cos X

f'(x) =4(sin2x)(cos2x)

Critical points: 0, 2 (note: —2 is not in the given
domain)

1

f(0)=0; f(2)==

(0)=0: 1(2)=7:

(

f(x)—>0as x—>o.
Minimum value: f (0)=0

+27(=1)(cos X) 2 (—sin X)
64cosx 27sinX

+
sin? X cos? X

_ (3sinx—4cosx)(9sin2 X +12 cos Xsin X + 16 cos” X)

Maximum value: f(2) :% sin? xcos” X
On (0, g), f’'(x) =0 only where 3sin X = 4cos X;
2% g'(x) —x(x3—64)
(X)) =— _Z.
15 +32)2 fanx=-;

g'(x)=0 when x=0 or x=4.
Critical points: 0, 4

9(0)=0; 9(4)=1

As X approaches oo, the value of g approaches 0
but never actually gets there.

X =tan! % ~0.9273

Critical point: 0.9273
For 0 <x<0.9273, f'(x) <0, while for

O.9273<x<%,f’(x)>0

Maximum value: g(4)= % Minimum value f (tan_1 gj = 674 23—7 =125;
5 5
Minimum value: g(0)=0 no maximum value
24, h(x)=—2
(x2 + 4)

h'(x)=0 when x = 0. (there are no singular
points)

Critical points: 0

Since h'(x) <0 for x>0, the function is always

decreasing. Thus, there is no minimum value.

Maximum value: h(0) = %
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(8- %)% (32x) — (16X>)2(8 — X)(-1)

28. g'(xX)=2x+

8-x*
3

gy 256X 2X[(8-X)" +128]
@-x)° 8-x)°

Forx>8, g'(X)=0 when (8—x)> +128 = 0;

(8—x)° =—128;8—x=-3/128 ;

X=8+432 ~13.04

g'(X) <0 on (8,8 +43/2),

g'(x) > 0 on (8+43/2, )

0(13.04) = 277 is the minimum value
2x(x2—1)

e

H'(x)=0 when x=0.

H'(x) is undefined when X =-1 or x=1
Critical points: -2, -1,0, 1,2

29. H'(x)

H(-2)=3; H(-1)=0; H(0)=1; H(1)=0;
H(2)=3
Minimum value: H(-1)=H (1)=0
Maximum value: H(-2)=H(2)=3
30. h'(t)=2tcost’
h'(t)=0 when t=0, = Y27 t=\/a,and
2 2
t= 107z
2
(Consider t* :Z, t? :3—”,and t? :5—”)
2 2 2
Critical points: 0, 27[ s 37[ s 1207[ , T

h(0)=0; h[@}l; h[%}:_u

h[ “10”}1; h(r)~-0.4303

2
Minimum value: h [%J =-1
Maximum value: h[%} = h[ 1207[ J =1

31. f'(x)=0when x=0and x=1. On the interval
(—0,0) we get f'(X)<0. On (0,), we get
f'(X) > 0. Thus there is a local min at X = 0 but

no local max.
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32. f'(x)=0at x=1,2,3,4; f'(x)is negative on
(—o0,1) U (2,3) U (4,0) and positive on
(1,2) U (3,4). Thus, the function has a local

minimum at X =1,3 and a local maximum at
Xx=2,4.

33. f'(x)=0at x=1,2,3,4; f'(x)is negative on
(3,4) and positive on
(—oo,)u(1,2)U(2,3)U(4,0) Thus, the function
has a local minimum at X =4 and a local
maximum at Xx=3.

34. Since f '(X) >( for all x, the function is always

increasing. Therefore, there are no local extrema.

35. Since f'(x)=0 for all X, the function is always

increasing. Therefore, there are no local extrema.

36. f'(x)=0 at x=0,A andB.
f'(x) is negative on (—,0) and (A, B)
f'(x) is positive on (0,A) and (B,x)
Therefore, the function has a local minimum at

x=0 and x =B, and a local maximum at X = A.

37. Answers will vary. One possibility:
Ay

-5

38. Answers will vary. One possibility:
Ay
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39. Answers will vary. One possibility: 43. The graph of f is a parabola which opens up.
AY
f'(x)=2Ax+B=0 — x:—E
2A
f"(x)=2A
Since A> 0, the graph of f is always concave up.

There is exactly one critical point which yields the
minimum of the graph.

(8 A2 o)

-5 82 82
=———+
_ o 4A 2A
40. Anivx;ers will vary. One possibility: B B2 _2B2 +4AC
4A
5 _4AC-B’*  B’-4AC
4A 4A

If £(x)20 with A>0, then —(B*—4AC)>0,

3 6 X or B?—4AC<0.
If B2—4AC <0, then we get f(—%}zo

-5
Since 0< f (—%) < f(x) forall X, we get
41. Ansv&;/ers will vary. One possibility: £(x)20 forall x.
5 44. A third degree polynomial will have at most two
extrema.

f'(x)=3Ax* +2Bx+C

L ||//|\| L1l f"(x)=6Ax+2B

’ o x Critical points are obtained by solving f'(x)=0.

3AX +2Bx+C =0

=5 X_—ZBi\/4Bz—12AC

6A
42. Answers will vary. One possibility:
y veEnep Y _ -2B+2VB*-3AC
6A
: _—B+yB2-3AC
3A

To have a relative maximum and a relative
minimum, we must have two solutions to the
above quadratic equation. That is, we must have

B2-3AC >0.
B-+vB?-3AC

=5 The two solutions would be — A

-B++vB%-3AC

and B ve— Evaluating the second

derivative at each of these values gives:
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¢ B B> -3AC
3A

2
_p| BoVBTZ3ACH g
3A

=-2B-2vVB?-3AC +2B

=-2vB%?-3AC
and
o ~-B++/B?-3AC
3A
p— 2_
:6A[—B+“§A 3ACJ+ZB

=-2B+2vB?-3AC +2B

=27B%-3AC
If B>-3AC >0, then —2+/B? —3AC exists and

is negative, and 24/B* —3AC exists and is

positive.

Thus, from the Second Derivative Test,

-B-+/B*-3AC
3A

-B++B?-3AC

and ————  — would yield a local
3A

would yield a local maximum

minimum.

45. f"(c)>0 implies that " is increasing at c, so f
is concave up to the right of ¢ (since f"(x)>0 to

the right of ¢) and concave down to the left of ¢
(since f"(X) <0 to the left of ¢). Therefore f has a

point of inflection at C.

3.4 Concepts Review

1. 0<x<w

4. marginal revenue; marginal cost
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Problem Set 3.4

1. Let X be one number, Yy be the other, and Q be the
sum of the squares.

Xy =-16
16
y:__
X
The possible values for X are in (—oo, 0) or (0,).
Q:x2+y2=x2+ﬁ
2
X
d_szx_g
dx X3
2x—¥:0
X
x* =256
X =4

The critical points are —4, 4.

d—Q<O on (—o,—4) and (0, 4). d—Q>O on
dx dx

(-4,0) and (4, »).
When x =—4,y =4 and when X =4,y =—4. The
two numbers are —4 and 4.

2. Let X be the number.
Q =+/x —8x
X will be in the interval (0, o).
d_Q — l X71/2 _ 8
dx 2

1
T2 g
2

d—Q>0 on (O,L) and d—Q<0 on [L,oo).
56 dx

. . 1
Q attains its maximum value at X = 256"

3. Let x be the number.
Q=%x-2x
X will be in the interval (0, o).
Q_1 34 ,
dx 4
1
X

16

Q attains its maximum value at X = 6
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4. Let X be one number, Y be the other, and Q be the 6. Let Q be the square of the distance between (X, Y)

sum of the squares. and (10, 0).
Xy=-l2 Q=(x-10" +(y-0)* = (2y* 10 +y
12 4 2
y=*7 =4y" -39y~ +100
The possible values for X are in (—oo, 0) or (0,%0). d_Q - 16y3 —78y
dy
) 144
Q= X2 + y =X"+— 3
x2 16y° —78y =0
4 _,, 28 2y(8y2 ~39)=0
dx %3 \/_
2X — 2—838 =0 y= N
x* =144 and | 0, )
X =123 /39
The critical points are 23,243 [ J (%, oo}.
22
9Q 5 on (~0,—2+/3) and (0, 2+/3). 3
:X When y = —ﬁ X= ) and when
—Q> 0 on (—2\/3, 0) and (2\/5, ).
dx yo @ _39
When X = 72\/5 , Y= 2«/5 and when 2\/_ 4
x =23,y =-23. . 39 39 39 39
The points are | —, ———= | and
The two numbers are —2+/3 and 2+/3. 47 22 4 2\/7
5. Let Q be the square of the distance between (X, Y) 7. x>x2 if0<x<1
and (0, 5). ' f_ > f_’ -
=x*-9x? 425 F/(x) = 0 when x =
dQ 3
X 4x7 —18x Critical points: 0,%,1
3
4x° —18x=0
2 f(0)=0,f(1)=0, f (lj = l; therefore, 1
2X(2x=-9)=0 2) 4 2
3 exceeds its square by the maximum amount.
Xx=0,t—
V2 8. For a rectangle with perimeter K and width X, the
d 3 3
d_g <0 on (—oo, —Ej and [0, Ej length is %— X . Then the area is
K KX 2
d_Q>0 on [_i,oj and [i,ooJ A:X(?—XJZT—X .
dx NG NG
dA K dA K
3 9 3 —— = _2x;— =0 wh =—
When x=—-——=,y=— and when X =—, when X
V2 ) 2 dx 2 “dx
9 Critical points: 0,5,5
y=7 472
K K K2
The points are (—i,gj and (i,gj Atx=0or 5 A=0;atx= R A= 16
V272 V272 . - I
The area is maximized when the width is one
fourth of the perimeter, so the rectangle is a
square.
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9. Let x be the width of the square to be cut out and V dQ g
the volume of the resulting open box. ax 0 on (0,15v3) and
V = x(24-2x)° = 4x> —96x> + 576X
v ) Z—Q>00n(15\/§,oo).
Lo 12x% —192x+ 576 = 12(x—12)(x — 4);

dx

12(¢— 12)(X— 4) = 0; X = 12 or X = 4. When x=15y3,y === 5( = -2045.

Critical points: 0, 4, 12

Atx=0o0r12,V=0;atx =4,V =1024. Q has a minimum when X = 15+/3 ~25.98 ft and

The volume of the largest box is 1024 in. y=20y3~34.64 ft

10. Let A be the area of the pen. 14. xy=300; y= 300

R0y — 20y 2 GA o 4
A=X(80-2x) =80x-2x7; dx 80—4x; The possible values for X are in (0, o).

80'—'4X:(‘);x:20 Q= 6x+4y= 6x+1200
Critical points: 0, 20, 40.
Atx=0or 40, A=0; at x =20, A=800. dQ 1200
The dimensions are 20 ft by 80 — 2(20) = 40 ft, X =6 T
with the length along the barn being 40 ft. 1200 X
11. Let x be the width of each pen, then the length 6- X2 =0

long the barn is 80 — 4x.
along the barn is i 2 =200

A= X(80 - 4X) = 80X —4x?; — =80 —8x; X = +10v2

X
dA owh o X =10+/2 is the only critical point in (0, o).
=0 when x =
dx ?j—Q<00n (0,102) and (Z—Q>00n (1072, )
X X

Critical points: 0, 10, 20

Atx=00r20,A=0; at x=10, A=400. When X:IOx/E,y: 300 :15\/5.

The area is largest with width 10 ft 1042
d length 40 ft.
andfeng Q has a minimum when X = 102 ~14.14 ftand
12. Let A be the area of the pen. The perimeter is y= 152 ~21.21 ft.
100 + 180 =280 ft.
y+y—100+2x=180;y =140 —x 300

, dA 15. xy=300; y=—
A= Xx(140 - x) =140x — x“; — =140 -2X; X

dx The possible values for x are in (0, o).
140-2x=0;x=70 3000
Since 0 < x <40, the critical points are 0 and 40. Q=3(6x+2y) +2(2y) = 18x + 10y =18x+——
When x =0, A= 0. When x =40, A =4000. The

dimensions are 40 ft by 100 ft. €Q =18 _ 3000
dx X2
13. xy:900;y:9ﬂ 18—m:0
X x2
The possible values for X are in (0, o). 5 500
X [ p—
Q=4x+3y= 4x+3(900j ax+ 2190 3
X X - 10\/5
dQ 4 2700 B
dx X2
2700 X = 10y5 is the only critical point in (0, o)
X dQ 1035
x* =675 —~ <0on (o, —J and
dx 3
x=+15\3
X =153 is the only critical point in (0, o). d_Q >0 on M’ w0 |
dx 3
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16.

1045 300 _ 5

When x = =——=

. NE) Y05

NG
Q has a minimum when X = 10v5 ~12.91 ftand
NG
y =615 ~23.24 ft.
Xy =900; y:@
X

The possible values for X are in (0, o).

Q:6x+4y:6x+@
X

dQ 3600
S St
dx )(2
6 36(2)0 _0
X
x? = 600
x = +10/6
x=10~/6 is the only critical point in (0, ).
dQ

o <0on (0,10:/6) and Z—Q >0 on (10v/6, ).
X X

When x =106, y 20 1506

106
Q has a minimum when X = 1046 ~ 24.49 ft and
y =156 ~36.74.
It appears that X_ E
y 3

Suppose that each pen has area A.

Xy =A; y:é

The possible values for X are in (0, o).

Q=6x+4y=6x+ﬂ
X

dQ_4 4A

dx X2

62 _o

X2

2 =2A

X=, /% is the only critical point on (0, o).
d—Q <0on |0, f% and

dx 3

d—Q >0 on /%, o0 |.

dx 3

3 2A 2
3
A
x % 2
y A 3
2

17. Let D be the square of the distance.

) 2
D = (x—0)2 +(y—4)2 =x2+£XT—4]

4
=X——x2+16
16

b X X
— =l xS 2x=0;x(x2 —8)=0

dx 4 4

X=0,x==% 2\/5
Critical points: 0, 242 R 23
Since D is continuous and we are considering a
closed interval for X, there is a maximum and
minimum value of D on the interval. These
extrema must occur at one of the critical points.

Atx=0,y=0,and D = 16. At x=2+2,y =2,

and D =12. At x=2+/3,y=3,and D=13.
2
Therefore, the point on y = XT closest to (0,4) is

P (2\/5 ,2) and the point farthest from (0,4) is
Q(0.0).

18. Let r; and hy be the radius and altitude of the
outer cone; I, and h, the radius and altitude of
the inner cone.

3V

Vl = lﬂirlzhl is fixed. h=
3 TChl

7h2

By similar triangles hlh— b (see figure).
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2 2
X“+4 10-—x
vzzénrfhzzé{ ﬁ[ h_ZH hy 20. T(x)= + 0= x<10.

TChl - hl 3
1
2 2 T/(X) = ———— ——T'(x) =0 wh

n Vi (. h h(. h (x) sT'(x)=0 when
LI VY %

3 Um0 .
Let k= :—2, the ratio of the altitudes of the cones, - \2491

|
13 6
% =V, (1-K)? = 2kV; (1 - K) =V; (1 - k)(1 - 3k) T(10) ~3.399 hr
She should land the boat - ~0.12 mi down
0<k<1s0%:0 when kzl. 2491
dk 3 the shore from P.

2 2

IY2 _viok -4 22 <0 when k:% 7 1o
dk dk 1 21, T(x)= X20+ —X o<x<10.
The altitude of the inner cone must be E the « !
T'X)=———-—;T'(X)=0 h lution.
altitude of the outer cone. (x) 0% + 4 T as o sotution
19. Let X be the distance from P to where the woman T(0)= i +m _ E hr = 2 hr. 36 min
lands the boat. She must row a distance of 20 5 ’
Vx* +4 miles and walk 10 —x miles. This will Ta0) =% 05 1
2

take her T(x) =24 102X s She should take the boat all the way to town.

< x<
0 < x< 10. T'(x) = )2( —%;T'(X):O 22. Iizi )ébset?}felsgftth of cable on land, 0 < x< L.
WX +4 -
6 C=a (L—x)2+W2+bx
when X=—.
7 e el
X
T(O)=% hr=3 hr 10 min ~3.17 hr, (L=x)"+w
6 15+\/7 —&+b=0 when
T(—j:—z2.94 hr, (L-x)* +w?
V7 2 2, .2 2 2
Jioa b [(L-x)"+w ]=a"(L-X)
T(IO) = 3 ~3.40 hr (az —bz)(L—X)z — b2W2
She should land the boat —— ~2.27 mi d h x=L W f on land;
e should land the boat — = 2. mi1 down the sk >
J7 /az _p2
shore from P. a
ft under water
a? —p?
2 2
dgz &12W 232>0 for all x, so this
a2 [(L-x)?+w? ]
minimizes the cost.
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23. Let the coordinates of the first ship at 7:00 a.m. be a3b
(0, 0). Thus, the coordinates of the second ship at =T 3. 2 232
7:00 a.m. are (—60, 0). Let t be the time in hours 2x7(a” =x7)
since 7:00 a.m. The coordinates of the first and a’b
second ships at t are (—20t, 0) and 2 (a2 — X2)3 2

(—60 +154/2t, - 15x/§t) respectively. Let D be the

2x% -a?)

(2x* —a%)=0 when

2
square of the distances at t. X = i; y= B a2 _(ij = l
2 2 2 a V2 V2
D =(-20t+60-15v2t) +(0+15v2t)
a
= (1300 + 6002 )t* ~ (2400 -+ 18002 )t + 3600 ' b(zj b
y = =
2 a
d—D:2(1300+600J5)t—(2400+1800ﬁ) ala?—[ &
dt 2
2(1300+ 6002 )t - (2400+ 18002 ) =0 when
dA a
Note that — <0 on | 0,— | and
12+9\2 , dx J2
t:—\/_:l.IS hrs or 1 hr, 9 min dA
13+6v2 —>0on [i,aj, so A is a minimum at
. . 12492 . d’D dx V2
D is the minimum at t = since >0
134672 dt? _a : o
X = —=. Then the equation of the tangent line is
for all t. 2
The ships are closest at 8:09 A.M.
y= —E( —ij-i-l orbx+ay—abyv2=0.
b a V2) 2
24, Write y in terms of X: y =—v a’-x* (positive
. 2 25. Let X be the radius of the base of the cylinder and
square root since the point is in the first quadrant). h the height
Compute the slope of the tangent line: ' hY2 h2
y'=— bx . V =mChr? =x2 [E) ;Xzzrz—T
av 8.2 - X2 ) 3
Find the y-intercept, Y, of the tangent line V = T{rz _h_] h = rthr? _mh”
through the point (X, y): 4 4
Yo—¥ _ bx \V h2 2
0o—x > > d—:nr2—3n ;V/=0whenh=+ V3r
ava“ —x dh 4 3
2 2 2,
Yo = bx +y= bx +B\/ a2 —x? Since d—\zl = —ﬂ, the volume is maximized
a\/az—xz a\/az—xz a dh 2
= _ab when h= 23r .
a?-x? 3 3
Find the x-intercept, Xy, of the tangent line 23 n( % r)
through the point (X, Y): V= n[ rJ r’-
y-0 _ bx 3 4
— 2 2
X—Xo a/a —X :2ﬁ;/§r3_2n9\/§r3:4n9\/§r3
ayva’Z — x? a’-x? a’
bx X X 26. Let r be the radius of the circle, X the length of the
Compute the Area A of the resulting triangle and rectangle, and y the width of the rectangle.
maximize: VvV, 3P
3 3 -1 P =2x+2y; rzz(—J +(—) e =—t—;
Azéxoyoz%:%b(xﬂ/az_xz) 2) "2 44
Zxva“ - X y=N4r? —x%; P=2x+2v4r? —x?
3 -2 2
B2 [J _J P, x
dx 2 a2 _x2 dx ar? _y2
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2X
Z_TZO;Z ar’ —x* =2x; A'(x)=0 when X
4r= —x 11
2 2 a2, Critical points: x =0, 10.874, 25
167 —4x* = 4x%; x = 4/2r Atx=0,A ~ 481; at x = 10.874, A ~ 272; at
d?p B 8r?

x=25,A=625.
2 402232
dx (4r”—x%) a. For minimum area, the cut should be
y=v4r2 -2r2 =2r approximately 4(10.874) ~ 43.50 cm from
one end and the shorter length should be bent

to form the square.

_ 30043 _% ~10.874 .

<0 when x:ﬁr;

The rectangle with maximum perimeter is a square
with side length ~/2r .
b. For maximum area, the wire should not be

27. Let X be the radius of the cylinder, r the radius of cut; it should be bent to form a square.
the sphere, and h the height of the cylinder.
2 h2 30. Let X be the length of the sides of the base, y be
A=2zxh; r’=x? +—;X= r2-— the height of the box, and k be the cost per square
4 4 inch of the material in the sides of the box.
2 4 2.,
A:2n\/r2—h—h:2n\/h2 2 0 Vi=xys
4 4

The costis C =1.2kx? +1.5kx? + 4kxy

n(2r*h-h?
9A_ g; A" =0 when h=0,++/2r =~ 27k +akx| L | = 2.7k¢2 + KV
LB 0 N T x2 X
vy
dA dA d—C=5.4kx—@;d—C=o when X ~ 0.9053%
700 (0,~/2r) and S <0on (2r,2n), dx K2 dx
4 3
. . _ y~ ~1.223
so A is a maximum when h \/Er. (0.905%7)2
The dimensions are h = \/Er, X = L .
2 31. Letr be the radius of the cylinder and h the height
of the cylinder.
28. Let X be the distance from ;. 2.3
2 2 3 \ -5 vV 2
kl, kl, V=nr‘h+=nr’;h=—="—=—-="r
a7 2 3 nr? nr? 3
x> (5= Let k be the cost per square foot of the cylindrical
dQ _ ikll+ﬂ wall. The cost is
dx ¥ (s-x)? C =k(2nrh)+2k(2nr?)
2kl; 2K x> | 2
a 31+ 23:0; 3=_]; =k| 2nr L—gr +anr? | =k ﬂ+8i
X (5—X) (s—-x> I a? 3 r 3

2 r2

_ Si/i dcC 2V l6nr 2V l6nr
X= = ok - k| -+ =0
RN a ; 3

r

i;Q = 6:‘:1 + (561(2(2)4 > 0, so this point when 13 = %, r= %(%)1/3
minimizes the sum. v, 1(3V 1/3 3 1/3
29. Let X be the length of a side of the square, so n(%)zn 3( n j ( T j
100 - 4 is the side of the triangle, 0 < x < 25 For a given volume V, the height of the cylinder is

1/3 1/3
(ﬂj and the radius is l(ﬂj .
n 2\ =

Ayl +1(100—4xj£(100—4xj

2 3 2 3
2 /3 (10,000 - 800x +16x*
4 9
dA 20013 83
—=2x-— + X
dx 9 9
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3 3
32. %:2c052t—2x/§sin2t; tangzﬂ;singz Jh ,
dt 3w h2/3 4 y2/3
%:Owhen tanZtZ%; p 3w
€08l = ——vo-—
. ) [h2/3+W2/3
2t =—+7n for any integer n
6 i h [h2/3+W2/3 W h2/3+W2/3
t=—+—n
12 2

2/3 2/3\3/2
=7 +w"")
Whent:£+£n,
12 2

(T i
sin| —+ 7N |++/3 cos| —+mn
[6 j (6 j

. T T .
= SlngCOS TEn+COSgSlIl mn

35. X is limited by 0< x<+/12 .

5 dA

x| = A=2x(12-x%) = 24x~2x ,d—:24—6x2;
X

24-6x* =0;x=-2,2
Critical points: 0, 2, Ji2.
When x =0 or \/E, A=0.
Whenx=2, y=12-(2)* =38.

T LT
+\/§(cosgcos n— sin—sin i)

=|(=D" l+ (-n" 3 =2. The dimensions are 2X = 2(2) = 4 by 8.
2 2
The farthest the weight gets from the origin is 2 36. Let the x-axis lie on the diameter of the semicircle
units. and the y-axis pass through the middle.
) Then the equation y = r2 —x? describes the
33. A= ﬁ; 0= 2A semicircle. Let (X, y) be the upper-right corner of
2 r? the rectangle. X is limited by 0 < x <r .
The perimeter is A=2xy = 2x m
Q—2r+r6—2r+—2Ar—2r+% 2
r? r Z—A:2\/r2—x2—\/§x 2:\/22 2(F2—2X2)
X
d—Q:2—%;Q’:0whenr:\/K r=x rm=x
dr r2 2 2 2 r
—(r ' =2x7)=0;x=—
= 2A =2 r-—x 2
A ) . r
5 Critical points: 0,—, r
d2Q 4A o : 2
— =3 0, so this minimizes the perimeter. .
dr r WhenX=OorI’,A=0.WhenX=E,A:rz.
34. The distance from the fence to the base of the
ladder is —" y=yr? [ ! j !
adder is . = -|—7=| =F
tan g 2 P
The length of the ladder is X. he d ) r 2r
h The dimensions are — by — .
+W
cos@=1m0 -y cos0 = +W; V2 V2
tan &
h w
X=——+
sind cosé

dx _ hcos¢ wsind wsin® @ —hcos’ @ B

22 : 0
dg sin®@ cos’ @ sin® @ cos’ @

when tan’ @ = E
w

0 =tan"" i/E
W
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37. If'the end of the cylinder has radius r and h is the . d ) )
height of the cylinder, the surface area is A'(w) <0 on E’ d |. Maximum area is for a
A=2nr? +2nrh so h= A r. square.
2nr
The volume is 0 N h "
40. Note that cost=—, soh=rcost,
V=nr2h:nr2(2ir]=§nr3. r
mr

A A sintzl\/rz—hz,and \/rz—hzzrsint
V'(r) =2 3ur3;Vv/(r) =0 when r= |2, r

2 67 Area of submerged region =tr? —hyr? —h?

V"(r)=—-6mnr, so the volume is maximum when 2 (r cost)(r sint) = rz(t _costsint)

A A = area of exposed wetted region

on =nr? —nh® —r?(t - costsint)
A A 2 2 :
h=—_r=2[2=2r =r“(n—mcos”t—t+costsint)
2nr 6m dA
‘ ) —:r2(2ncostsint71+cosztfsinzt)
38. The ellipse has equation dt
2,2 :r2(2ncostsint725in2t)
y =+ [b? —b——+—\/a —x?

a’ =2r? sint(nwcost —sint)
Let (x,y)= (X, E\/ a’-x* j be the upper right-
a

Since 0 <t< 7, d—A:O only when
hand corner of the rectangle (use a and b positive). dt

Then the dimensions of the rectangle are 2x by zmeost =sint or tant = .Interms of r and h,
2b . [2 2

“ZVa? - x? and the area is o % r-—h r

a thisis ————=m or h=

- .
bx 2 T Vi+7?

A(X) = 40X a’-x
a 41. The carrying capacity of the gutter is maximized

2 2 2 . .
A(X) = 4b f2 2 AbxT _ 4b@@l —2x7). when the area of the vertical end of the gutter is
a a\/az %) a\/ a2 _x2 ’ maximized. The height of the gutter is 3sin& . The
a area is
A'(x) =0 when X =—=, so the corner is at
2 A=3(3sinf)+2| — (3 cos @)(3sin 9)
a j .
—,— |. The corners of the rectangle are at =9sin@+9cosfsinf .
(\/E\/E dA—9 6 +9(—sinf)sind +9cosf cosd
[i Lj (_i ij (_i _ij FrE cosd +9(—sin@)sin &+ 9 cos cos
V272 V2'\2 V2' 2 =9(cosf — sin? 6 + cos® 0)
a b J 2
(—,—— . =9(2cos” @ +cosf—-1)
22 2 . L. n
The dimensions are a2 and by/2 . 2cos” @ +cosf—1=0; cost =1, Px 0= n,g
39. If the rectangle has length | and width w, the Since 0< @< g, the critical points are

diagonal is d =vIZ+w?, so 1 =vd? —w?. The . .
0,—,and —.
areais A=Ilw=wyd? - 2. 3 2

2 w2 When 6=0,A=0.
A'w) =d? - _dr-ow G
\/d2 W Vd?—w? When 0=2, A= ~11.7.
d 3 4
A'(W) =0 when W= — and so
W) 2 When a_g A=9.
| = dzfﬁ—i A'(w)>00n(oi)and Th i ity i imized when @ = =
2 L " e carrying capacity is maximized when 6 = 3
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42. The circumference of the top of the tank is the

43.

circumference of the circular sheet minus the arc
length of the sector,
20t —1080 meters. The radius of the top of the

20m—-106 5

44. Let X be the length of the edges of the cube. The

surface area of the cube is 6x> s0 0 < X < ——

&I

The surface area of the sphere is 4mr?, so

tank is r = =—(2n—6) meters. The 3
5 63 +anr? =11 = 1%
slant height of the tank is 10 meters, so the height X“+anr=Lr= 4
of the tank is 4 1
V=x}+Zard=x +—(1—6x2)3/2
3 on

h=,[10% - (10——) =—\/4 0—0% meters.

2
dV—3x —ix 1-6x% 3x[x ﬂ}

dx Jr

2
velmnoly 20n-0)| | 2\ano-0? m
3 3 |n b
125 dV =0 when x = O;
- n-0)>\4no-6> dx 6+m
1 3
V(0) = ——~0.094 m°.
g—\;=12—§(2(2n—0)(—1)\/4n0—02 0= m
3n 3/2
1 a1 ( 6 j
2n-6)?(1)(4n-26 V|——|=(6+m) 2 +——|1-
L @r-0(§)4n-20) (Hj Ry e g

Vang-6*
125(2n-6)

= 7 (307 -12n0+4n?);

7:2\/4756’—(92

n 3/2 1 3
=[1+2|(6+m) Y2 =———~0.055m
[ 6) 6NVO6+ T

For maximum volume: no cube, a sphere of radius

L ~ (0.282 meters.

2n
125Q2n-6
%(392 -12n6 + 47T2) =0 For minimum volume: cube with sides of length

n°\4nb -0 1

~ 0.331 met
27-0=0 or 3% —12n0+4r* =0 N HCErs,
2 2
0=2mn,60=2n —in 0=2n +in sphere of radius ! ~ 0.165 meters
246 +7

Since 0< 6 < 2m, the only critical pomt is

2 . -
21— gn . A graph shows that this maximizes
the volume.

Let V be the volume. y=4 —xand z=5 — 2X.
Xis limited by 0 <X <2.5.
= X(4—X)(5—2X) = 20X —13x% + 2%

av

— =20-26X+6X> 2(3X —13x+10)=0;

45,

Consider the figure below.

dx a. y= \/x (a- x) \/2ax—a2
2(3x-10)(x=1) =0;

10 AreaofA:A:E(a—X)y
X:L?

Critical points: 0, 1, 2.5

Atx=0o0r25 V=0 Atx=1,V=09.
Maximum volume when x=1,y=4-1=3, and
z=5-2(1)=3.

= %(a— X)\V2ax — a’
1 sa-oi)es
2

dx 2ax—a’

2_3
a” —3ax

v2ax - a’
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2_3 2,2
a ax
S 2% gwhenx=22, SN R P 5
V2ax-a’ 3 2ax—a
3
d—A>Oon (E,Ej and d—A<00n (E,aj, — 2ax
dx 2° 3 dx 3 Jax —a2
SO X = ? maximizes the area of triangle A. dz 1 [2ax- a2 ( 6ax?(2ax—a?)—2ax’(2a)
dx 2\ 2ax} (2ax—a?)?
b. Triangle A is similar to triangle C, so 42253 — 3032
Y Jrax—a? 2ax”(2ax—a”)
2 2o henx—0.2 5y
AreaofB:B:lXW:—aX dx—Owhenx_O,4 - X= 4
i 22ax-a’ E<00n(E 3_a] and£>00n(3—a aJ
2xy2ax—a’ — x> -2 dx 27 4 dx 4’ )
d_B _E \/2ax—a2 3a
X 2 Jax — a2 S0 X = ” minimizes length z.

_E(zx(zax—az)—axzj_ a{ 3ax® —2xa’ J

2 (2ax—a2)3/2 ) (2ax—a2)3/2
az( 3x% —2xa

(2ax—a2)*'?

:Owhenx:O,Z—a
2 3

. . . 2a
Since x = 0 is not possible, X = 3

d—B<00n E,Z—a andd—B>00n E,a )
dx 2°3 dx 3

2a ... .
SO X = 3 minimizes the area of triangle B.

46. Let 2x be the length of a bar and 2y be the width of a bar.

x:acos(ﬁ—gJ:a(icosg+Lsingj:i(cosg+singJ
4 2 V22 20 2) 2 2 2
y:asin(ﬁ—gj=a(Lcosg—Lsingj:i(cosg—singj

4 2 V22 2 2) 2 2 2

Compute the area A of the cross and maximize.

2
A=2012x)(2y) - (2y)2 = 8[%[cos§+ singﬂ {%(cosg— sin%ﬂ - 4[%(005%— singﬂ

=43’ (cos2 g— sin? g] -2a% (1 - ZCosgsingj =43’ cos 0 - 2a> (1-sin @)

3—2 =—4a’sin@+2a’ cos ; —4a® sin @ +2a” cos @ = 0 when tan @ :% ;
1 2
sinf =—,cosf =—
J5 5
d2A 1 . .
—— < 0 when tan @ = —, so this maximizes the area.
do? 2
2
2 2 1 10a 2 2
A=4a®| = |-2a%|1-— |=——-2a% =2a°(/5-1)
(ﬁ ] ( J5 J J5
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47. a. L'(0)=1509+25-30cos8) 2 sind =15(34-30cosd) "/ sin@
L"(0) = —175(34—30005 0)'2(30sin 0)sin 0 +15(34 —30cos )"/ 2 cos @

=-225(34-30cos0) >/ sin® 0 +15(34—30cos0) "% cos @
=15(34-30cos0)>/2[~15sin” 6 + (34— 30cos ) cos O]
=15(34-30cos0) >/ ?[~15sin? 6 + 34 cos @ —30cos’ 0]
=15(34-30cos0) >/ 2[~15+34cos 0 —15cos” 0]
=—15(34—30c0s0) >’ 2[15¢cos> 0 —34cos O +15]
33
5

342 —405)15)
L” =0 when cosé = 34£4BH”-401515) _

2(15) 37
0 =cos”! (Ej
5

R O
(o (3)-pr-0f3)] -

¢ =90° since the resulting triangle is a 3-4-5 right triangle.

b. L'(8)=6525+169-130cos@) "% sin@ = 65(194—130cos9) "' sind
L"(0) = —%(194—130005 0)~>'2(130sin §)sin & + 65(194 —130cos 0) "/ ? cos &

=-4225(194—130cos0) >’ % sin” 0+ 65(194—130cos )"/ cos &
=65(194—130cos 0) >/ 2[-65sin? 0 + (194 —130cos ) cos ]
=65(194—130cos 0) >/ 2[~65sin” 6 +194 cos & —130cos’ 6]
=65(194—130cos 0) >/ 2[~65cos O +194 cos O — 65]
=-65(194-130cos0) /2 [65cos> @ —194cos O + 65]

194:+1/(194)? — 4(65)(65) 13 s

L"=0 when cosé = ,
2(65) 5713

chos_l(ij
13
1/2

L' cos_l(ij =65 25+169—130(ij (Ejzs

13 13 13

1/2

L cos_l(ij = 25+169—130(ij =12

13 13

@ =90° since the resulting triangle is a 5-12-13 right triangle.

C. When the tips are separating most rapidly, ¢ =90°, L=+ m? —h? ,L'=h
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d. L'(®)=hm(h?>+m?—2hmcos8) " ?sin@
L") = —h?m?(h? +m? —2hmcos ) >/ sin? @ + hm(h? + m? — 2hmcos§) "% cos @
= hm(h? + m? —2hmcos @) ' 2[-hmsin? @ + (h? + m?) cos @ — 2hm cos? 6]
=hm(h? + m? —2hmcos 49)_3/2[—hm cos? 0+ (h? +m?)cos & —hm]
=—hm(h? + m? = 2hmcos 9)_3/2[hm cos? 6 —(h? +m?)cos @+ hm]
L” = 0 when hmcos? 6’—(h2 + m2)00s6’+ hm=0
(hcos@—m)(mcos@—h)=0

Since h<m, cos@ = D 0 0 =cos ™! (ﬂj .
m m

-1/2 [ 92 2 2 2
L’(cosl (ﬂn - hm(hz +m? —2hm(£D VM7= pmm? 2y 2 ¥

m m m m

~1(h 2. .2 h))'? 2 2
L|cos™ | —||=| h“+m*-2hm| — =vm--=h
m m

Since h? + L2 =m?, ¢ = 90°.

49. Here we are interested in minimizing the distance
between the earth and the asteroid. Using the
coordinates P and Q for the two bodies, we can
use the distance formula to obtain a suitable
equation. However, for simplicity, we will
minimize the squared distance to find the critical
points. The squared distance between the objects
is given by

D(t) = (93cos(27t) — 60 cos[27(1.51t — 1)])?

+(93sin(27t) —120sin[27(1.51t - 1)])
The first derivative is
D'(t) ~ ~34359 [ cos(2t)][sin(9.48761t)]
+[c0(9.487611)][(2049325in(9.48761t)

—141643sin(27t))]

Plotting the function and its derivative reveal a
periodic relationship due to the orbiting of the

48. We are interested in finding the global extrema for
the distance of the object from the observer. We
will obtain this result by considering the squared
distance instead. The squared distance can be
expressed as

2
D(X) = (x—2)? +(100+ x—%xzj

The first and second derivatives are given by

D'(x)zix3—§x2—36x+196 and
257 5

D"(x) = i(x2 -10x—3oo)

25
Using a computer package, we can solve the
equation D'(X) =0 to find the critical points. The
critical points are X = 5.1538,36.148. Using the
second derivative we see that

186

D"(5.1538) ~ —38.9972 (max) and

D"(36.148) ~ 77.4237 (min)

Therefore, the position of the object closest to the
observer is ~ (36.148,5.48) while the position of

the object farthest from the person is
~(5.1538,102.5) .

(Remember to go back to the original equation for
the path of the object once you find the critical
points.)

Section 3.4

objects. Careful examination of the graphs reveals
that there is indeed a minimum squared distance
(and hence a minimum distance) that occurs only
once. The critical value for this occurrence is

t = 13.82790355 . This value gives a squared
distance between the objects of = 0.0022743
million miles. The actual distance is ~ 0.047851
million miles ~ 47,851 miles.
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50. Let X be the width and y the height of the flyer. 51. Consider the following sketch.

2 inches

1 inch
1 inch

2 inches

We wish to minimize the area of the flyer,

A=xy.

As it stands, A is expressed in terms of two By similar triangles, = t .

variables so we need to write one in terms of the 27— \/tz +64 \/tz +64

other. 27t

The printed area of the flyer has an area of 50 X= s -t

square inches. The equation for this area is Vt© + 64

(X—2)(y—4)=50 27‘”:2-1'64— 27t2

We can solve this equation for y to obtain % _ V2464 = 1728

g 50 ., dt t? + 64 (t* +64)3?
X—=2 1728

Substituting this expression for y in our equation ~1=0whent=4y5

2 3/2
. . . t 4
for A, we get A in terms of a single variable, X. (t"+64)

A=xy dzx_ 5184t 'd2x| 0
50 50x a2 (2 +64)52 dt?| )
=x(—+4j=—+4x t=4+/5
X=2 X=2 Therefore
The allowable values for X are 2 < X < o0 ; we want 27( 4 \/g)
to minimize A on the open interval (2,). X = —4J5 =55 ~11.18 ftis the
2
dA  (x—2)50-50x ~100 (4V5) +64
Oy ;t4= >4 . .
dx (x-2) (x-2) maximum horizontal overhang.
_4x*—16x-84  4(x=T7)(x+3) 50 a
(-2 (x-2)
The only critical points are obtained by solving I,f,
B -
Z—A =0; thisyields x=7 and x=-3. We reject 6
X 4

X = =3 because it is not in the feasible domain

(2.0). Since %220 forxin (2.7) and P50 S
dx dx

b. There are only a few data points, but they do

for X in (7, oo) , we conclude that A attains its . .
seem fairly linear.

minimum value at X = 7. This value of X makes

y =14 . So, the dimensions for the flyer that will C. The data values can be entered into most

use the least amount of paper are 7 inches by 14 scientific calculators to utilize the Least

inches. Squares Regression feature. Alternately one
could use the formulas for the slope and
intercept provided in the text. The resulting
line should be y =0.56852+2.6074x
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d. Using the result from C., the predicted number 54. C(x)=7000 + 100x
of surface imperfections on a sheet with area
2.0 square feet is
y =0.56852+2.6074(2.0) =5.7833 = 6

since we can't have partial imperfections n?
R(n) =np(n)=300n -y

55, n=100+10M 50 p(n):30072

532 BS_0dy [vi —(5+bx)]
% wb T sl ' 56. P(n)=R(n)-C(n)
n d n2
— [y —(5+ bx.)]2 =300n ——— (7000 +100n)
= ' ' 2 )
n
n =-7000+200n — —
= 2(Yi =5-bx)(-X) 2
i=1
n S7. 15,000
= 2|:Z(—Xi yi + 5Xi + in2 ):|
i=1
n n n
= —22 X Yi + IOZ X + 2bz Xi2
i=1 i=1 i=1
ds ¢ Mlm n
Setting — =0 gives 100
g b g
n n n Estimate n =~ 200
0=-2) Xy; +10> % +2b>" X2 P’(n) =200—n;200—n =0 when n = 200.
i i i P"(n) = -1, so profit is maximum at n = 200.
n n n
0=='xy+5> % +b> x>
2 iYi Z i Z i C(x) 100
i=1 i=1 i= 58. ——==——+3.002-0.0001x
n 5 n n X
by =) XY =5 X
Z‘ ! § i E ' When x = 1600, 2% =2.9045 or $2.90 per unit.
n n
Z XY =52% ‘;C =3.002-0.0002x
= i= X
B Z 5 C'(1600) = 2.682 or $2.68
Xi
i=1
You should check that this is indeed the value 59. W) = 1000 + n
of b that minimizes the sum. Taking the n n 1200
second derivative yields When n =800, ™ <1.9167 or $1.92 per unit.
db2 ) 2.2;‘ ! o _n
which is always positive (unless all the x dn 600
values are zero). Therefore, the value for b C'(800) ~1.333 or $1.33
above does minimize the sum as required.
dcC 2
b. Using the formula from a., we get that 60. a. ax 33-18x+3x
b:M:&mw d2c d2c
590 —2:—18+6X;—2:OwhenX:3
dx dx
€. The Least Squares Regression line is d?c d2c
y:5+30119x ¥<00n(0,3), W>OOH(3,00)
}J]sjinghthis line, thz predicl:ted thtal l;lumber of Thus, the marginal cost is a minimum when
abor hours to produce a lot of 15 brass X =3 or 300 units.
bookcases is
y =5+3.0119(15) ~ 50.179 hours b, 33-18()+3() =6
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3 65. The revenue function would be

_ _ 2_X
6l 2 R(X¥)=xp(x) =20x+4x" - = R(X) = x- p(X) = 200x—0.15x> . This, together
with the cost function yields the following profit
((jj—l:{:20+8x—x2 =(10—x)(x+2) function: y gp
X :

—~5000+194x—0.148x7 if 0 < X < 500
P(x)=

b. Increasing when R >0 —9000 +194x —0.148x> if 500 < x < 750
dx

20+8x—x>>0on [0,10) a. The only difference in the two pieces of the
profit function is the constant. Since the

Total revenue is increasing if 0 < x < 10. e !
derivative of a constant is 0, we can say that

d2R d2R on the interval 0 < x <750,
C. —==8-2X;——=—=0whenx=4 drP
dx? dx? o =194 0.296x
X
3
da'rR =-2 dr is maximum at x = 4. There are no singular points in the given
dx’? X interval. To find stationary points, we solve
dP
1/2 ——=0
X dx
62. R(X)=x|182—-—
36 194-0.296x =0
-1/2 1/2 —0.296x =—194
d—szl(lsz—ij [—Lj+(182—ij ~
dx 2 36 36 36 X~ 655
12 Thus, the critical points are 0, 500, 655, and
X 750.
:(182——j (182——)
36 24 P(0)=-5000; P(500)=55,000;
drR =0 when X = 4368 P(655)=>54,574.30; P(750)=53,250
dx The profit is maximized if the company
x| = 4368; R(4368) ~ 34,021.83 produces 500 chairs. The current machine can
dr handle this work, so they should not buy the
At Xl T = 0 . h
dx new machine.
b. Without the new machine, a production level
63. R(X)= 800x _ 5, of 500 chairs would yield a maximum profit

X+3 of $55,000.
dR _ (x+3)(800)-800x , _ 2400

r 3 = 5 3; 66. The revenue function would be
X (x+3) (x+3) R(X)=x-p(x)=200x—0.15x>. This, together
d_R =0 when X = 20\/5 ~3%25 with the cost function yields the following profit
dx function:
% =25,R(25) ~ 639.29 ()= ~5000+194x —0.148x> if 0 < X < 500
At X1,?j—R=0- —8000 +194x—0.148x> if 500 < X < 750
X
400 a. The only difference in the two pieces of the
64. p(x)=12- (0_20)@ =20-0.02x profit function is the constant. Since the
10 derivative of a constant is 0, we can say that
R(X) = 20X —0.02x> on the interval 0 < x <750,
dR d dp

_=20_0,o4x;_R=0 when X = 500 &=194—0.296x
dx dx

There are no singular points in the given
interval. To find stationary points, we solve

dP
o =0
194-0.296x =0
—0.296x =—194
X = 655

Total revenue is maximized at X; =500.
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Thus, the critical points are 0, 500, 655, and 750. a2 +2ab+b?
P(0)=-5000; P(500)=55,000; b F(b) =2

P(655)=55,574.30; P(750)=54,250 As b—0",a% +2ab+b? - a® while

The profit is maximized if the company produces ¥ . _ S
655 chairs. The current machine cannot handle 40— 07, thus lim F(b)=oco whichisnot

b—0*
this work, so they should buy the new machine. close to a -
. . . 2

b. With the new machine, a production level of . a’+2ab+b®> . & t2a+b

655 chairs would yield a maximum profit of bh—r;:o b = bll_f)fio 4 =0,

4.30. . .
855,574.30 so when b is very large, F(b) is not close to a.
2
67. R(X)=10x-0.001x%;0 < x < 300 F'(b) = 2(a+b)(4b) ; 4(a+b)
16b
P(x) = (10x—0.001x>) — (200 + 4x — 0.01x?)
) 4b> —4a%> b?-a?
=-200+ 6X+0.009x = > = 7
dP 4P 16b 4b
% 6+0-018X5& =0 when x ~ =333 F'(b)=0 whenb? =a” or b =a since a and
Critical numbers: X = 0, 300; P(0) = —200; b are both positive.
P(300) = 2410; Maximum profit is $2410 E(a) - (a+ a)2 B 4a° 3
at X =300. (a)——4a —K—a
2
200+4x-0.01x>  if 0<x <300 Thus asw forallb>0 or
68. C(x)= 5 4b
800+3x—-0.01x if 300 < x <450 2
ab < @ which leads to vab < aT-i-b

—200+6X+0.009x>  if 0 < x <300
P(x) =

2 .
—800 + 7x+ 0.009x if 300 < x <450 1{a+b+c 3 (a+b+C)3
There are no stationary points on the interval c. Let F(b)= B 3 -

[0, 300]. On [300, 450]: 5 27b 3
, 3(a+b+c) (27b)—27(a+b+c)
O 5 40018% 9P — 0 when x ~ 389 F'(b) = 55
dx dx 27°b
The critical numbers are 0, 300, 450. (a+b+c)’[3b—(a+b+0C)]
P(0) =-200, P(300) = 2410, P(450) =4172.5 = 27b2
Monthly profit is maximized at X = 450, )
P(450)=4172.50 :(a+b+c) (2b-a-c)
50001 27b*
4,000~ - F'(b)=0 when b= %_
3,000 3
~ a+c 2 a+c a+c
2,000 F = . +
- ( 2 j a+c ( 3 6 j
1,000 3 3 5
D AN 2 (3(a+c)) 2 [a+c) (a+c
ol 100 200 300 400 500 T a+c 6 T a+cl 2 2
2 3
a+b)’ a2 +2ab+b> Thus [34C) < Lf3HBHCT o aiib>o0.
69. a. ab< = 2 2 b 3
2
_ £+lab +% From (b), ac < (%} , thus
This is true if 1(a+b+cy a+b+c)
2 2 2 2 ac<— or abc <
0<® Loy, bo_(a by _fa-b b
T4 2 4 2 2 2 which gives the desired result
Since a square can never be negative, this is (abc)l/ 3 at b+c
always true. -3
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70.

Leta=Iw, b =1lh, and ¢ = hw, then
S=2(a+b+c) while V> =abc. By problem

69(c). (abcy/3 < 2+P*C o

2(a+b+c) S
V23 < ( - ) -=.
In problem 1c, the minimum occurs, hence
equality holds, when b = %. In the result used
from Problem 69(b), equality holds when ¢ = a,
thus b = ? =a, so a="b=c. For the boxes,

this means | = w = h, so the box is a cube.

3.5 Concepts Review

- 100 ()
. decreasing; concave up

1
2
3.
4

x=-1,x=2,x=3;y=1

. polynomial; rational.

Problem Set 3.5

1.

2.

Domain: (-0, ) ; range: (—0,0)
Neither an even nor an odd function.
y-intercept: 5; X-intercept: ~—2.3

f/(x)=3x> -3;3x> ~3=0 whenx=-1, 1
Critical points: —1, 1

f'(X)>0 whenx<-1orx>1
f(x) is increasing on (—oo, —1] U [1, o) and
decreasing on [—1, 1].
Local minimum f(1) = 3;
local maximum f(-1) =7

f"(x)=6x; f"(x) >0 when x> 0.
f(x) is concave up on (0, o ) and concave down
on (-, 0); inflection point (0, 5).

Y

| N I
-5 5 X

=10

Domain: (— , 0 ); range: (—o0 ,0)
Neither an even nor an odd function.
y-intercept: —10; X-intercept: 2
f/(x) = 6x% —3=3(2x> —1);2x> —1=0 when
1 1

X=——=,——

2 2
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L
V2 2
f'(x) >0 when X<fL or X>L
NN

1 1

f(x) is increasing on (oo,—}u —,ooj and
V2 2
decreasing on {—L L}
V272 ]

Local minimum f (Lj =2-10~-114

2

Local maximum f (LJ =J2-10~-8.6
J2

f"(x)=12x; f"(x) >0 when x > 0. f(X) is concave

Critical points: —

up on (0, o) and concave down on
(=, 0); inflection point (0, —10).

)

=20

. Domain: (-0, o ); range: (—o ,00)

Neither an even nor an odd function.

y-intercept: 3; X-intercepts: ~ —2.0, 0.2, 3.2
f/(X) = 6x> —6X—12 = 6(X— 2)(X+1);
f'(xX)=0 whenx=-1,2

Critical points: —1, 2
f'(X)>0 whenx<-1orx>2

f(x) is increasing on (—o0, —1] U[2, o) and

decreasing on [—1, 2].

Local minimum f(2) =17,

local maximum f(-1) = 10

f'(x)=12x-6=6(2x—1); f"(x)>0 when x> %
f(x) is concave up on [%, ooj and concave down

1y . . . 1 7
on | —oo,— [; inflection point: | —, ——
2 27 2

20

-20}
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4. Domain: (—oo, o ); range: (—o, ) . 1 1
Neither an even nor an odd function H'() >0 for _E <t<0or E <t.
y-intercept: —1; X-intercept: 1 . |

/() =3(x=1)%; f'(x)=0 whenx =1 H(t) is increasing on { —, }u{ , j and
T 2 V2
Critical point: 1
1

F'()>0 forallx # 1 decreasing on [—oo,— ! }u{ , }

f(x) is increasing on (— o0, o) NG 2

No local minima or maxima o 1 1 1 1
f"(x) = 6(x—1); f"(x) >0 when x> 1. Global minima f (_Ej =7 f (f) ==

f(x) is concave up on (1, o) and concave down

on (-, 1); inflection point (1, 0) Local maximum f(0) =0

H"(t)=12t> —2=2(6t> ~1); H" >0 when

1
t<——ort>—

J6 J6
H(t) is concave up on ( ! ju( j

[ J6
B 1 1 . .
— and concave down on ——, ; inflection
- J6 6
20 s
oints H| -—,—-— | and H| —,—
5. Domain: (—o0, ); range: [0, o) P ( J6’ j Je 36]
Neither an even nor an odd function. y
y-intercept: 1; X-intercept: 1 4+

G'(X)=4(x—1)>;G'(x) =0 whenx =1
Critical point: 1

G'(x)>0 forx>1

G(X) is increasing on [1, o0) and decreasing on —

(=00, 1]. L —
Global minimum f(1) = 0; no local maxima -3 3¢t
G"(x)=12(x=1)%;G"(x) >0 forallx = 1 -1
G(x) is concave up on (—oo, 1) U (1, ©); no 7. Domain: (—o0,0); range: (—o, )
inflection points Neither an even nor an odd function.
Py y-intercept: 10; X-intercept: 1-1 13 ~-12
5 f/(x) =3x% —6x+3=3(x—1)%; f'(X) =0 when
- x=1.
B Critical point: 1
B f'(x)>0 forallx = 1.
= f(x) is increasing on (-0 , o0 ) and decreasing
B nowhere.
A L1 No local maxima or minima
-5 5 f"(x)=6x—6=6(x-1); f"(x) >0 when x> 1.
1 f(x) is concave up on (1, o) and concave down
6. Domain: (—o0, o ); range: [—Z, Ooj on (-, 1); inflection point (1, 11)
18 Y
H(t) = (<)’ [(-t)* —1]=t>(t> =1) = H(t); even
function; symmetric with respect to the y-axis.
y-intercept: 0; t-intercepts: —1, 0, 1
H'(t) = 4t> —2t = 2t(2t> —1); H'(t) =0 when B
1 1 —
t=——,0,— =
272 [ | L1
3 ' B 30X
Critical points: L 0 1 N
V22
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down on (-1, o ); no inflection points (—1 is not

. 16
8. Domain: (-, ); range: [_?’wj in the domain of g).

X 1

4(-s)* —8(-s)*> —12  4s*-8s? 12 lim ——= lim —=1;

Fos)= 4 —8CS)" ~12_ 45 -8 koo X+1 xosen 141
3 3

= F(S); even function; symmetric with respect lim X _ lim 1 =1
to the y_axis x—-wo X+1 x—>-w 1+%
y-intercept: —4; s-intercepts: 3,43 horizontal asymptote: y = 1
Fis)=0s3 105 1052 1) prs)=0 As X— -1, x+150 so lim —— =o;

x—-1~ X+1
whens——l,O,l. N . X
Critical points: —1, 0, 1 as X—>-1",x+1—>0" so lim —— =-o0;

+X+1
F'(s)>0 when—1<x<0orx> 1. ical o6 X — 1 x—>-1
F(s) is increasing on [-1, 0] W [1, o) and vertiea asym;: ot
decreasing on (-0, —1] U [0, 1] 15F
16 16 |

Global minima F(—l):—?, F(l):—?; local '

I
maximum F(O) 4 N B o

_S 1 | 5 X

F"(s)=16s> 16 ( j F"(s)>0 iR

: -
when s<—Lors L B

NERN .

F(s) is concave up on | —o —%)u(%,wj 10. Domain: (—, 0) © (0, »);

range: (—o,—47] U [0, )

and concave down on Neither an even nor an odd function

T
—

. . . No y-intercept; S-intercept: 7
inflection points y pt; P

128 1 128 s2 _ 2
F(— , ,F( 5 j g(s)_ T .9'(s)=0 whens=—7, z
52

10 Critical points: —7, 7

g'(s)>0 whens<-7 ors> r

[ g(s) is increasing on (—oo,—7] U [7,) and

-3
\/ decreasing on [-7,0) U (0, 7 ].

| Local minimum g( 7z ) = 0;
10

local maximum g(—z )=-4x
9. Domain: (~o,—1) U (-1, o), 2
range: (—o0, 1) U (1, o) (S)— 3 ;9"(s)>0 whens>0
Neither an even nor an odd function

y-intercept: 0; X-intercept: 0 g(s) is concave up on (0, o ) and concave down

9'(x)= (x+ 1)2 ;9'(X) is never 0. on (—o0, 0); no inflection points (0 is not in the
No critical points domain of g(s)).
g'(x)>0 forallx # —1. 2
T . .
g(x) is increasing on (-, —1) U (=1, o). g(s)=s _ZTHT; y=s-2n is an oblique
No local minima or maxima asymptote.
" 2 "
9"00) ==——5:09"(x)>0 whenx<-1. As $—07,(5—m)? >, so lim g(s)=—w;
(x+1) S50~
g(x) is concave up on (—o , —1) and concave
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as S—)OJ',(S—n)2 —>TC2, so lim g(s)=oo;
s—0
s =0 is a vertical asymptote.
.\I
20
I il
-10 s 108
—20'F
. 11
11. Domain: (—o, o ); range: | ——,—
44
—X X
f(—x)= =—f(x); odd

(—x)2 +4 x> +4
function; symmetric with respect to the origin.
y-intercept: 0; X-intercept: 0
' 4- X2 ’
f (X):ﬁ§ f'(X)=0 whenx=-2, 2
(X" +4)

Critical points: -2, 2

f'(xX)>0 for-2<x<2
f(x) is increasing on [-2, 2] and
decreasing on (-0, 2] U [2, ©).

Global minimum f(-2) = —%; global maximum

f(2):%

2x(x* ~12)
(x2 + 4)3 ’

23<x<0 or x>243

f(x) is concave up on (72«/5 ,0)u (2\/5, o) and

concave down on (—o0, — 23 )yu (0, 23 );
inflection points (—2«/_ , —g], (0,0),

8
8

1

. X . 5
lim = lim —*—=0;
X—=0 X* +4 Xx—o 1+

f'(x)= f"(x) >0 when

>
N"’*

X =

. X .
lim = lim =0;
X——0 X +4 X—>—w l+i2
X

y = 0 is a horizontal asymptote.
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12.

No vertical asymptotes
¢
1 =

-10
I Y A

10X

Domain: (-, o0 ); range: [0, 1)
2 2
P
0" +1 67 +1
function; symmetric with respect to the y-axis.
y-intercept: 0; € -intercept: 0

— 20 A(6)=0 when 0=0
)

(6% +1

= A(0); even

A'(0) =

Critical point: 0

A'(0)>0 when 6>0

A(6) is increasing on [0, o) and
decreasing on (-, 0].

Global minimum A(0) = 0; no local maxima

_ap2
A"() = 2(12—393); A"(6) >0 when
@ +1)
— 1 <0< L

2 1

lim = lim =1

6% 0% +1 001+
%

2 1
lim = lim =1;
6>-002 41 O>—wl+ %
[

y =1 is a horizontal asymptote. No vertical
asymptotes

4y
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13. Domain: (-0, 1) U (1, o);
range (o, 1) U (1, o)
Neither an even nor an odd function
y-intercept: 0; X-intercept: 0

h(x) = —;2; h'(x) is never 0.
-1
No critical points

h'(x)<0 forallx = 1.

h(x) is increasing nowhere and
decreasing on (-0, 1) U (1, o).
No local maxima or minima

h"(x) = 2 3 ;h"(X) >0 when x> 1
(x=1)

h(x) is concave up on (1, o) and concave down
on (—o, 1); no inflection points (1 is not in the
domain of h(x))

. X . 1
lim — = lim —=1;
Xx—a0 X —1 X—>ool—%

lim — = fim —— =1

x——o0o X—1 X—)—ool—%

y =1 is a horizontal asymptote.

As X1, X-1-0" so lim —— = —o;
x—>lfx_1

. X
as X—> 1", x-1-50" so lim ——=oo;
xo1t X1
x =1 is a vertical asymptote.

S0
— 1
|
|
— 1
______ S B
L L1 I
5 i 5%
|
I
|
A |
5
14. Domain: (—o0,o0)
Range: (0,1]
Even function since
P(-x) = L _px)

=% +1 x*+1

so the function is symmetric with respect to the

y-axis.

y-intercept: y =1

x-intercept: none

P'(x) =%; P'(x)is 0 when x=0.
(X“+1)

critical point: X=0

P'(x) >0 when x <0so P(X) is increasing on

Instructor's Resource Manual

(—0,0] and decreasing on [0,%0) . Global
maximum P(0) =1; no local minima.

6x% -2

(x* +1)°

P"(x)>0 on (—o0,—1/+/3)U(1/+/3,0) (concave
up) and P"(X) <0 on (—1/x/§,1/x/§) (concave
down).

P'(x) =

1 Ej

N

No vertical asymptotes.

lim P(x)=0; lim P(x)=0
X—>—00

X—00
y = 0 is a horizontal asymptote.

Inflection points: (i

15. Domain: (-0, —-1) U (-1,2) U (2, o);
range: (—oo, )
Neither an even nor an odd function

. 3.
y-intercept: _E; X-intercepts: 1, 3

2
Fr(x) = %; £'(x) is never 0.
(X+D)7(x-2)
No critical points
f'(x)>0 forallx = —1,2
f(x) is increasing on
(-0,-1) U (-1,2) U (2,).
No local minima or maxima
_—6x% +30x% — 66X +42
(x+1)3>(x-2)°
X<-lorl<x<2
f(x) is concave up on (oo, —1) U (1, 2) and
concave down on (-1, 1) U (2, «);
inflection point f(1) =0
J— — 2 J—
lim (x=1(x-3) ~ lim X" —4x+3
X—>0 (X+l)(X—2) X—>00 X2—X—2

f"(x)

; £"(x) >0 when

_4,3
. x+X2

= lim ———=1;
x—wo]-Ll_ 2
X 2

X
4
fim XEDX=3) e X 2
x>0 (X+1)(X=2) x>0 l-1
y =1 is a horizontal asymptote.
As X—> -1 ,Xx-1->-2,x-3—> 4,

X-2—-3, andXx+1—>0" so lim f(x)=oo;
X—>-1"
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16.

196

as X > 1", x-1>-2,x-3 > -4,

X—2-—-3, and Xx+1—> 0", so
lim f(x)=-ow
x—-1"
As X—> 2 ,x-1->1,x-3—> -1, x+1—3, and
X=2—>0, so lim f(x)=c0; as
X—2"
X—2" x-151,x-3—>-1,x+1—3, and
X—=2—0",s0 lim f(X)=—o0
x—2"

=—1 and x =2 are vertical asymptotes.
y

S = - o

Domain: (—,0)U(0,)

Range: (—o0,-2]U[2,0)

Odd function since

(—z)2 +1 2% +1
A -

with respect to the origin.

y-intercept: none
x-intercept: none

wW(-2) =

=—W(z) ; symmetric

w'(z) :l—iz; w'(z)=0when z=+1.
z

critical points: z==%1. w'(z)>0 on
(—o0,—1)U(l,0) so the function is increasing on
(—o0,—1JU[l,). The function is decreasing on
[-L0)u(0,1).

local minimum w(l) =2 and local maximum
w(—1)=-2. No global extrema.

w"(z) = Z% >0when z>0. Concave up on
(0,00) and concave down on (-,0).

No horizontal asymptote; X = 01is a vertical
asymptote; the line y = z is an oblique (or slant)

asymptote.
No inflection points.
A"

15
: L/
5

’-1’,—‘-"7‘ 2 4

-0

-15

Section 3.5

17.

18.

Domain: (—,1)U(1,)

Range: (—o0,)

Neither even nor odd function.

y-intercept: Y = 6; x-intercept: X =-3,2

x> —2X+5
(x=1?

critical points.

g'(x) > 0 over the entire domain so the function

; 9'(X) is never zero. No

9'(x)=

is always increasing. No local extrema.

f "(x) :_—83 ; F'(X)>0 when
(x=1)

X <1(concave up) and f "(x) <0 when

X > 1 (concave down); no inflection points.
No horizontal asymptote; X =1 1is a vertical
asymptote; the line y = X+ 2 is an oblique (or
slant) asymptote.

3

h

75
50
25

Domain: (-0, o ); range [0, o)
f(—x)= |—X|3 = |X|3 = f(x); even function;

symmetric with respect to the y-axis.
y-intercept: 0; X-intercept: 0

£1x) = 3|x (ﬁ} = 3x|x|; /() =0 when x=0
X
Critical point: 0
f'(xX)>0 when x>0
f(x) is increasing on [0, o ) and decreasing on
(700 ] 0]
Global minimum f(0) = 0; no local maxima
2

£7(x) =3 +3|L| = 6[x| as =[x

X

f"(x)>0 whenx = 0
f(x) is concave up on (—o0, 0) U (0, o ); no
inflection points

y
— 10
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19.

20.

Domain: (—oo, o ); range: (—o, o)

R(-2)= —z|—z| = —Z|z| =—R(2); odd function;
symmetric with respect to the origin.
y-intercept: 0; Z intercept: 0

R'(z) =|z|+ ||

R'(z)=0 whenz=0

Critical point: 0

R'(z)>0 whenz # 0

R(z) is increasing on (—oo, o) and decreasing
nowhere.

No local minima or maxima

2 :| |2 for all z;

= 2|z| since Z

R"(2)=22;R"(z)>0 whenz>0.

R(z) is concave up on (0, o ) and concave down
on (—o, 0); inflection point (0, 0).

201

=20

Domain: (—o , o ); range: [0, o)

H(a) = <)’ |-a| = ¢? g = H(a); even
function; symmetric with respect to the y-axis.
y-intercept: 0; g-intercept: 0

3 3
' 3 2
H'(q) = 2qg] + 1 = =1 =3alq] as [of =
ol ol
forallq; H'(q)=0 whenq=0
Critical point: 0

H'(q) >0 whengq>0
H(Q) is increasing on [0, o ) and
decreasing on (-, 0].

Global minimum H(0) = 0; no local maxima

14 3q2 14
H"(q) =3|q|+ >~ =6|q|; H"(q) > 0 when

o
gqg= 0.
H(q) is concave up on (o, 0) U (0, = ); no
inflection points.

.‘I
— 10

21.

22.

Domain: (-0, o ); range: [0, o)
Neither an even nor an odd function.
Note that for X < 0, |X| =-X SO |X|+ X =0, while

4+ _

. [X[=x so
0 ifx<0
o=1_,
3x“+2x ifx>0
y-intercept: 0; X-intercepts: (—oo, 0]
ifx<0

910= {6x+2 iftx>0

No critical points for X > 0.
g(X) is increasing on [0, o) and decreasing
nowhere.

"(x) = 0 ifx<0
9926 irx>0

g(X) is concave up on (0, o ); no inflection points

80

Domain: (-0, o ); range: [0, o)
Neither an even nor an odd function. Note that

for x <0, |x| —X so——— = —X, while for

x 20, |x|=x so |X|_X:0.
2

W32 .
h(x) = X+ X" —6X ifx<O0
0 ifx>0

y-intercept: 0; X-intercepts: [0, )
3x24+2x-6 ifx<0
ifx>0

No critical points for X <0
h(x) is increasing nowhere and decreasing on
(=0, 0].
{—6x +2 ifx<0
h"(x) =

h'(x) =

ifx>0
h(x) is concave up on (—, 0); no inflection
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points 24. Domain: [2k z , 2k + 1) 7 ] where K is any

90 N integer; range: [0, 1]
B Neither an even nor an odd function
= y-intercept: 0; X-intercepts: k7 , where K is any
— integer.
COS X
B f'(X)=——; f'(X)=0 when x= 2kt X
B 2+/sin X 2
| while f'(x) does not exist when X =K , K any
_"i S "ok — é " integer.
Critical points: km, 2k +2 where k is any
23. Domain: (—o0 , 0 ); range: [0, 1] ’ 2
f (=) =|sin(—x)| = |-sin x| =|sin x| = f (x); even integer
function; symmetric with respect to the y-axis. f'(xX) >0 when 2km < x < 2kn +Z
y-intercept: 0; X-intercepts: kz where K is any 2
Integer. f(x) is increasing on {an, 2k +g} and
f'(x)= | |cosx f'(x)=0 when X_E+kn
nX

decreasing on [ZKn +—,(2k+ l)n} k any
and f'(x) does not exist when X =k 7 , where k
is any integer. Integer. .. .
Global minima f(k 7 ) = 0; global maxima

Critical points: kn and k7 +2 , where K is any . )
2 2 f (2kn +Ej =1, k any integer

integer; f'(X)>0 when sin X and cos X are either

both positive or both negative. £7(x) = = cos? X—2sin? x 1= sin® X
B - 3/2 RNEYp)
f(x) is increasing on {kn, km +E} and decreasing 4sin™ “ X 4sin™ * X
2 B 1+sin? x )
T . . T an3/2 ]
n {kn+—, (k+ l)n} where K is any integer. 4sin™" ~ X
2 f"(x) <0 forall x.
Global minima f(k 7 ) = 0; global maxima f(x) is concave down on (2k 7, 2k + 1) 7 );
f (kn + g) =1, where Kk is any integer. no inflection promts
4
2 -2
£7(x) = co.s X_Sl?l X
|sinX| |sin x|
. 1 in X X
+sin Xcos X| ————— [&J (cos X) —n ant
[sin |sin x|
cos’X sin’X cos? X sin? X
= - - |s1n X| -1~
[sinx| |sinx| |sinx| |sn1X|
f"(x)<0 when x # kx,k any integer 25. Domain: (—o0,)
f(x) is never concave up and concave down on Range: [0,1]
(k7 , (k+ 1)) where K is any integer. Even function since
No inflection points h(-t) = cos? (~t) = cos’t = h(t)
P so the function is symmetric with respect to the
y-axis.
. . Vs
y-intercept: Yy =1; t-intercepts: X = E+ kz
-2n 2m X where K is any integer.
. k
h'(t) =—2costsint; h'(t)=0at t= 7”
-1 . . k
Critical points: t = 77[
198 Section 3.5 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



cos* t+sin t(3) cos’ tsint

h'(t)>0whenkﬁ+%<t<(k+l)7r. The g't) =2

cos®t

function is increasing on the intervals
2 )

cos”t+3sin“t

[k;z +(/2),(k+ 1)71] and decreasing on the =2 :
intervals [k7z, kz+ (7r/2)] . 0052 t
. 1+2sin”t
Global maxima h(kz)=1 =2———>0
cos 't
Global minima h [f +k ;;) =0 over the entire domain. Thus the function is

9 ) concave up on (k;r - E, kr+ Z) ; no inflection
h"(t) =2sin” t—2cos” t = —2(cos 2t) 2 2

points.
h"(t)<0 on (kﬁ—%,kﬁ+%) so h is concave

. V4
No horizontal asymptotes; t = B + ko are

" V4 3z
down, and h"(t) >0 on (k;r +Z,kﬂ'+7j soh vertical asymptotes.
<
is concave up. 1
kz 7 1 7o
Inflection points: (— + —,—j 600
2 4 2 500
No vertical asymptotes; no horizontal i:i;
asymptotes. 200
y It 100
E R >3
r
27. Domain: ~(—o0, 0.44) U (0.44, );
range: (—o0, )
2 1 >
Neither an even nor an odd function
. V4
26. Domain: all reals except t = 5+ kz y-intercept: 0; X-intercepts: 0, ~0.24
Range: [0,%) 74.6092x° —58.2013x% +7.82109
y-intercepts: y =0 ; t-intercepts: t =Kz where k f'(x)=— X 0. X + 7 X.

2
is any integer. (7.126x-3.141)

Even function since
g(~t) = tan?(~t) = (—tant)? = tan’ t
so the function is symmetric with respect to the

f'(x)=0 whenx=0, ~ 0.17, ~ 0.61

Critical points: 0, ~ 0.17, ~ 0.61

y-axis.
, 2 2sint .
g'(t) =2sec” ttant = 3t; g'(t)=0 when f'(X)>0 when 0<x<0.17 or 0.61 <X
COS
t=kr.

. . f(x) is increasing on ~ [0, 0.17] U [0.61, o)
Critical points: k7

g(t) is increasing on |:kﬂ', kz +%j and and decreasing on

x (-0,0] U [0.17,0.44) U (0.44, 0.61]
decreasing on (kﬂ'—z,kﬂ':| .

Local minima f(0) = 0, f(0.61) ~ 0.60; local
Global minima g(kz) =0 ; no local maxima

maximum f(0.17) = 0.01

531.665x> —703.043x” +309.887X — 24.566

(7.126% - 3.141) ’
f"(X)>0 when x<0.10 or x> 0.44

f ”(X) —
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28.

29.

200

f(x) is concave up on (—o0, 0.10) U (0.44, ) 30.

and concave down on (0.10, 0.44);

inflection point = (0.10, 0.003)

5.235x> —1.245x> 5.235x2 —1.245x
= l1mm =
7026x-3.141  xow  7.126-3141

m
X—00

so f(x) does not have a horizontal asymptote.

) ; , , 31.
As X —0.447,5.235x" —1.245x~ — 0.20 while
7.126x-3.141 07, so  lim f(x)=—oo;
Xx—0.44"
as X — 0.44%,5.235x> —1.245x% — 0.20 while
7.126x-3.141 > 0%, so  lim f(X)=oo;
x—0.44%
32.
X =~ 0.44 is a vertical asymptote of f(x).
y
09F ;V
— 1
- |
1
— |
- |
I
— |
- |
|
— |
| - 33.
—1 o1 \i i
y
20k
— 34.
I _I |
-5 54X
Y
5_
—I 1 11 1 m
ol 10X
_5—
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35.

36.

(1]

N

y'=50¢-D*y" =20~ 1% y"(x) > 0
when X > 1; inflection point (1, 3)
Atx=1, y' =0, so the linear approximation is a

ralA

horizontal line.
.\‘

| j
] ]
2

(]

37. 4 *
&=
5—
4+
1_
1_
]-
| | 1 1 L
1 1 3 4 5 4
38. ¥
1_
0| r ~/ 5%
_1H
39. ¥
!_—
1_
I l I L
-1 I ] 1y
_j_
d_
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40.

41.

42.

43.

Let f(x)= ax? +bx+c, then f '(x) =2ax+b
and f"(x)=2a. An inflection point occurs
where f"(X) changes from positive to negative,

but 2a is either always positive or always
negative, so f(X) does not have any inflection
points.

( f"(x) =0 only when a = 0, but then f(x) is not a
quadratic curve.)

Let f(x)= ax® +bx? +cx+d, then

f'(x)=3ax> +2bx+c and f"(X)=6ax+2b. As
long as a=0, f"(x) will be positive on one

. b . .
side of x = i and negative on the other side.
a

X= 33 is the only inflection point.
a

Let f(x)= ax* +bx> +cx? +dx+c, then
f'(x)= 4ax® +3bx% +2cx+d and

f"(x) =12ax? + 6bx + 2¢ = 2(6ax> + 3bx +C)
Inflection points can only occur when f"(X)

changes sign from positive to negative and
f"(x)=0. f"(x) has at most 2 zeros, thus f(x)
has at most 2 inflection points.

Since the € term is squared, the only difference
occurs when ¢ =0. When ¢ =0,

y = x2\x? = |X|3 which has domain (—o0,00)
and range [0, ). Whenc = 0, y = x2yx? - c?

has domain (—oo, —|c|]] U [|c|, ©) and
range [0, o).

¥
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The only extremum points are J_r|C| .For c=0, 45. f(x)= 1 then

there is one minimum, for ¢ # 0 there are two. (CX2 - 4)2 +ox?
NQ rnax'ima, independent of ¢c. No inflection , 2ex(7 - ZCXZ)
points, independent of C. f'(x)= 2 2 IR
[(cx” —4)” +cx7]
cX CcX
44. (0= ) Ifc>0, f/(x)=0 whenx =0, +|-_.
44 (CX)”  4+C7X 2c
2.2 Ifc<0, f'(x)=0 when x=0.
£/( =°(4—§2X2);f'(x)=0when x=+2 :
(4+c7x7) ¢ Note that f(X) :E (a horizontal line) if ¢ = 0.

unless ¢ = 0, in which case f(x) = 0 and
r'e0=0. Ifc>0, f'(x)>0 when X<—/2l and
c

If ¢ > 0, f(x) is increasing on [—z, g} and
ccC

0<x< /2l, so f(X) is increasing on
c

5 . (—oo, - Zl} U|:O, . le} and decreasing on
a global minimum at f (—j = and a global ¢ ¢
c

2) 1 - l, 0fu \/z, o |. Thus, f(x) has local
maximum of f [—j =—. 2c 2c

decreasing on (—oo, —z} U [g, ooj, thus, f(X) has
C C

o 4

2 2 ima flo|-= =2 ¢ [ Z]=2 and
If ¢ <0, f(X) is increasing on [oo, E} U[E, oo) maxima 2wl 15’ 2wl 15 an
.. 1 ,
and decreasing on [g, —2} Thus, f(x) has a local minimum_ f(0) = 16 Ifc<0, £'()>0
c C
) | when X < 0, so f(x) is increasing on (—o0, 0] and
global minimum at f (__j = _Z and a global decreasing on [0, o). Thus, f(x) has a local
c
N maximum f(0)= L . Note that f(x) > 0 and has
maximum at f (—j =—. 16
c) 4 horizontal asymptote y = 0.

B 2¢? x(czx2 -12)

”n : : N N
f"(x) 333 > %0 f(x) has inflection 4 4
(4+c7x) 8 g
. 23
pointsatx=0, +——, c # 0 =0
c
L_" 1 Y c=0
2 3
c=0 a5 i _
% =0 0 X 0 X
I | I | I I
2 X X
¢ 5 47
2
1L L
2 2
N
1t
2
c=<()
2
T
I T | I I I |
2 X |
c N EE
1
2
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46.

1
f(x):z—.
X“+4X+cC

x> +4x+¢=0 when x=-2++/4—c. Thus f(x)

has vertical asymptote(s) at X =-2++/4—-C
-2x—-4

(x2 +4x+ 0)2

when x = -2, unless ¢ =4 since thenX=-2 is a

vertical asymptote.

Forc # 4, f'(x) >0 when x <-2, so f(X) is

increasing on (—o , —2] and decreasing on
[-2, o) (with the asymptotes excluded). Thus

By the quadratic formula,

whenc < 4. f'(x)= ;') =0

f(x) has a local maximum at f(-2)= % For
c

c=4, f'X)=- 2 3 SO f(x) is increasing on
(X+2)

(-, -2) and decreasing on (-2, ).

Ly Y
5_
! .
c<4 : {
[ u
o gy
T T
1-2 4 | * ~
[ L
1f\1t | c-4 L
if &
i b
1 B o SR
3 x
y v
L1
c-4
c>4
L \_
) X
47. f(x)=c+sincx.

Since c is constant for all X and sinCX is continuous
everywhere, the function f (X) is continuous
everywhere.

f'(x)=c-coscx

f'(x)=0 when cx = (k +%)7r or X= (k +5 )i
where K is an integer.

f"(x)=—c*-sincx

. : k

f ((k +%)%) =—¢? -sm(C-(k +%)%) =—c>-(-1)
In general, the graph of f will resemble the graph of
y =sin X . The period will decrease as |c| increases

and the graph will shift up or down depending on
whether C is positive or negative.

If c=0,then f(x)=

Instructor's Resource Manual

If c<0:

(k+D)z (4k-1)7
2 7 2¢

f (x) is decreasing on {

4k -1 4k -3
f (x) is increasing on {( )ﬂ,( )ﬂ}
2¢c 2c

(4k 1)
2C

f (x) has local minima at x = 7 and local

(4k-3)7

2C

maxima at X = where k is an integer.

If c=0, f(x)=0 and there are no extrema.

Ifc>0:

4k — 4k —1
f (x) is decreasing on {( 37 ,( )ﬂ}
2C 2C

(4k-1)7 (4k +1)7r}

2 2
4k -1)
2c

f (x) is increasing on {

f (x) has local minima at X = 7z and

(4k-3)7
2c

local maxima at X = where K is an

integer.

I S By

_37: t/\n/Wﬂ 3t X
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Justification:

.
:
<

- f)=g)=1

- F=0 =90 =g0xH =0

n Cc=0 fis an even function; symmetric with respect to
I I I — | I I | > the y_axis‘

=37 2n -m T 2n 3m X

£100 = g'xHax’

B f'(x) > 0 for x on (0,1) U (1,0)

= f'(X) <0 for X on (—o0,—1) U (-1,0)

f '(x) =0 for x=-1,0,1 since f ' is continuous.

f(x) = g"(xH16x° + g'(012x>

f "(x) =0 for x =—1,0,1
c=1 f "(x) > 0 for Xon (0, Xy) U (1,0)
f"(x) < 0 for X on (Xg,1)

-3n 2n -m
Where X, is aroot of f"(x)=0 (assume that
there is only one root on (0, 1)).

50. Suppose H"(1) <0, then H"(X) is decreasing in
a neighborhood around x = 1. Thus, H"(x) >0
c=2 to the left of 1 and H"(x) <0 to the right of 1, so

H(X) is concave up to the left of 1 and concave
N . down to the right of 1. Suppose H"(1) >0, then

-3t 2n -m T2 3m X H"(x) is increasing in a neighborhood around
x=1. Thus, H"(x) <0 to the left of 1 and
H"(x) >0 to the right of 1, so H(X) is concave

up to the right of 1 and concave down to the left

of 1. In either case, H(X) has a point of inflection
48 Since WwW¢E haVe f ’"(C) > 0 , WE knOW that f '(X) at X = 1 and not a local max or min.

is concave up in a neighborhood around x=c.

Since f'(c)=0, we then know that the graph of 51. a. Not possible; F'(x) >0 means that F(X) is

i ing. F"(x)>0 that the rate at
f '(x) must be positive in that neighborhood. HCTeasing. ,( ) | means Tat fe e a

} i ) which F(X) is increasing never slows down.
This means that the graph of f must be increasing Thus the values of F must eventually

to the left of ¢ and increasing to the right of C. become positive.
Therefore, there is a point of inflection at C.

b. Not possible; If F(X) is concave down for all

49. 4 Y X, then F(X) cannot always be positive.

c. y
| F

N ,-_-—-—

— | I/ | |

-3 3 X
| | |
-2 2 X —
_3 —
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No global maximum; global minimum at
(0, 0); no inflection points

Global minimum

f(—7)==2rx +sin(-7x)=27 = —6.3;
global maximum
f(r)=27+sinr=27=6.3;

inflection point at (0, 0)

Global minimum

f(—n)= —ﬁ—&;n)= -1 ~3.1; global

sin

maximum f(rw)=n+ =n=~3.1

inflection point at (0, 0).

Instructor's Resource Manual
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f'(X) =2cos x—2cos Xsin X
=2cos X(1 —sin x);

f'(x)=0 when x=-—

>

A
o

N}

f"(X) = —2sin X — 2 cos? X+ 2sin® X

=4sin? x—2sinx—2; f"(x) =0 when
. 1 . .
sin X = 75 or sin X = 1 which occur when

n Smm
Z = =

6 62

Global minimum f (—gj =-2; global

. T . . .
maximum f (Ej =2; inflection points

f (_Ej = _l’ f (_S_T[j __1
6 4 6 4

f'(X) = 2cos X + 2sin X cos X
=2cosX(1+sinx); f'(X)=0 when

_onm

272
f'(x)= —2sin X+ 2cos> X—2sin” X
= 4sin? x—2sinx+2; f"(x) =0 when

. . 1 .
sinX=-1 or sinX = E which occur when

T T 5Tm
X= Ty T
26 6
Global minimum f (—gj =—1; global

. b . . .
maximum f (E) = 3; inflection points

(-4
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f'(X) = —2sin 2X + 2sin X
= —4sin Xcos X+ 2sin X = 2sin X(1 — 2 cos X);

f'(x)=0 when X=—n,—£,0,£,n
3 3

f"(X)=—4cos2x+2cosx; f"(x)=0 when
X &#-2.206, -0.568, 0.568, 2.206

Global minimum f [%j =f (gj =-1.5;

Global maximum f(—7z ) =f(7 ) = 3;
Inflection points: = (—2.206,0.890),

(-0.568,-1.265), (0.568,~1.265),
(2.206,0.890)

f'(X)=3cos3x—cosx; f'(x)=0 when
3cos 3X = cos X which occurs when
X= fﬂ,ﬁ and when
22

X #=2.7,-04,0.4,2.7
f"(X) = —9sin3x+sin X which occurs when

X=-m,0, 7 and when
X =~ -2.126,-1.016, 1.016, 2.126

Global minimum f (gj =-2;

global maximum f (gj =2;

Inflection points: ~ (—2.126,0.755),
(-1.016,0.755), (0,0), (1.016,-0.755),
(2.126,-0.755)

206 Section 3.5
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54.

55.

f'(X) =2cos2x+3sin3x
Using the graphs, f(x) has a global minimum
at f(2.17) = —1.9 and a global maximum at
f(0.97) = 1.9

f"(x) = —4sin2x+9cos3x; f"(x) =0 when

X= fﬂ,ﬁ and when
22

X 7#—-2.469,-0.673, 0.413, 2.729.

Inflection points: (—E,Oj, (E,OJ,
2 2

~ (-2.469,0.542),(~0.673,-0.542) ,
(0.413,0.408), (2.729,-0.408)

I N T |
-5 5 X

a.  fis increasing on the intervals (—o0,—3]
and [-1,0].
f is decreasing on the intervals [-3,-1]
and [0,00).

b. fis concave down on the intervals
(—o0,-2) and (2,0).
f is concave up on the intervals (-2,0)
and (0,2).

c. fattains a local maximum at X =-3 and
X=0.

f attains a local minimum at X =—1.

d. fhasapoint of inflection at x=-2 and
X=2.
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56.

59. a.
30
20
10
2 4 [
2 p—
Frx) = 2X29X440 £iy) is never o,
Vx? —6x+40
and always positive, so f(X) is increasing for
a.  fis increasing on the interval [—1,0). all x. Thus, on [-1, 7], the global minimum is
f is decreasing on the interval (—oo,—1] ;E;)l )~z4g60-9 and the global maximum if
3 2
b.  fis concave up on the intervals (-2,0) f"(x) = 2X° Z18x7 + 147)(_240; f"(x)=0
and (2,0) (x* —6x+40)>'2
o when X ~ 2.02; inflection point
f is concave down on the interval (0,2). f(2.02) ~ 11.4
c.  fdoes not have any local maxima. b.
f attains a local minimum at X =-1.
d. fhas inflection points at X =0 and
X=2.
2 4 ]
57. y
ST Global minimum f(0) = 0; global maximum
L f(7) = 124.4; inflection point at X x~2.34,
- / f(2.34) x48.09
L A W A
-5 | V 5 X c
— 100
: 50
I
-5t [
T 4 6
2o
/-\ No global minimum or maximum; no
L inflection points
L1 NA
-5 L 54 d 1
: D(.J I ]
_ N/
-5 o.28 2 [] 6
0.5
0.75 \_/
Global minimum f(3) ~ -0.9;
global maximum f(-1) ~1.0 or f(7) ~1.0;
Inflection points at X ~ 0.05 and X ~ 5.9,
(0.05) = 0.3, 1(5.9) =0.3.
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3.6 Concepts Review
1. continuous; (a, b); f(b)- f(a)= f'(c)(b—a)

2. f'(0) does not exist.

3. Fx)=Gx)+C
f’(x):3x2—16x+5; f'(x) =0 when ( )
4
x:l,S. 4. x"+C
3
Global minimum f(5) = —46;
1 Problem Set 3.6
global maximum f (gj ~4.8

. 1 f)=>
f"(x) =6x-16; f"(x) =0 when X=§; |X|
fQ-fa 2-1
inflection point: (%,—20.6) 2.1 - 1 =1
b £:1 for all ¢ > 0, hence for all ¢ in (1, 2)
S [
0 2__\'

Global minimum when X ~ —0.5 and
x =~ 1.2,f(-0.5) = 0, f(1.2) =0;
global maximum f(5) = 46

Inflection point: (-0.5,0), (1.2,0), ' o

2. The Mean Value Theorem does not apply
because g'(0) does not exist.

C.
2 4 ]
No global minimum or maximum; —
inflection point at
X =—0.26, f (-0.26) = —1.7 -2
d. /r\ 3. f'(x)=2x+1
S———T B f(2)—f(—2)_6—2_1
- 2-(=2) 4
1o 2c+1=1whenc=0
15 ¥
8 L
No global minimum, global maximum when —
x=0.26, f(0.26) = 4.7 B
Inflection points when X =~ 0.75 and |
x=3.15, f(0.75) =~ 2.6, f(3.15) ~—0.88 : -
-2
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4. g'(x)=3(x+1)%

g-gh _8-0_,
1-(=1) 2

2
3(c+1)> =4 whenc=—1+-——=~0.15

N

10

T 1T T 1T 1T T 71T Ta

5 H'(s)=2s+3

H1)-H(3) :3—(—1) 1
1-(-3) 1-(=3)

2c+3=1whenc=-1

5

/.

FTTT N

6. F'(x)=x>

Fo-F2 5-(-3)
2-(=2) 4

[SSEINN

2

C zg when ¢ =+ ~+1.15

&

3
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' 1.2 2,1
f'(2)==CBz°+)=2"+—
(2 3( ) 3

fQ-fch) 2-(2) 4
2--1) 3 3

c +§:§ when c=-1, 1, but —1 is not in

(—1,2) so ¢ =11is the only solution.

y
2+

. The Mean Value Theorem does not apply

because F(t) is not continuous att= 1.

Jf |
L i \
1
L I
1
L I
I
i 1
0 ! 2!
1
— I
I
— 1
I
- '
h'(x)=- 3 5
(x=3)
h(2)—h(0)_—2—0_71
2-0 2
3 zzflwhenC:3i\/§,
(c-3)

c=3-+/3~1.27 3+3isnotin (0, 2).)

y 2
of’ e,
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10. The Mean Value Theorem does not apply

' 5.2/3
because f(X) is not continuous at X = 3. 14. g'(x)= 3 X

g-gCh _1-¢D _,
1- (1) 2

5

-

5 3/2
gcz/3 =1 when c=i(§j ~ +0.46

o
B v
B I
5
ey 2
11. h(t)—3t17 _|| | ]| -
h@)-h©) _2°7°-0_ i3 -
2-0 2
1+
%: 273 when ¢ =28 < 0.59
3¢ 27 15. S'(0)=cos@
oF S(m-Stm _0-0_,
n—(-m) 27
- cos € =0 when C:ig.
i
1 1
] 2! L
12. The Mean Value Theorem does not apply \ !

. -T n 0
because h'(0) does not exist. :

.“

(]

16. The Mean Value Theorem does not apply
because C(6) is not continuous at 6 =—7,0,7 .

¥y
- 5
= U
|

|

3

b =
-

13. g’(x):§x2/3 —“ = 8
9)-g(0) _1-0 _,
1-0 1 -
5 2/3 312 17. The Mean Value Theorem does not apply

=1 when c=%| = , -
5 because T (6) is not continuous at § = >

3 3/2 3 3/2
C:(Ej ~ (.46, —(5) is not in (0, 1). 5

I I

T T T
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18. The Mean Value Theorem does not apply

because f(X) is not continuous at X = 0.
.‘I
10

——10

1
19. f'(x)=1-—
XZ
f@-fm_3-2_1
2-1 1 2
1-%:% when ¢ =42, c=+/2 ~1.41
C

(c =—/2 isnotin (1, 2).)
o

] 1
] 3x

20. The Mean Value Theorem does not apply
because f(X) is not continuous at X = 2.

¥
2 L]
— P——
| |
] 2x

21. The Mean Value Theorem does not apply

because f is not differentiable at x=0.
Jixd

0.8
0.6
0.4
0.2
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22.

23.

24,

25.

26.

By the Mean Value Theorem

% = f'(c) for some cin (a, b).

Since f(b) = f(a), & = f'(c); f'(c)=0.

f®-f©O 1
8-0 4
There are three values for ¢ such that
1
f'cy=——.
(©) 2
They are approximately 1.5, 3.75, and 7.
f'(X)=2ax+
f(b)y—f(a 1
O _ L 02 -a?)+ po-a))
b-a b-a
=a(a+b)+p

2ac+ f=a(a+b)+ f when ¢ :aT—m which is
the midpoint of [a, b].

By the Monotonicity Theorem, f is increasing on
the intervals (a, Xg) and (Xg,b) .

To show that f(Xy)> f(x) forxin (a, Xy),
consider f on the interval (a, Xy] .

f satisfies the conditions of the Mean Value
Theorem on the interval [X, Xy] for Xin (a, Xg) .

So for some C in (X, Xg),
f(x0) — () = F'(C)(X —X).
Because
f'(c)>0and xg—x>0, f(xg)— F(X)>0,
sof(Xy)> f(X).
Similar reasoning shows that
f(x)> f(xg) forx in (Xy,b) .
Therefore, f is increasing on (a, b).

a f'x= 3x2 >0 except at X =01in (—o0,0).
f(x)= X is increasing on (—oo, ) by
Problem 25.

b. f'(x)=5x*>0 exceptatx=0in(—o0,).

f(x)= x> is increasing on (—oo , ) by
Problem 25.

2
c. f'x)= 3x XSO>OexceptatX=0in
1 X>0

(—0,).

X x>0
(—o0, ) by Problem 25.

x3 X<0 . . .
f(x)= 18 Increasing on
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27.

28.

29.

30.

31

32.

33.
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S(t) is defined in any interval not containing t = 0.

s'(c) = _Lz <0 forall ¢ # 0. For any a, b with
c

a < b and both either positive or negative, the
Mean Value Theorem says

s(b)—s(a) =s'(c)(b—a) for some cin (a, b).
Since a<b, b—a> 0 while s'(c) <0, hence
s(b) —s(a) <0, or s(b) < s(a).

Thus, s(t) is decreasing on any interval not
containing t = 0.

s’(C):—%<O forallc>0.If0 <a<b, the
c

Mean Value Theorem says

s(b)—s(a) =s'(c)(b—a) for some cin (a, b).
Since a <b, b—a> 0 while s'(c) <0, hence
s(b) —s(a) <0, or s(b) < s(a). Thus, s(t) is
decreasing on any interval to the right of the
origin.

F'(x)=0and G(x)=0,G'(x)=0.

By Theorem B,
FxX)=G(x)+C,soF(x)=0+C=C.

F(X) =cos® x+sin® x; F(0) =12 +0? =1
F'(X) = 2 cos x(—sin X) + 2 sin X(cos X) = 0
By Problem 29, F(x) = C for all x.

Since F(0)=1,C =1, so sin? X + cos
all x.

2y =1 for

Let G(X)=Dx;F'(X)=D and G'(x)=D .
By Theorem B, F(X) = G(x) + C; F(xX) =Dx + C.

F'(x)=5F(0)=4

F(x) = 5x + C by Problem 31.
F(0)=4soC=4.
F(x)=5x+4

Since f(a) and f(b) have opposite signs, 0 is
between f(a) and f(b). f(X) is continuous on [a, b],
since it has a derivative. Thus, by the
Intermediate Value Theorem, there is at least one
point C,

a<c<bwithf(c)=0.

Suppose there are two points, ¢ and ¢’,c <c¢’ in
(a, b) with f(c)= f(c") =0. Then by Rolle’s
Theorem, there is at least one number d in (¢, ")
with f'(d)=0. This contradicts the given
information that f'(x)= 0 for all X in [a, b], thus

there cannot be more than one X in [a, b] where
f(x) = 0.

Section 3.6

34.

35.

36.

37.

38.

39.

f'(x) = 6x* —18x = 6X(Xx—3); f'(X) =0 when
Xx=0orx=3.
f(-1) =-10, f(0) = 1 so, by Problem 33, f(x) =0
has exactly one solution on (-1, 0).
f(0) =1, f(1) = -6 so, by Problem 33, f(x) = 0 has
exactly one solution on (0, 1).
f(4) =-15, f(5) = 26 so, by Problem 33, f(x) =0
has exactly one solution on (4, 5).

Suppose there is more than one zero between
successive distinct zeros of f'. That is, there are

a and b such that f(a) = f(b) = 0 witha and b
between successive distinct zeros of f'. Then by

Rolle’s Theorem, there is a ¢ between a and b
such that f'(c) = 0. This contradicts the

supposition that a and b lie between successive
distinct zeros.

Let X;, X5, and X3 be the three values such that
9(x) =9(x) =9(x3) =0 and

a< X <X <Xy <b.By applying Rolle’s
Theorem (see Problem 22) there is at least one
number X4 in (X;, X;) and one number X5 in

(X2, %3) such that g'(x4) =g'(Xs) =0. Then by
applying Rolle’s Theorem to g'(X) , there is at
least one number Xq in (X4, X5) such that

9"(X)=0.

f(x) is a polynomial function so it is continuous
on [0, 4] and f"(x) exists for all X on (0, 4).
f(1) =f(2) =1f(3) = 0, so by Problem 36, there are
at least two values of X in [0, 4] where f'(X)=0

and at least one value of X in [0, 4] where
f"(x)=0.

By applying the Mean Value Theorem and taking
the absolute value of both sides,

[T (%)= f(x)|
X2 =]
Since |f'(x)|<M forall xin (a, b),
|f () - f(x)|

% =

= | f ’(C)| , for some cin (X, Xy).

<M (%)= F Q) <M Xy = y].

f'(x)= 2cos2x;|f’(x)| <2

[T (%)= ()| |.|f(X2)—f(X1)|<2
X2 =] T =l

[T 0Q)— )| <2]x —x;

|sin2X2 —sin2X1| < 2|X2 —X1|

=|f'(%)

Instructor’'s Resource Manual

this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



40. a. ¥

41. Suppose f'(x)>0.Leta and b lie in the interior
of | such that b > a. By the Mean Value Theorem,
there is a point ¢ between a and b such that

o 1D-T@ fo-f@
b-a b-a
Since a <b, f(b) > f(a), so f is nondecreasing.
Suppose f'(x) <0. Leta and b lie in the interior
of I such that b > a. By the Mean Value Theorem,
there is a point ¢ between a and b such that
o TD-T@ fO-f@
b-a b-a
a<b, f(a)> f(b), so f is nonincreasing.

<0. Since

42. [f2001 =2F(x)f'(x)
Because f(X)> 0and f'(x)=0onl,[f2(X)]' =0

on l.
As a consequence of the Mean Value Theorem,

f2(X))—f2(x) =0 forall X, >x onl.

Therefore f 2 is nondecreasing.

43. Let f(x) = h(x) — 9(x).
f'(xX)=h'(xX)—g'(x); f'(x)>0 forall Xin
(a, b) since g'(x) <h'(x) forall xin (a, b), so fis
nondecreasing on (@, b) by Problem 41. Thus
X <Xy = f(Xl) < f(Xz);
h(x;)—g(x) <h(X) —g(%2);
9(%)—9(x) £h(Xy)—h(x) forall x and X,
in (a, b).

Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of

44,

45.

46.

47.

Let f(x)= JX sof "(X) = R . Apply the Mean
24x

Value Theorem to f on the interval [x, x + 2] for

x> 0.

1 1
Thus \/X+2—«/_:—(2):— for some C in
2 e
(X, X+ 2). Observe ! <L<L
’ ' x+2 o Jx
1
Thus as X — w0,— — 0.
Je
Therefore lim (\/x+2—\/;): lim L=0.
X—>00 X—)oo\/E

Let f(x) =sin X. f'(X) =cos X, so
| f'(x)| =|cos x| <1 forall x.

By the Mean Value Theorem,

foO-1T _ f'(c) for some C in (X, y).
X-y
Thus, [foo-fy =|f'(0)| <L
<=

|sinx—sin y| S|X—y|.

Let d be the difference in distance between horse

A and horse B as a function of time t.

Then d’ is the difference in speeds.

Let ty and t; and be the start and finish times of

the race.

d(ty) =d(t;)=0

By the Mean Value Theorem,

d(t)—d(ty)
t -1

Therefore d'(c) =0 for some Cin (ty,1;) .

=d’(c) for some Cin (ty,t;).

Let s be the difference in speeds between horse A

and horse B as function of time t.

Then s’ is the difference in accelerations.

Let t; be the time in Problem 46 at which the

horses had the same speeds and let t; be the

finish time of the race.

S(ty) =s(t) =0

By the Mean Value Theorem,

s(t) —s(ty)
i -4

Therefore s'(c) =0 for some Cin (t5,1).

=s'(c) for some cin (tp,t).
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48. Suppose X > c. Then by the Mean Value 52. sis differentiable with s(0) =0and s(18) =20so

Theorem, , ) we can apply the Mean Value Theorem. There
f(x)—f(c)= f'(@(x-c) for someain (c,x). exists a C in the interval (0,18) such that
Since f is concave up, f">0 and by the (20-0)

Monotonicity Theorem f' is increasing. v(c)=s'(c) = (18-0) ~1.11 miles per minute

Therefore f'(a) > f'(c) and ~ 66.67 miles per hour
f(x)-f(c)=f'(@)(x—c)> f'(c)(x-c) v
f(x)> f(c)+ f'(c)(x—c),x>c A
Suppose X < ¢. Then by the Mean Value
Theorem, 60 T
f(c)— f(x)= f'(a)(c—x) for some a in (X,C).
Since f is concave up, f” >0, and by the 30 1
Monotonicity Theorem f' is increasing.
Therefore, f'(c)> f'(a) and
fc)-f(x)=f'(a)c—x)< f'(c)(c—x).
—f(xX)<=f(c)+ f'(c)(c—x) A
f(x)> f(c)-f'(c)c-x) [
f(x)> f(c)+ f'(c)(x—c),x<c 20+
Therefore f(x)> f(c)+ f'(c)(x—c),x=cC.

~Y

10 1

49. Fix an arbitrary X.
f —f
f'(x) = lim 1)=10)
y—X y—X
f(y)-1(x)
y—X
So, f'=0— f =constant . for all t in the interval [0,0]. Vv(t) is therefore

. t
=0, since
53. Since the car is stationary at t =0, and since V is

_ . . 1
<M |y X|' continuous, there exists a ¢ such that v(t) < 3

less than % and $(0)< 9o % = g By the Mean

50. f(x)= x'/3 on [0, a] or [-a, 0] where a is any . i .
. , . Value Theorem, there exists a C in the interval
positive number. f'(0) does not exist, but f(x) (5.20) such that

has a vertical tangent line at X = 0.
1)
208
51. Let f(t) be the distance traveled at time t. v(c)=s'(c) =
f(2)-f(0) 112-0 (20-9)
= =36 20-5
2-0 2 S
By the Mean Value Theorem, there is a time ¢ 20-0
such that f'(c) = 56. =1 mile per minute
At some time during the trip, Johnny must have = 60 miles per hour

gone 56 miles per hour. s

20

-y

' :
0 8 0 20
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54. Given the position function s(t)=at” +bt+c,
Problem Set 3.7

the car’s instantaneous velocity is given by the

function s'(t) =2at+b. 3
1. Let f(x)=x"+2x-6.

The midpoint of the interval [A,B] is A;r B . f(1)=-3,f2)=6
Thus, t.he car’s instantaneous velocity at the n hy m, f(my)
midpoint of the interval is given by
A+B A+B 1 0.5 1.5 0.375
s' =2a +b
2 2 2 0.25 1.25 —1.546875
—a(A+B)+b 3 0.125 1.375 ~0.650391
The car’s average velocity will be its change in 4 0.0625 14375 —0.154541
position divided by the length of the interval. 5 0.03125 1.46875 0.105927
That is, , , 6 | 0.015625 | 1.45312 —0.0253716
5(B)-s(A) _ (8B +bB+c)-(aA’ +bA+c) 7 | 00078125 | 146094 |  0.04001
B-A B-A 8 |0.00390625 | 1.45703 | 0.00725670
2 2
_aB"—aA"+bB-bA 9 |0.00195312 | 1.45508 | —0.00907617
B-A r~1.46
a(B> - A*)+b(B-A)
- B_A 2. Let f(x)=x*+5¢+1.
_a(B-A)(B+A)+b(B-A) f-1)=-3,f0)=1
- B-A - f
=a(B+A)+b n n My (my)
=a(A+B)+b 1 0.5 0.5 0.4375
This is the same result as the instantaneous 2 0.25 —0.75 —0.792969
velocity at the midpoint. 3 0.125 —0.625 | —0.0681152
4 0.0625 —0.5625 0.21022
5 0.03125 —0.59375 0.0776834
6 | 0.015625 | —0.609375 | 0.00647169
3.7 Concepts Review 7 | 0.0078125 | —0.617187 | —0.0303962
8 [0.00390625 | —0.613281 | —0.011854
1. slowness of convergence
9 10.00195312 [ —0.611328 | —0.00266589
2. root; Intermediate Value r~_061

w

algorithms 3. Let f(Xx)=2cosx—sinX.

4. fixed point f(1)~0.23913; f(2)~-1.74159

n h, m, f(m,)

1 0.5 1.5 —-0.856021
21 025 1.25 —0.318340
3| 0.125 1.125 | =0.039915
41 0.0625 | 1.0625 0.998044
510.03125 | 1.09375 | 0.029960
6] 0.01563 | 1.109375 | —0.004978

r=1.11
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4. Let f(Xx)=x—-2+2cosX n Xn
f(1)=1-2+2cos(1) ~ 0.080605 " "
f(2)=2-2+2cos(2)~-0.832294 2 0.8636364

n h, m, f(m,) 3 0.8412670
1| 05 15 | -0358526 4 0.8406998
2| 025 125 | —0.119355 5 0.8406994
3| 0125 | 1.125 | -0.012647 6 0.8406994
4100625 | 1.0625 | 0.035879 r ~ 0.84070

50.03125 | 1.09375 | 0.012065

6| 0.01563 | 1.109375 | —0.000183 7. Let f(x)=x-2+2cosx.

y

r=1.11

5. Let f(X)=x>+6X*+9x+1=0.

y

5
| |ﬂ\| | I I |
-5 5 X
_25 n Xq
f'(xX)=3x"+12x+9 1 2
2 | 3.724415
n Xy
3 13.698429
1 0 4 |3.698154
2 -0.1111111 5 13.698154
3 —0.1205484 r ~3.69815
4 —0.1206148
5 01206148 8. Let f(X):ZC(;/sX—sz.
r~—0.12061 A
6. Let f(x):7x3+x—5
y
2_
I I I _l 1 11 1
-5 O 5x =5
/: f'(x)=—-2sinx—cos X
-8 n X,
f/(x)=21x> +1 1 0.5
2 11.1946833
311.1069244
411.1071487
5 11.1071487
r~1.10715
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9. Letf(x) = cos x - 2x. f/(x) = 4x> —24x% + 44x - 24

¥
o Note that f(2) = 0.
: n Xn
L1111 ( I | 1 0.5
-5 5
2 0.575
3 0.585586
4 0.585786
f'(x)=—sinx—2 n Xn
- " 1 3.5
2 3.425
1 0.5 3 3.414414
2 0.4506267 4 3.414214
3 0.4501836 5 3.414214
4 0.4501836 r=2,r~0.58579, r~3.41421
r~0.45018

, 12. Let f(x)=x*+6X> +2x> +24x—8.
10. Let f(x)=2x-sinx—1. ,

y 160

3 2 X

A I T I I
-5 5 X B

2401

P f/(x) = 4x> +18x% +4x+24

f'(x)=2-cosx n *n
n Xn 1 6.5
1 1 2 ~6.3299632
2 0.891396 3 ~6.3167022
3| 0.887866 4 63166248
4| 0.887862 5 ~6.3166248
5 | 0.887862
r ~0.88786 n X,
11. Let f(x)=x*—8x>+22x> —24x+8. 1 0.5
. E 2 0.3286290
‘ 3 0.3166694
B 4 0.3166248
- 5 0.3166248

r~=-6.31662,r=0.31662
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13. Let f(x)=2x"—sinx. 16. Let f(x)=x*-47.

y
A f'(x) = 4x>
n Xn
1 2.5
! 2 2.627
3 2.618373
5 4 2.618330
5 2.618330
f(x) = 4x—cos x Y47 ~2.61833
n *n 17. f(x)=x*+x’ +x* +x is continuous on the
1 0.5 given interval.
2 10.481670 THOION
Amin=-1
31 0.480947 Hmax=1
necl=1
4 10.480946 ﬁmnf -2
T2 =t
r ~0.48095 wzcl=]
Ares=1
14. Let f(X)=2cotx—X. From the graph of f, we see t.hat the maximum
y value of the function on the interval occurs at the
A right endpoint. The minimum occurs at a
B stationary point within the interval. To find
P where the minimum occurs, we solve f'(x)=0
B on the interval [-1,1].
e I W f'(x)=4x’ +3x* +2x+1=g(X)
= L 2 X
B Using Newton’s Method to solve g(x)=0, we
» L get:
~ n X,
f'(X):—2csczx—l 1 0
2 0.5
n X,
] 1 3| —0.625
4 | -0.60638
2 | 1.074305
5| —-0.60583
3 11.076871
6 | —0.60583
4 11.076874 . :
r ~1.07687 Minimum: f (-0.60583) ~ —0.32645

Maximum: f(1)=4
15. Let f(x)=x>—6.

f'(x) =3x>
n Xn
1 1.5
2 1.888889
3 1.819813
4 1.817125
5 1.817121
6 1.817121

36 ~1.81712
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3
X’ +1 . . .
18. f(x)== 7 is continuous on the given n X n X
X" +1 1|4.712389 1|7.853982
interval.
TR 2 | 4.479179 2 | 7.722391
L 3 | 4.793365 3 | 7.725251
=9
fsel=le — 4 | 4.493409 4 |7.725252
i =5
H,gg‘ffl 5 | 4.493409 517725252
arescl Minimum: f (4.493409) ~ ~0.21723
From the graph of f, we see that the maximum Maximum: f (7.725252) ~ 0.128375
and minimum will both occur at stationary points
within the interval. The minimum appears to 20 f (X) =2 sinﬁ is continuous on the given
occur at about X =—1.5 while the maximum 2
appears to occur at about X = 0.8 . To find the interval.
. . , TR
stationary points, we solve f (X) =0. “min=8 ————,
mmax=12. Sce37AE..
(¢ x-3)
f '(X) = 2 =9 (X) Ymax=58
(X4+1) Y=cl=1/m
Hres=1

From the graph of f, we see that the minimum
value and maximum value on the interval will
occur at stationary points within the interval. To

Using Newton’s method to solve g(x)=0 on

the interval, we use the starting values of —1.5

and 0.8. find these points, we need to solve f '(X) =0 on
n *n n *n the interval.
1 -1.5 1 0.8 )y X . X
X" cos —+4Xsin—
2 | -1.680734 21 0.694908 f(x)= 2 2 _ g(x)
3| —-1.766642 310.692512 2
4| -1.783766 4 1 0.692505 Using Newton’s method to solve g (X) =0 on
5| ~1.784357 5 | 0.692505 the interval, we use the starting values of 3z and
6 | —1.784358 2
7 | —1.784358 1377; .
Maximum: f (0.692505) ~1.08302
Minimum: f (~1.78436) ~ —0.42032 N % N %
1|4.712389 1(10.210176
sin x 2 | 4.583037 2110.174197
19. f(x)=—— is continuous on the given interval.
X 3|4.577868 3110.173970
THO
ﬁ"‘i”:E' },3},??%% 41 4.577859 4110.173970
max=3.
tacl=1:5P0roe3] > | 4.577859
wmin= 1 Minimum: £ (10.173970) ~ ~96.331841
Y=cl=,5
| Maximum: f (4.577859) ~15.78121
From the graph of f, we see that the minimum
value and maximum value on the interval will
occur at stationary points within the interval. To
find these points, we need to solve f '(X) =0 on
the interval.
. X cos X —sin X
f(x) = XTI g )
Using Newton’s method to solve g(x)=0 on
the interval, we use the starting values of 37” and
S
2
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21. Graphy=xandy=0.8+0.2 sin X. b. Let

.4 f(i) = 20i(1+0)%* —(1+i)** +1
=1+i)**(20i-1)+1.
._._.---""_ Then

L L1 f/() = 20(1+1)%* +480i(1+i)> —24(1+1)>

_2 2 X
i =(1+1)>(500i - 4), so
i ot (1+iy)** (20i, —1)+1
5 n+l ='n— .- In—T ] .
- f'(in) 1+in)? (500i, —4
Xns1 = 0.8+0.2sin X, " (1+1)7 (5000 =4)
Let x, =1. i 202 +19i, —1+(1+iy) >
n 500i, —4 '
n Xp
1 1 c. n in
2 0.96829 ) 0012
3 0.96478
4 0.96439 2 0.0165297
6 0.96433 4 0.0151323
7 0.96433 5 0.0151308
X ~ 0.9643 6 0.0151308
22. y .
2 1=0.0151308
r=18.157%
f(x
| | | 24. From Newton’s algorithm, X, —X, =— ’( n) .
-2 2 X f'(Xy)
lim (Xp —Xp) = lm X, — lim X,
- Xn—X Xq—X Xn—X
=X-X=0
= f (%)
lim '_n exists if fand f' are continuous at
f (%) Xn1/3 *n—x (X,
Xn+1=Xn_f,(X )= nTTo 273 X and f'(X)=#0.
! 3% fx) (%)
=X —3X. = 02X Thus, lim W= —"2=0,s0 f(X)=0.
n n n =X F'(xy)  F'(X)

Thus, every iteration of Newton’s Method gets
further from zero. Note that X, = (-2)"! Xg-
Newton’s Method is based on approximating f by

X 1is a solution of f(x) = 0.

X, +1.5cos X,

its tangent line near the root. This function has a 25 X = 2
vertical tangent at the root.
n Xq n X,
23. a. For Tom’s car, P =2000, R =100, and 1 1 510.914864
k=24, thus 210905227 | |6 |0.914856
2000 = @{1_ 1 - } or 310.915744 7 10.914857
I (1+1) 410.914773
. 1 L . X~ 0.91486
201 = l——24 , which is equivalent to
(1+10)
20i(1+i)%* —(1+i)** +1=0.
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26. Xy, =2-sinX 29. a.
n X, n X, X,
1 2 511.10746 9 |1.10603
211.09070 | | 6 | 1.10543 | |10 | 1.10607
3 11.11305 7 11.10634 11]1.10606 !
411.10295| [ 8 [1.10612 | [12 |1.10606
X =1.10606
27, Xnpp =+/2.7+ X%, X~0.5
2
n Xn b, Xpp =2(% —X%)
1 1 n X,
2 1.923538
1 0.7
3 2.150241
2 0.42
4 2.202326
3 0.4872
5 2.214120
4 0.4996723
6 2.216781
5 0.4999998
7 2.217382
6 0.5
8 2.217517
7 0.5
9 2.217548 >
C. X=2(Xx—-X%)
10 2.217554 5
2X°—=x=0
11 2217556 X(2X—1) =0
12 2.217556 3 1
X=0, Xx=—
X ~2.21756 2
28. Xni =32+ %, 30. a A
n Xp
1 47 ' L
_2 2 X
2 7.085196
3 3.207054
4 2.531216 -
5 2.393996 Xx=0.8
6 2.365163 b.  Xpip = 5(Xy —X2)
7 2.359060 n X,
8 2.357766
1 0.7
9 2.357491
2 1.05
10 2.357433
3 —0.2625
11 2.357421
4 -1.657031
12 2.357418
5 -22.01392
13 2.357418
6 -2533.133
X =2.35742
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c. x=5(x-x%) 3.2 x=1

5x% —4x=0 x2=1+l:2
X(5x-4)=0 1
4 X =14 =315
3. aa x=0 X4 =1+ ! =§z1.6666667
1 3
Xo 2\/121 1+—1
1+
X3 =V1+1 =2 ~1.4142136 1 8
Xs=l+——— =2=16
xg =1+ 1+ 41 ~1.553774 1+ % >
1+ —
Xs = \[1+y1+1+1 ~1.5980532 1+
b X=+1+X b X_l+l
X2 =1+x ) X
) X7 =x+1
X*=x-1=0
12144111245 ox-1=0
+V1+4-1- +
X= 5 = (o EVIr AT 1245
Taking the minus sign gives a negative . . 2 ) 2 )
solution for X, violating the requirement that Taking the minus sign gives a negative
1445 solution for X, violating the requirement that
X=0. Hence, Xx= ~1.618034 . 1+5
X>0. Hence, X= 2 ~1.618034.
c. Letx=+41++/1+~1+.... Then X satisfies c. Let
the equation X =+/1+X. From part (b) we X=14+ 1 )
know that X must equal 141
(1+45)/2~1.618034. L
32.a x=0 Then x satisfies the equation X :1+l.
X
Xy = 5 ~2.236068 From part (b) we know that X must equal
X3 = [5+\/7 ~ 2.689994 (l+\/§)/2zl.618034.

b. x=+/5+x,and X must satisfy x>0 F(r)
x* =5+x Suppose f(r) = 0. Then r — ) =r-0=r,
2 f'(r)
X“=x-5=0 £(x)
X_1i1/1+4.1.5_1i\/ﬁ sorisarootofX=x—TX).
- 2 )

Taking the minus sign gives a negative
solution for X, violating the requirement that
x>0. Hence,
x=(1++21)/2~2.7912878

c. Letx=4/5++/5++/5+.... Then X satisfies
the equation X =~/5+X.
From part (b) we know that X must equal
(1++21)/2~2.7912878
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35.

b. If we want to solve f(x) =0and f'(x)#0 in

On the interval (0,%) , there is only one

fx) _
[8, b], then f/(x) 0 or stationary point (check graphically). We will use
£(x) Newton’s Method to find the stationary point,
X=X- =0(X).
f'(x) 9% starting with X = % ~ 0.785398.
g’(x):l—#+f(—x)2f" X n X,
X ’
00 T (0] 1| Z~0.785398
f) (%)
= ﬁ 2 0.862443
[T ) g 3| 0860335
and g'(r)= w =0. 4 0.860334
[F ] 5| 0860334

a. The algorithm computes the root of

l—a=0 for x; close to l
X a

b. Let f(x) =l—a.
X

X = 0.860334 will maximize the area of the
rectangle in quadrant I, and subsequently the
larger rectangle as well.

y = cos X = cos(0.860334) ~ 0.652184

The maximum area of the larger rectangle is
A =(2x)y~2(0.860334)(0.652184)

~1.122192 square units

, 1 Flokl Flokz Flobs
f'(X)=—— N B2Hecas (KD
X2 ne=
f
X wAy =
/( ) :_X+aX2 nAe=
f'(x) MBS Hazximumm
. . WNr= H=HEUFITET Ym1.4221027
The recursion formula is
oy f(xy) x —ax. 37. The rod that barely fits around the corner will
N+l = n X)) n- touch the outside walls as well as the inside
corner.
. . E F C
36. We can start by drawing a diagram: i
AY YA
I b1 £
2 [ 13
I

|

X

n
X 2

From symmetry, maximizing the area of the
entire rectangle is equivalent to maximizing the
area of the rectangle in quadrant I. The area of
the rectangle in quadrant I is given by

A=xy

8.6 feet

As suggested in the diagram, let a and b represent
the lengths of the segments AB and BC, and let 8
denote the angles Z/DBA and ZFCB . Consider
the two similar triangles AADB and ABFC;
these have hypotenuses a and b respectively. A

= XCcos X little trigonometry applied to these angles gives
To find the maximum area, we first need the 8.6 6.2
a= =8.6secd and b=——"=6.2cscl
cos & sin

. . . V3
stationary points on the interval (0,5) .

A'(X) = cos X — Xsin X
Therefore, we need to solve
A'(x)=0

cosX—XsinX=0

Note that the angle 6 determines the position of
the rod. The total length of the rod is then
L=a+b=28.6secd+6.2cscl

The domain for & is the open interval (0,%) .
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The derivative of L is
B 8.6sin> 0—6.2¢cos> 0
- sin® 0-cos® 6
Thus, L'(8)=0 provided
8.6sin’ @#—6.2cos’ @ =0
8.6sin’ @ = 6.2cos’ O

L'(6)

sin® 6 _ 6.2
cos’d 8.6
tan® 6 = E

tan@ = Hﬂ
8.6
On the interval (0,%) , there will only be one

solution to this equation. We will use Newton’s

method to solve tan 6 —3 f% =0 starting with

6 ==
4

n 6,

1| £~0.78540
2| 0.73373

3| 0.73098

41 0.73097

51 0.73097

Note that 8 = 0.73097 minimizes the length of
the rod that does not fit around the corner, which
in turn maximizes the length of the rod that will
fit around the corner (verify by using the Second
Derivative Test).

L(0.73097) = 8.6sec(0.73097) + 6.2 csc(0.73097)

~20.84
Thus, the length of the longest rod that will fit
around the corner is about 20.84 feet.

38. The rod that barely fits around the corner will
touch the outside walls as well as the inside
corner.
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As suggested in the diagram, let @ and b represent
the lengths of the segments AB and BC, and let
denote the angle ZABD . Consider the two right
triangles AADB and ACEB ; these have
hypotenuses a and b respectively. A little
trigonometry applied to these angles gives

a= ,8 =8cscH and
sin

B 8

~sin(75-0)
Note that the angle 6 determines the position of
the rod. The total length of the rod is then
L=a+b=8cscH+8csc(75-6)

=8csc(75-0)

The domain for € is the open interval (0,75) .

A graph of of L indicates there is only one
extremum (a minimum) on the interval.

The derivative of L is

8(sin2 6-cos(0—75)—cos @ -sin’ (6’—75))
sin’ @ -sin’ (6-175)

We will use Newton’s method to solve

L'(8) =0 starting with 6, =40.

L'(6) =

n 6,
1 40
2 | 37.54338
3| 37.50000
4 37.5

Note that & =37.5° minimizes the length of the
rod that does not fit around the corner, which in
turn maximizes the length of the rod that will fit
around the corner (verify by using the Second
Derivative Test).

L(37.5)=8csc(37.5)+8csc(75—-37.5)
=16csc(37.5)

~26.28
Thus, the length of the longest rod that will fit
around the corner is about 26.28 feet.
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) 2x? 3.8 Concepts Review
39. We can solve the equation —2—5+ X+42=0 to

find the value for X when the object hits the
ground. We want the value to be positive, so we
use the quadratic formula, keeping only the
positive solution.

—1- 17 —4(~0.08)(42)
X = =30
2(-0.08)
We are interested in the global extrema for the
distance of the object from the observer. We

obtain the same extrema by considering the
squared distance

D(X) = (Xx—3)% + (42 + x—.08x>)?

A graph of D will help us identify a starting point

for our numeric approach.

Amin=g
Amax=1H
necl=2
“min=g
“max=228E

Wacl=1AA
Hres=1

From the graph, it appears that D (and thus the
distance from the observer) is maximized at
about x =7 feet and minimized just before the
object hits the ground at about x =28 feet.
The first derivative is given by
D'(x) :ix3 —Ex2 —&x+78 .
625 25 25
a. We will use Newton’s method to find the
stationary point that yields the minimum
distance, starting with X, =28.

Xn

28
28.0280
28.0279
28.0279
X~ 28.0279; y~7.1828

The object is closest to the observer when it
is at the point (28.0279,7.1828) .

A WO =S

b. We will use Newton’s method to find the
stationary point that yields the maximum
distance, starting with X, =7.

Xn

7
6.7726
6.7728
6.7728
X=6.7728; y~45.1031

The object is closest to the observer when it
is at the point (6.7728,45.1031).

A W N =35

Xr+1

1. L —sCr=-1
r+l

2. r[f00] T 00 [ F 0] F1(0)
3. u=x*+3x>+1,du= (4x3 + 6x)dx

.f(x4 +3x% + 1)8 (4x3 +6X)dx = jugdu

w3y’ .

=—+C C
9 9

4, clj f(x)dx+ sz g(x)dx

Problem Set 3.8

1. dex:5x+C

2. j(x—4)dx :J.xdx—4J'1dx
x2
=——-4x+C
2

3. j(xz +n)dx:.[x2dx+n.[1dx:xs—3+nx+c

4, j(3x2 +\/§)dx:3_[x2dx+\/§'[1dx
=3§+\/§X+C =x> +3x+C

4 y9/4
5. IXS dx=T

4

4
+C==x"*4+C

2/3 2/3 X3
6. I3x dx=3jx dx=3 T+C]
3
253, ¢
5

Ide :J'X‘Z/3dx =3x3+Cc=3/x+C
8. J.7x’3/4dx = 7J.x’3/4dx =74x* 1C))
=28x""4+C

9 j(xz—x)dx:.[xzdx—.[xdx:ﬁ—ﬁ+c
' 302
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10. [(3x* —mxdx =3[ x*dx—x[ xdx 17 I4x +3x*4 = (4 + 300
X3 x2 X
=3 ?+C1 -n 7+C2 =4Ix3dx+3jxdx
2
—x3—ﬁ+c :x4+%+c
6_
11. j(4x5—x3)dx:4jx5dx—jx3dx 18. .[X 3de=j(x3—x_2)dx
X
6 4
X X 4 -1
_4( 6 +C1] (4 +C2] =J‘x3 dx—J.x‘2 dx=XT—X_—l+C
2x6 x4 x* 1
=== 2 icC =2 -
3 4 4 +x+C
12 100 | 99y 4y — [ 1004 94 3002
J O+ dx = [ X! Pt [ X7l 19. j(xz+x)dx=jx2dx+jxdx:x—+x—+C
K101 100 32
=—+—+C
101 100
20. J.(x3+\/;)dx:jx3dx+J.x”2dx
13. j(z7x7+3x5—45x3+ﬁx)dx x4 32 x 2\/7
=2 C=
:27J.x7dx+3'[x5dx—45_|'x3dx+\/§J.xdx 4+ g *
27x8  x6  asx* ﬁXZ
B + 5 +C 21. Letu=x+ I; then du = dx.
3 3
I(x+l)2dx=fu2du=u—+C=m+C
14. I[xz(x3+5x2—3x+ﬁ)}dx 3 3
2 2
=I(x5+5x4—3x3+x5x2)dx 22. j(z+ﬁz) dz:j[(lm/f)z} dz
:jxsdx+5_[x4dx—3jx3dx+\/§jx2dx ) (1+\/§)2 3
_ 24, —
«6 S B —(1+\/§) jz dz = 3 +C
=—4+X ——+ +C
6 4 3
N 23, I(Z +1) 4z _J~z +22° +1dZ
15. j[—z—Tde=.[(3x_2—2x‘3)dx
X 2x 3 =Iz7/2dz+2jz3/2+jz 112 4,
:3.[)( dx—zjx d 2 9/2, 4 52 1/2
-1 -2 =—7"'""+=-7"""4+22"'"+C
3x 2X 9
SR
31 s(s+1) s +23 +S
__;+X_2+c 24.] % ds _j ds
\/_ =I55/2d5+2js3/2d5+]’5”2ds
2x 3 -1/2 -5
16, | 22+ |dx=[(vV2x72 +3x7% ) dx 7/2 5/2 3/2
.[[ X Xs] .[( ) :237 +4ss +253 LC
_ﬁxl/2+3x—4+c
1 —4 25. j(sina—cosa)de=jsin9de—jcos9d.9
_2\/_x——+C =—cos@—sind+C
ax*
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26. j(t2 —2cost)dt = jtz dt —2jcost dt
3

=%—2sint+C
27. Let g(X)=~2x+1;then g'(X)=2.

j(\/ix+1)3 V2dx=[[g(0] g'(x)dx
(x/5x+1)4

4

_ g

4
+C = +C

28. Let g(X)=nx> +1;then g'(x)=3nx>.
j(nx3 +1)*3nx2 dx = J[g(x)]4 g'(x)dx

_ [g(;()]5 iCo (nx35+ 1y’ N

C

29. Let u=5x+3x—8; then du :(15x2 +3)dx.
j(sx2 +1)(5x% +3x—8)%dx

:J%(ISXZ +3)(5x> +3x—8)% dx

7
:lju6du:l u—+Cl
3 30 7

3 7
=(Sx +231x 8) ‘C

30. Let u=5x> +3x—2; thendu = (15x2 +3)dx.
I(sz +1) 5% +3x—2 dx

= j%(lez +3)V5%% +3x -2 dx
=§J. u'’? du :é(gu”z +C1j
=§(5x3 +3x-2)"2 +C

= %«/(sﬁ +3x-2)* +C

j3t3 th_11dt:j%(4t)(2t2_11)1/3 dt
:EJ‘UI/?’dU:E 3u4/3+cl

4 4\ 4
_ 2 -1

16

Jet? -1t +c

_2
16
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32.

33.

34.

35.

36.

Let u= 2y2 +5; then du =4ydy

3 3 -
J=—=ay=[5enay’ +5 "y
2y~ +5y

31.,-1/2 3 5172
==—|u"“du==Qu’'“+C

4j 4( 1)
:%\/2y2+5 +C

Let U= +4; then du=3x*dx.

| x2\/x3+4dx=j %3x2x/x3+4dx
=%j x/adu=%j' u’? du

MIERENS
33

=§(x3 +4)3/2 +C

Let u=x*+2x*; then
du:<4x3+4x)dx:4(x3+x)dx.
) (x3+x) x* +2x% dx
:J' %.4(x3 +x)mdx
=lj x/ﬁdu=lj u'?du

4 4
:l(_u3/2+clj

43

:%(x4 +2x2)3/2 +C

Let u=1+cosx;then du=-sinxdx.

[ sinx(1+cos x) dx =—[ —sinx(1+cos x)" dx
=—[ u*du =—(%u5 +Clj

= —%(l+cos X)5 +C

Let u=1+sin? x ; then du = 2sin Xcos X dx .

_[ sin X cos X1+ sin? X dx
1 . .
:j E-Zsmxoosxmdx

L Wau=Lp uag
2 2

:l(zu3/2+C1j
2\3

= %(1 +sin? x)3/2 +C
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44. The Quotient Rule for derivatives says

oy 3.2
37 f(x)_j(3x+l)dx_2x Hx+G i{ﬂj@}: 900 (0 - F(0g'(x)

f(x)=j@x2+x+cljdx dx| g(x) , g'z(x)
L] Thus, jg(x)f (X)z— 0900, F0_
X KOG 9> (x) 90

45. Let f(x)=x%,g(x)=vx-1.

38. f’(x):j(—2x+3)dx:—x2+3x+C1 :

f(x)= _[(—xz +3x+Cp)dx Fo0=2x9'00= 21X -1
:—lx3+§x2+Clx+C2 I X +2xy/x—1 |dx
37 2 2Jx-1
= [[100g'00+ F'(0g (0] dx = F()g(x)+C

39. f'(x) ='[x1/2dx:§x3/2 +C

f(x) =J.(§x3/2 +Cljdx

=x*Jx—1+C

46. Let f(x)=x,g(x)=(2x+57"2.

:ix5/2+C1x+C2 f/(x)=3x%%,g'(x) = —(2x+5)"'2
N 1
, 3 (2x+5)3/2
40. f(x)=jx4/3dx:7x7/3+cl j{ e 2 }
+ dx
f(X)=J.[%X7/3+Cljdx:%x10/3+clx+c2 @x+5y"2 2x+5
= [[F00g"(0+g(x0) F'(x)] dx
470 = x4 = F0g()+C =x*@x+5)"24C
2 -2 3
f’(x):'[(x+x’3)dx=X7—XT+Cl - T’)(HSJFC
f(x)=I(lx2—lx‘2+Cljdx q
22 47. [ 70odx= [ ()= /00 +C
X

1x3+1x‘]+C x+C
=— = 1 2 3 3
6 2 PN VT S P
21X3+L+CIX+C2 2\/X3+1 2\/X3+1
6 2x 5x3+2
jf”(x)dx: 5 +C.
29 %7 +1
42. f’(x):2I(x+1)1/3dx:%(x+1)4/3+Cl "
I EFSIRNTE 8. 3| 1™ ¢
f(X)—j[z(xH) +Cl}dx - o m
=%(x+1)7/3 +Cx+Cy VIO 00— F00 390012 g'(x)
9(x)
43. The Product Rule for derivatives says ~2g9(x) f'(x)— f(x)g'(x)
9 F g +Cl= F(0g'x)+ F(0g(x). 29012
dx Thus,
Th‘f‘s’ o g et . [ 2800100 F0g) _ 10
JLF0g0+ £ 0g(0ldx = f(0g(x)+C . o] 2 500
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49. The Product Rule for derivatives says that 54.a. F(x)= J' (xsin X)dx = sin X — X cos X+ C;

d
a[fm(X)g”(XHC] F>(x) = [ (sin x— xcos X+ C; dx
= ™1 0g" olnf (x)g'(x) + mg(x) £'(x)]. = xcosx—3sinx+%Clx2 +Cyx+Cy
Thus, 1
j ML) g (x)[nf (X)g'(X) + mg(x) £ '(x)]dx Fq(x) = J(x cos X —3sin x +ECIX2 +Cyx+Cy)dx
_em n
=g x+C. = Xsinx+4cosx+lClx3 +1C2x2 +C3x+Cy
6 2
50. Let u =sin[(x> +1)* ; 16-n
K )] b. Feg(X)= Xsmx+16cosx+zcx—
then du = cos[(xz + 1)4]4(x2 +1>2x)dx . - (16—n)!
du = f;xc,os[(x2 +1)4](x2 +1)3 dx
[sin’ [(x2 +1)4Jcos[(x2 +1)4J(x2 +1)* xdx 3.9 Concepts Review
4 1. differential equation
:_[u3~ldu:ljlu3 du=l(u—+CIJ a
8 8 8 2. function
sin? [(Xz +1)4J 3. separate variables
=———+C
32 4. —32t+vy;—16t% +Vpt+5,
51. Ifx = 0, then |X|=Xx and J‘|x|dx:%x2 +C. Problem Set 3.9
) dy -2X
Ifx <0, then |x| =—x and I|x|dx:——x +C. 1.
2 i@ I
%x +C  ifx20 dy x__ -
I|x| dx = dx y / /
Leie ifx<o
2 d
2 d—y e
_ X
52. Using sin’ E:I cosu , dy
2 2 —xd—+y=—Cx+CX=0
- X
jsin2 x dx :J.de :lx—lsinZX—i—C .
2 2 4 q
. . 3. —y:Cl cos X—C, sin X;
53. Different software may produce different, but dx
equivalent answers. These answers were d2 y
produced by Mathematica. d—2 =-C;sinx—C, cos X
X
[6sin(3(x~2))dx = ~2cos(3(x~2))+C d2yer
dx?
b jsin3 (l dx :lcos[i _2005 §j+c =(—C;sinX—-C; cos X) +(C; sin X+ C, cosX) =0
6 2 2) 2 6
2 x2 sin 2x
I(X cos 2X + Xsin 2x)dx = T+ C
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4. Fory=sin(x + C), ﬂ:cos(x+C) 7. ﬂ:ﬁ
dx dx vy
2
(:_yj +y% =cos®(x+C)+sin®(x+C) =1 Ide—IXdX
X 2 2
y X
—+C =—+C
Fory=i1,%:0. 2 L) 2
) X y2—x2+C
d
[d—i) +y2 =02+ (22 =1 yorlxliC
Atx=1,y=1:
5 dy o 1 1=+/14+C;C =0 and the square root is
' &_x " positive.
dy=(x2+l)dx y=\/x72 or y=X
dy = [(x*> +1)dx
[dy=[o+1) o[
X3 S Ay
y+C1=?+X+C2 y
3 J.\/dezj‘\/;dx
X
=—+x+C
y=73 §y3/2+c1 =zx3/2+C2
Ax=Ly=t 33/2 3/2 ’
= C
1=l+1+C;C=—l y X+
3 3 y=(x3/2+C)2/3
3
X 1 Atx=1,y=4:
=373 ’ ,y2/3
3 3 4=(1+C)*3;c=7
3/2 | \2/3
y=(x""+7)
6. ﬂ:x‘3+2
dx i@
dy = (x> +2)dx 9. E:tzz2
[dy =[x +2)dx [z = 2t

-2

3
y+C; :—XT+2X+CZ

—Z_1 +C1 =%+C2

1 3 3
=———+4+2x+C -
y="22 l:_t?+c3:C3t
Atx=1,y=3: z ;

3o 1 ) C'C—3 7=
_—5+ +C; =3 c_t3
P B Att=1,z=1
7y2 3
1.3 coi-oc=10
3 C-1
- 3
10-t3
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10. ﬂ:y“ 13. %:(2x+l)4

dt
[y~*dy =t 4, 1 4
y~dy y=[@x+1) dx=5j(2x+l) 2dx
1
—+C;=t+C 5 5
3y3 1 2 :l(2x+1) +C:(2x+1) e
2 5 10
S Atx=0,y=6:
J3t+C 1 59
Att=0,y=1: 6=E+C’C:E
C=-1 5 5
1 y:(2x+1) +§:(2x+1) +59
y=- 10 10 10
Pt-1
dy Y
14, —=—-y“x(x“+2
11. %:16t2+4t—1 g
-2 1 2 A4
[ds=[a6t> +4t-1dt —Jydy = [2x0¢ +2)" dx
2 5
s+CI:Et3+2t2—t+C2 l+c1:l(x +2) +C,
3 y 2 5
s=103 2 _t4c 1_(¢+2°+C
3 y 10

Att=0,s=100:C=100

5103 1212 _t+100 y=—10
T3 (x2+2)5+C

Atx=0,y=1:

12. 0'—“=u3(t3—t) 19 c0-mem
dt 32+C
ju‘3du=j(t3—t)dt y= 10

4 2 (x> +2)° -22
1 t t
—+C=—-——+C,
2u2 4 2 dy
t4 15. —=3x
U_2=t2—?+c dx
v _1/2 y:I3xdx:%x2+C
2
u=|t“"——+C .

[ 5 J At(13,2).
Att=0,u=4: 2=5+C
4:C_1/2,C:L 1

16 CZE
-1/2
, th o1 3., 1 3x%+1
u=|t-——+— y==X"+=—=
2 16 2 2 2
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dy 2 1/3 1 1/3
16. —=3 19. v=|2t+])'""dt=—|(2t+1)'"2dt
o= [et+ Sfeten

[y dy=3[dx =§(2t+1)4/3+c

1
——+C; =3x+C
y 1 2 V():O:O:%'FCI;C]:——

1
—=-3x+C :3(2t+1)4/3 3
8
1 3 3
_ _3 4/3 4 3
C 3x s_gj(zm) dt 8j1dt
At (1, 2): 3
_3 435413
1 = j(2t+1) 2dt Sjldt
Cc-3
7 (2t+1)7/3 2t+Cy
c-’ 8
2 9 1111
. 1 _ 2 50210210=—+C2;C2:—
y=7—r= 112 112
5—3x 7—6X 1111
(2t+1)7/3 e
5 T2 8 112
t
t? il
V=—=3 30, 1 126
2 112() 3 112
t2 t3
s:j —+3 |dt=—+3t+5 1
2 6 20. v=| (3t+1)‘3dt=§j (Gt+1)"23dt
3 3
t t
s=€+3t+0:€+3t :—%(3t+1)‘2+c1
Att=2: | 25
v=>5cm/s Vg=4:4=——+C;C; =—
S—Ecm 6 6
3 v:—l(3t+1)‘2+2
1
18. v=[+)*dt=- ~+C :——j(3t+1)‘2dt+j—dt
3(1+1)
Vg=0:0=— ! 3+C;C=l =——J.(3t+l)723dt+ jdt
3(1+40) 3
1 1 Lt Bric
v=— e T8 6 2
31+t 3 1 .
50:02 C2,C2:——
s:j(— ! 3+§Jdt: ! 2+%t+C 18 18
1+t 1+t
30+ 6+H s=LGten T+ 2L
1 1 59 18 6 18
s9=10:10=———+-(0)+C;C =— . e
6(1+0)" 3 6 Att=2: v:——(7)‘2+—z4.16
S ! +1t+59 °
=t — 2
6(1+t)> 3 6 :—(7)‘ 35—E~8.29
Att=2
V——i+l:§ cm/s
81 3 8l
1. 2.59 284
S=—+—+—=
54 3 6 27
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21. v=-32t+96, 27. Ve =+20R

— 162 12
§ =167 +96t + 59 =—16t" + 96t For the Moon, Veg, ~ +/2(0.165)(32)(1080-5280)
v=0att=3 , ~ 7760 ft/s ~ 1.470 mi/s.
Att=3, s=-16(3°)+96(3) =144 ft For Venus, Ve ~/2(0.85)(32)(3800-5280)
~ 33,038 ft/s ~ 6.257 mi/s.
29 a- % _ For Jupiter, Vo, ~ 194,369 ft/s ~ 36.812 mi/s.
t For the Sun, Vg, ~ 2,021,752 ft/s
v=[kdt =kt+vy _ G, ~ 382.908 mi/s.
dt
k.2 k.o Vo = .
5= I(kt+v0)dt ==t2 4yt 45y ==t + vt 28. 60 mi/h = 88 ft/s
2 2 v= 0—711t+88t—85ec
v=0when t= —? Then (t) t +88t
2 2 2
s=X[_Yo) | Vo |__ Vo 5(8)=— ( )’ +88(8) =352 feet
20k k 2k
The shortest distance in which the car can be
d braked to a halt is 352 feet.
23 d\tI:_528 dv AV 60-45
20, a= AV 00" 5 s =22 fus?
jdv:—js.zsdt dt At 10
95 _ s os1 5.8t + 56 8
Ve s ettt T 30. 75 :5(3.75)2 +Vp(3.75)+0;vp =5 fi/s
j ds = j(—5.28t+56)dt
S =—2.64t2 + 56t + 55 = —2.64t> + 56t +1000 31. Forthe first 10s, a= ‘; =6t,v=3t%, and
When t =4.5, v=32.24 ft/s and s = 1198.54 ft ;
=t3. So v(10) = 300 and s(10) = 1000. After
_ dv
24, v=0when t= 5268 ~10.6061 . Then 105, a=-_-=~10,v=—10(t10) + 300, and
2
s ~ —2.64(10.6061)% +56(10.6061) +1000 s =-5(t—10)" +300(t —10) +1000. v =0 at
~ 1296.97 ft t =40, at which time s = 5500 m.
dv 32. a. After accelerating for 8 seconds, the velocity
25. — =-kS is 83 =24ms.

dt

b. Since acceleration and deceleration are

. 4
Since V =—nr> and S = 4nr2, . .
3 constant, the average velocity during those

times is
4rcr2£=—k47tr2 ) ﬂ=—k. 24
dt dt = =12 m/s . Solve 0 =—4t + 24 to get the
[dr=—[kat
. . 24
r=—kt+C time spent decelerating. t = i 6 s;
2=-k(0)+Cand 0.5=-k(10) + C, so d = (12)(8) + (24)(100) + (12)(6) = 2568 m.

C=2and k:i.Then, r:—it+2.
20 20

26. Solvingv=-136 =-32tyields t = %

Then 5—0——16(17) (0)( j+50, SO

So =289 ft.
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3.10 Chapter Review

Concepts Test

1.
2.

10.

11.

12.

13.

14.

True:

True:

True:

False:

True:

False:

. True:

. False:

True:

True:

False:

True:

True:

False:

Max-Min Existence Theorem

Since ¢ is an interior point and f is
differentiable ( f'(c) exists), by the
Critical Point Theorem, c isa
stationary point ( f'(c) =0).

For example, let f(x) = sin x.

f(x)= x-'3 is continuous and
increasing for all x, but f'(x) does
not exist at x = 0.

f'(x) = 18X° +16x° +4x;

f7(x) = 90x* + 48x? + 4, which is
greater than zero for all x.

For example, f(x) = x3 is increasing
on[-1, 1] but f'(0)=0.

When f'(x) >0, f(x) is increasing.

If £"(c)=0, cis a candidate, but not
necessarily an inflection point. For
example, if f(x)=x* P"(0)=0 but
x = 0 is not an inflection point.

f(x)= ax? +bx +c;
f'(x) =2ax+b; f"(x) =2a

If f(x) is increasing for all x in [a, b],
the maximum occurs at b.

tan? x_has a minimum value of 0.
This occurs whenever x = kz where k
is an integer.

lim (2x3 +x) = o0 while
X—>00

lim (2x3 +X) = -0
X—>—00

lim (2x3 +X+tanx) =00 while

T
x>z
2

lim (2x3 + X+ tan x) = —o.
+

1
x—>-1
2

At x = 3 there is a removable
discontinuity.

Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

True:

True:

True:

False:

False:

True:

False:

True:

False:

True:

1+
X241 x2
lim = lim
X—>oo]__X2 X—>ooi—l
2
X
=—=-1 and
2 1+-L
. X2
| = lim
x->—oo]__x2 X——o0 L _1
2
X
1
=—=-1.
-1
2 . .
3X° +2X+SsIn X sin x
—_— (X +2)=——;
X
. sinx . sinx
lim ——=0and lim —=0.
X—oo X X—>—oo X

The function is differentiable on
(0, 2).

f'(x) :ﬁ so f'(0) does not exist.
X
There are two points: x = —g, ? :

Let g(x) = D where D is any number.
Then g'(x) =0 and so, by Theorem B
of Section 3.6,

f(x)=g(x) + C=D + C, whichis a
constant, for all x in (a, b).

For example if f(x)= x4,
f'(0)=f"(0)=0 butfhasa
minimum at x = 0.
d—yzcosx;d—zyz—sin X; —sinx =0
dx dx2

has infinitely many solutions.

The rectangle will have minimum
perimeter if it is a square.

2
P=2 +2_K,d_P=2_2_K’d_P=£
X X X2 X2 X3
2
d—P:O and d—P>O
dx dx?

whenx:ﬁ,y:ﬁ.

By the Mean Value Theorem, the
derivative must be zero between each
pair of distinct x-intercepts.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

236

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of

True:

False:

True:

False:

True:

True:

False:

True:

True:

If f(x)<f(x2) and g(x) < g(x)
for x < Xy,

f(x)+9(x) < f(X2)+9(x2), so

f + g is increasing.

Let f(x) = g(x) = 2x, f'(x)>0 and
g'(x) >0 for all x, but

f(x)g(x) = 4%2 is decreasing on
(_OO ’ 0)

Since f"(x)>0, f'(x) is increasing
for x > 0. Therefore, f'(x) >0 for x
in [0, ), so f(x) is increasing.

If f(3) = 4, the Mean Value Theorem
requires that at some point c in [0, 3],

F(c) = f(3)- f(0) _4-1

3-0 3-0
does not contradict that f'(x) <2 for
all xin [0, 3].

=1 which

If the function is nondecreasing,
f'(x) must be greater than or equal to
zero, and if f'(x)>0, fis

nondecreasing. This can be seen using
the Mean Value Theorem.

However, if the constant is 0, the
functions are the same.

For example, let f(x)=e*.

lim e* =0, soy=0is ahorizontal
X—>—00
asymptote.

If f(c) is a global maximum then f(c)
is the maximum value of f on

(a, b) <> S where (a, b) is any interval
containing ¢ and S is the domain of f.
Hence, f(c) is a local maximum value.

f'(x) =3ax® + 2bx +C; f'(x)=0

—b++/b? —3ac

when x = by the

Quadratic Formula. f"(x) =6ax+ 2b
)

f,,[—bir\/bz —-3ac

Jz +24/b? —3ac.
3a

Thus, if b? —3ac > 0, one critical

point is a local maximum and the
other is a local minimum.

(If b2 -3ac =0 the only critical point

Section 3.10

34.

35.
36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

True:

True:

False:

False:

False:

True:

True:

True:

True:

True:

True:

False:

is an inflection point while if

b2 —3ac <0 there are no critical
points.)

On an open interval, no local maxima
can come from endpoints, so there can
be at most one local maximum in an
open interval.

f'(x)=a =0 so f(x) has no local

minima or maxima. On an open
interval, no local minima or maxima
can come from endpoints, so f(x) has
no local minima.

Intermediate VValue Theorem

The Bisection Method can be very
slow to converge.

f(xn)
')

=—2Xp.

Xn+1 = Xn —

Newton’s method can fail to exist for
several reasons (e.g. if f’(x) is 0 at or
near r). It may be possible to achieve
convergence by selecting a different
starting value.

From the Fixed-point Theorem, if g is
continuous on [a,b] and

a<g(x)<b whenever a<x<b,
then there is at least one fixed point
on [a,b]. The given conditions satisfy
these criteria.

The Bisection Method always
converges as long as the function is
continuous and the values of the
function at the endpoints are of
opposite sign.

Theorem 3.8.C

Obtained by integrating both sides of
the Product Rule

(-sin x)2 =sin’ x =1-cos® x

If F(x):jf(x)dx, f(x) isa
derivative of F(x).

f(x)= x% +2x+1 and

g(x) = x% +7x—5 are a counter-
example.
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46. False: The two sides will in general differ by X

a constant term. 5. f'(xX)=—; f'(x) does not exist at x = 0.

X
47. True: At any given height, speed on the

. 1
downward trip is the negative of Critical points: Py 0.1

speed on the upward. 1\ 1
f(__j:? f(0)=0,f@=1
Global minimum f(0) = 0;
Sample Test Problems global maximum f(1) =1
= f’_()_() - 2X__ 2 2x=2=0whenx=1. 6. f'(s) =1+i; f'(s) does not exist when s = 0.
Critical points: 0, 1, 4 ls|

f(0)=0,f(1)=-1,f(4)=8
Global minimum f(1) = -1;
global maximum f(4) = 8 f'(s)=1-1=0.

Critical points: 1 and all s in [-1, O]
f(1) = 2, f(s) =0 for s in [-1, 0]

Global minimum f(s) =0,-1 < s < 0;
global maximum f(1) = 2.

Fors <0, |s|=-s sof(s) =s—s=0and

2. f’(t):—iz;—i2 is never 0.
t t

Critical points: 1, 4

1
fM=1t@=7 7. f/(x)=12x —12x% =12x?(x-1); f'(x) =0
1 whenx=0,1
Global minimum f(4) :Z; Critical points: -2, 0, 1, 3

f(-2) = 80, f(0) = 0, f(1) = -1, f(3) = 135
Global minimum f(1) = -1;
global maximum f(3) = 135

global maximum f(1) = 1.

3. f’(z)z—%;—i3 is never 0.
z z

) 8. f'(u):‘“7“—‘122;f'(u)=o when u =032
Critical points: -2, -= 3(u-2 /
2 f'(2) does not exist.
1 1
=2) 2 f (_Ej =4 Critical points: -1, 0,%, 2,3
Global minimum f (~2) = %; f(-1) =33 ~—1.44, £ (0) =0,
. 1 12) 144 2 _ _
== fl=|=—3-=~-194, f(2)=0,1(3)=9
global maximum f( 2) 4. (7j 29 3 - 2 (©))
.. 12
Global minimum f|— |~ -1.94;
, 2 2 . 7
4. f'(X)=-—;—— isneverO. ]
xS global maximum f(3) =9
Critical point: -2
f2) 1 9. f'(x)=10x* - 20x% =10x3(x - 2);
4 f'(x)=0 whenx=0, 2

f((X) >0 forx< O, sofis increasing. Critical points: _1’ O, 2, 3

- 1. f(-1) =0, f(0) = 7, f(2) = -9, f(3) = 88
Global minimum f(-2) = 7 no global Global minimum f(2) = —9:

maximum. global maximum f(3) = 88
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10. £'(X) =3(x-1)%(x+2)2 + 2(x -1 (x +2) 14. £'(x)=9x8; f'(x)>0 forallx = O.

= (x=1)%(x+2)(5x+4); f'(x) =0 when f7(x)=72x"; £"(x) <0 when x <0.
4 f(x) is increasing on (-0, o0 ) and concave down
X:‘Z"gll on (-, 0).

15. f'(x) =3x% —=3=3(x* -1); f'(x) >0 when

Critical points: -2, —ﬂ,l, 2
5 x<-=lorx>1.

f2)=0, f (_ﬂ] __ 2624 om0 f"(x) =6x; f"(X) <0 when x < 0.
5 3125 f(x) is increasing on (o0, —1] U [1, ) and
f(1) =0, f(2) = 16 concave down on (-0, 0).
- 4
Global minimum - f (_Ej ~ -8.40; 16. f'(X)=—6X% —6x+12 = —-6(X + 2)(x — 1);
global maximum f(2) = 16 f'(x)>0 when -2 <x<1.
f"(x)=-12x-6 =-6(2x + 1); f"(x) <0 when
11. f'(@)=cosd; f'(€) =0 when ezgin x>—£.
2
[E ﬂ} f(x) is increasing on [-2, 1] and concave down on
4" 3 ( 1 j
4 27
Critical points: E,E,—n
42 3 3 4 3
- 1 - 17. f'(x) =4x"-20x" =4x°(1-5x); f'(x)>0
(2] & o () 1
4 2 2 when 0 < x < 5
47 NG
f (gj =-— =087 f7(x) =12x% —80x® = 4x2(3-20x); f"(x) < 0
3
Global minimum f (ﬂ) ~-0.87; when x> 20
3

f(x) is increasing on [0,1} and concave down on

G

global maximum f (g) =1

12. f'(0) =2sin@cosf —cosf =cosd(2sin 0 -1);

f'(0) =0 when 9:%,%,%‘ in[0, 7] 18. f'(x)=3x%—6x* =3x?(1-2x%); f'(x) >0
1 1
Critical points: O%g%ﬁn when _E<X<O and O<X<ﬁ'
f7(x) = 6x — 24x> = 6x(1— 4x?); f"(X) <0 when
f(0) =0, f(ﬁjz—i,f Ej:o, ) .
6 4 2 _E<X<O orx>5.
5n 1
(?J:—Z, f(ﬂ'):o 1 1
f(x) is increasing on | ——,— | and concave
% ‘ [ 7 ﬁ}

Global minimum f(zjz—lor f (Slj:_l; . .
° 4 6 4 down on (_E’Oju(?wj'

global maximum f(0) =0, f (gj =0, or
f(r)=0
13. f'(x)=3-2x; f'(x) >0 when x< g
f"(x) =-2; f"(x) is always negative.
f(x) is increasing on (—oo, g} and concave down
on (-, ©).
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, 2 3_,2 vy
19. f'(x)=3x" —4x> = x°(3-4x); f'(x) >0 when £7(x) = 6x—8: £"(x) >0 when x>%.
X <§. 4
4 f(x) is concave up on (—, oo) and concave down
f'(x) = 6x —12x2 = 6Xx(1-2x); T"(x) <0 when 3
4 . . L (4128
1 on | —oo,— |; inflection point
x<0or x> > 3 3’ 97
. . 3 10f
f(x) is increasing on [—oo, ﬂ and concave down =
0 L -
0”(—00,)U§:°O- I N
-5 A 5
' 2 1., 21 -
20. g'(t)=3t“-—;g'(t)>0 when 3t >—= or n
t? t2 B
Yo
t*>= sot<- L ort>———-
’ /4
31 3 22. f'(x)=- 28X )2 ; £'(x)=0 when x=0.
- . 1 +1
g'(t) isincreasing on (— , 1/4} {— j 2
3 £(x )_M £7(0)= -8, s0f(0)=6isa
and decreasing on —L, L (
3l/4 3l/4 local maximum. f'(x) >0 for x <0 and
f'(x)<0 forx>0s0
. /4
Local minimum g E 3/4 +31 175, f(0) = 6 is a global maximum value. f(x) has no
3
local maximum minimum value.
1 14
g (_ 1/4] 3/4 -3~ 175 23. f'(x)=4x2-2; f'(x) =0 when x L
3 3 3
g'(t) = 6t+ ;9"(t) >0 whent> 0. g(t) has no f"(x) =12x%; f"(x)=0 whenx =0.
t3
inflection point since g(0) does not exist. f "[%j 1233 >0, S0
2) 2
x 1 1 2 3 .
10 - _ -
(%j_ 413 A8 als aglobal
minimum.
o . f"(x) >0 forall x # 0; no inflection points
-3 Sl No harizontal or vertical asymptotes
v
15
-10
21. f'(x)=2x(x-4)+ x2 =3x% —8x = X(3x —8);

f'(x)>0 whenx <0 or x>%
- . 8
f(x) is increasing on (—oo, 0]U|:§,ooj and

decreasing on [0, %}

Local minimum f (g) = —@ ~ -9.48;
3 27

local maximum f(0) = 0

global 5t
minimum
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24. fr(X) _ 2(X2 —1)(2X) _ 4X(X2 _1) _ 4X3 _ 4X, Vertical asymptote Xx=3
f'(x)=0 whenx=-1,0, 1. 10

f7(x) =12x° — 4= 4(3x% =1); f"(x) =0 when :

1 y= l_i

1

i

X= iﬁ' o[ ::: 10%
f"(-1)=8,f"(0)=-4,f"()=8 B
Global minima f(-1) =0, f(1) = 0; o
local maximum f(0) = 1 -1or
. . 1 4
Inflection points (iﬁ’gj 27. f'(x) =12x3 —12x? :12x2(x—1); f'(x)=0
when x =0, 1.

No horizontal or vertical asymptotes 2
f"(x) =36x° —24x=12x(3x-2); f"(x) =0

10
when x =0, 3
3

f"(1) =12, so f(1) =-1 is a minimum.
Global minimum f(1) = -1; no local maxima

. . 2 16
l local Inflection points (0, 0), (—,——]
ul |::'u:imum 3 27
. No horizontal or vertical asymptotes.

=5

rT 11117717 T1TT:

¥
global inflection 18
minima points —
3x—-6 B
25. f'(x)= ; F'(xX)=0 whenx=2,butx=2 -
24/x-3 —
is not in the domain of f(x). f'(x) does not exist
when x = 3. o o
" S(X - 4) L _ - X
f"(x) = f"(x) =0 when x = 4. S ction ™S global '
- ) points minimum

Global minimum f(3) = 0; no local maxima
Inflection point (4, 4)

’ 1 . ’
No horizontal or vertical asymptotes. 28. 1'(x) :1+X_2' f'(x)>0 forallx # 0.

30 2
= f”(x)z——a; f"(x) >0 whenx<0and
B X
B f"(x) <0 when x > 0.
B No local minima or maxima
B No inflection points
: inflection point f (X) =X _1] so
S T T - . X
glqba] 10 1
i lim[f(x)—x]= lim (——) =0 andy=xisan
1 X—»00 X—>0 X
26. f'(x)=- 53 £(x) <0 forall x=3. oblique asymptote.
(x-=3) Vertical asymptote x =0
¥
f"(x) = 2 5 £7(X)>0 whenx>3. 10
(x-3) .
No local minima or maxima -
No inflection points D —’%
- 1-2 -5 A4 5 x
lim X=2  jim ——x -1
X—>0 X —3 xaool—% x=0—"N
Horizontal asymptotey =1 0 i
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29. f’(x):3+i2; f'(x)>0 forall x = 0.
X

f"(x) = —%; f"(x) >0 when x<0and
X

f"(x) <0 whenx >0

No local minima or maxima
No inflection points

f(x) =3X—£, S0
X

lim[f(x)—3x]= lim (—lj =0 andy =3xisan
X—>0 X—>00 X
oblique asymptote.

Vertical asymptote x =0
Y

30. f'(x)=- 4 3
(x+1)

; F'(x) >0 when x<-1 and

f'(x) <0 when x >-1.

£7(x) = 12
(x+1)

No local minima or maxima
No inflection points

lim f(x)=0, lim f(x)=0, soy=0isa
X—>00 X—>—00
horizontal asymptote.
Vertical asymptote x = -1

7 f"(x)>0 forall x=-1.

y

10
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31. f'(x)=-sinx—cosx; f'(x)=0 when

__x3n
4’ 4
f"(x) =-cosx+sinx; f"(x) =0 when
3t
X=—-——.
4 4
f”(_ﬂj:_\/z fr %Tf -2
Global minimum f (ij =2
global maximum f( Ej V2
3n e
Inflection points ( —,oj,(—,oj
4 4
global 2_,1-
maximuim

A

points

global
-2 minimum

32. f'(x) = cos X —sec? x; f'(x)=0 when x=0
f"(x)=-sinx- 2sec? xtan x
=-sinx(1+ 2sec’ X)
f"(x)=0 whenx=0

No local minima or maxima
Inflection point f(0) = 0

Vertical asymptotes x =

NI:-I
NI:I

10

inflection
point

Section 3.10 241

this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



33. f'(x)=xsec? x+tanx; f'(x) =0 whenx =0 N lobal
4 2 . " H aximi
f"(x) = 2sec” x(1+ xtan x); f"(x) is never 0 on i N Hection
T T points
3 LK
" -n local T~
f'(0)=2 mir?itnlu m
Global minimum f(0) =0 B
5 ’ 2k
global
minimuimn
36. f'(x)=-2sinx—2cosx; f'(x)=0 when
-z = 2 n 3n
2 global | 2 X=—— —.
minimum |_ 4 4
- f"(x) ==2cosx+2sinx; f"(x) =0 when
i 3t ©
X= —T, Z
34. f'(x)=2+csc®x; f'(x)>0 on (0, 7) -

f"(x) =—2cot xcsc? X; f"(x) =0 when
X:E; f"(x)>0 on (E,nj
2 2

Inflection point (g ch

3n
f" ——|==2v2, f"| — |=242
i) (T
Global minimum f (%Tnj = -22;

T

global maximum  f [_Zj =242

.\I
201~ Inflection points —3—n,0 | Z.0
C 4 4
| inflection y
B point 5 -
! global ~|
0 A maximum
=20

inflection | _

35. f'(x) =cosx—2cosxsinx =cos x(1-2sin X); !
5 points
f'(x)=0whenx=-=,= = 2T [ global
26 2 6 _s|- ~ minimum

f"(x) ==sin x+2sin? x—2cos? x; f "x)=0
when x ~ —2.51,-0.63, 1.00, 2.14 37. S
FERUEE |

2 6 2 2 .
f”(s_nj:_ﬁ L1111 \| L1

6 2 - B 5 X

Global minimum_ f [—gj =-2,

local minimum  f (gj 0

global maxima f (Ej :1, f (S_RJ _1
6) 4 6) 4

Inflection points (-2.51, —0.94),
(-0.63,-0.94), (1.00, 0.13), (2.14,0.13)
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38.

1 2 1) 3
=—| —(x +64)+(1+—)x ]
XZ\/X2+64( X

\ X —64
_1|(]| - _U{].r Xz\/X2+64
= 3_
L X —64 =0;x=4

=10

x2\/x2 +64

d—p<0ifx<4,d—p>0ifx>4
dx dx

39. Ay
sk
B When x = 4, p:(1+%j\/16+64 ~11.18 ft.
i 42. Let x be the width and y the height of a page.
= A = xy. Because of the margins,
- (y—4)(x—3):27ory:2—73+4
T =
_“ T Azi);+4x;
X_
40. Let x be the length of a turned up side and let | be 3 B
the (fixed) length of the sheet of metal. 3—A = (x 3)(27)2 27X +4=- 81 5+ 4
V = X(16— 2x)1 =16x1 — 22 X (x=3) (x=3)
dv d—A—O when x——EE
d—=16|—4xI;V’=Owhenx=4 dx 22
X
dv dzA— 162 dzA>0Whenx—E
? =—4l; 4 inches should be turned up for dx? (x _3)3 T dx? 2
each side. = %; y=10
41. Let p be the length of the plank and let x be the
distance from the fence to where the plank 1
touches the ground. 43. o h=128n
See the figure below. . 256
_r_2
Let S be the surface area of the trough.
/ S:nr2+nrh:m’2+@
r
p das _ or — 25671
dr r2
8 ft 256
2mr - =28 = 0;r% =128, r = 432
r
. d?%s 3 3
I-—x——irﬁl Since d_2 >0 when r = 4\/5, r=432
r
. i . minimizes S.
By properties of similar triangles, 256 5
o e s aal
P _xred (432)
X+1 X
p =(1+3j\/x2 +64
X
Minimize p:

__1 x2+64+(1+£j X

dx X X)\x% +64
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X2 if—2<x<0 c. g’(x):(x_l)_();+l): 2 .
44. £'(x)= 22 (x-1) (x-1)
XEC ifo<x<2 93-9(2) _2-3 _ ,
3 3-2 1
X 3 S . .
Z4+2=0; x=-3, which is not in the domain. 2
2 2 (C_l)z ——1,C—1i\/§
X+2 . . .
~—3— =0:x=-2, which is not in the domain. Only ¢ =1++/2 is in the interval (2, 3).

y

Critical points: x=-2, 0, 2 3f
f(-2) =0,f(0)=2,f(2) =0 \
Minima f(-2) = 0, f(2) = 0, maximum f(0) = 2. n

1 if —2<x<0
f !/(X) — 2 =
—= if0<x<2 l
3 0 3x
Concave up on (-2, 0), concave down on (0, 2)
y 46. Y —4x® 1842 1 24x-3
3k dx

2
/\ O'—g':lzx2 —36x+24:12(x% —3x+2) =0 when
dx
I 1 l L X=12

~ - Inflection points: x =1,y =5

- andx=2,y=11
=F Slopeatle:ﬂ =7
) dx|y_1
45. a. f'(x)=x Tangent line: y—-5=7(x—1); y=7x -2
1E)-1(3) _9+9 4 Slopeatxzz:ﬂ =5
3-(-3) 6 dx|y_p
c2=3c=-/3.3 Tangent line:y—11=5(x-2);y=5x+1

47.

v

i

T T T

~10

b. The Mean Value Theorem does not apply
because F'(0) does not exist. 48.

y
3_

TE,

(%]
|
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49. Let f(x)=3x-cos2x; a =0, b =1. 51 . - 082X
: n+l —
f(0)=-1; f(1)~3.4161468 3
n h, m, f(my) n X,
1] 05 05 | 0.9596977 1 05
2 0.25 0.25 —-0.1275826 2 0.18010
3| 0125 0.375 | 0.3933111 3 0.311942
4 0.0625 0.3125 0.1265369 4 0.270539
5| 003125 | 0.28125 |-0.0021745 5 0.285718
6 | 0.015625 | 0.296875 | 0.0617765 6 0.280375
7 | 0.0078125 | 0.2890625 | 0.0296988 7 0282785
8 | 0.0039063 | 0.2851563 | 0.0137364 g 0.281606
9 | 0.0019532 | 0.2832031 | 0.0057745 9 0.281848
10 | 0.0009766 | 0.2822266 | 0.0017984 10 0.281762
11 | 0.0004883 | 0.2817383 | —0.0001884 1 0281793
12 | 0.0002442 | 0.2819824 | 0.0008049 12 0.281782
13 | 0.0001221 | 0.2818604 | 0.0003082 13 0.281786
14 | 0.0000611 | 0.2817994 | 0.0000600 14 0.281784
15 | 0.0000306 | 0.2817689 | —0.0000641 15 0.281785
16 | 0.0000153 | 0.2817842 | —0.0000018 16 0.281785
17 | 0.0000077 | 0.2817918 | 0.0000293 X ~ 0.2818
18 | 0.0000039 | 0.2817880 | 0.0000138
19 | 0.0000020 | 0.2817861 | 0.0000061 52. y=xandy=tanx
20 | 0.0000010 | 0.2817852 | 0.0000022 2l ! !
21 | 0.0000005 | 0.2817847 | 0.0000004 L E !
22 | 0.0000003 | 0.2817845 | —0.0000006 i ! ,
23 1 0.0000002 | 0.2817846 | —0.0000000 0 ! L ot
X ~0.281785 N E E
-2n- : :

50. f(x) =3x—cos2x, f'(x)=3+2sin2x

Let x; =0.5. Let x =%.
n Xn f(x) =x—tanx, f'(x)=1-sec®x.
1 0.5
2 0.2950652 n X
3 0.2818563 L 1in
4 0.2817846 8
5 0.2817846 2 4.64661795
x =~ 0.281785 3 4.60091050
4 454662258
5 4.50658016
6 4.49422443
7 4.49341259
8 4.49340946
X =~ 4.4934
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53. j<x3—3x2+3ﬁ)dx
=I (x3—3x2+3x1’2)dx

=1x4—x3+3-§x3’2+c

=ix4 x¥+2x¥1cC

54 J- 2x4 —3x? +1dx
x?

=I (2x2—3+ x‘z)dx
=§x3—3x—x‘1+c

4 _gy2 _
:Zi_gx_l_{_c or M+C
3 X 3X

3 H -1
55, j y®—9ysiny+26y dy

=I (y2—95in y+26)dy

=%y3+9005y+26y+c

56. Let u=y?—4;then du=2ydy or %du:ydy.

j y\/y2—4dy:'[ x/a-%du

:lj W2 du

123/2
23

+C

57. Let u=2z%-3;then du=4zdz or %du =7dz.

j 2(222—3)1/3 dz:j ut®
EJ. u3du

SiC

_13,4

4 4

3 4/3
TGRS
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58. Let u=cosx;then du=-sinxdx or
—du =sinxdx .

[ cos® xsinxdx = [ (cosx)" sinxdx
=I u* - —du

—j u*du

Il
|
|
[
2]
+
(@)

1
—=cos’ x+C

59. u= taln(3x2 +6X), du = (6x + 6) sec? (3x2 +6X)
I (x+1) tan? (3x2 + 6x)sec2 (3x2 + 6x)dx

:ljuzdu :iu?’ +C
6 18

= %tan3 (3x2 + 6x) +C

60. u=t*+9,du =4t3dt

t3 Zdu
dt =
I e
:%j u™2 du
NP TLING
Nt +9+C

61. Let u=t°+5:then du=>5t*dt or %du =t4dt.

j t4 (t5 +5)2/3 dt =j %umdu

=%J' 423 dy
:% 5 rc
21( )5/3+C
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62. Let u=x%+4;then du=2xdx or %du:xdx.

X 1, du
I a2 @

:%J' u™2du
:%-2u1’2+c

=Vx?+4+C

63. Let u=x%+9;then du=3x%dx or %du = x2dx.

2
X 1¢ du
de=2[ 2
'[ xX+9 3J‘\/a
Ll
—gju du
LN
3
BEN ST

64. Let u=y+1;then du=dy.

j ! 2dy:j izdu
(y+1) u
=I u~?du
=—ut+C
:-i.}.c
y+1

65. Let u=2y-1;then du=2dy.

(2y—1)3 e

=I udu
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66.

67.

68.

69.

70.

71.

72.

Let u=y®-3y;then
du :(Sy2 —S)dy:S(y2 —1)dy.

2

-1 1¢ du
|-ty

3 37 u
(v*-3y)

1
=§J' u~“du
ENTS e

3
:—1. 31 +C

3y’ -3y
=- 31 +C

3y" -9y

u :2y3+3y2+6y, du =(6y2+6y+6)dy

l¢ 15 S h. 3 2 415
—lu du=—(2y " +3y“+6 +C
=] o5 (2 +3y% +6Y)

jdy:jsinxdx
y=-cosx+C
y=-C0oSX+3
1
dy = dx
jy '[ x+1
y=2Jx+1+C
y=2JXx+1+14
jsinydy:de
—cosy=x+C
x=-1-cosy

jdy:jx/Zt—ldt
y:%(2t-1)3/2+c

y:%(Zt—l)s/z—l

I y‘4dy :.[tzdt

3
_i:t__}_c
3y 3
1 P2
3y3 3 3
1
y:3
2-t3
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73 [2ydy= [ (6x-x3)ax 7. Augion =05(1+1.5+2+2.5) =35
1
y* =3¢ - xteC 8. Agion =0.5(15+2+25+3)=45

y2=3X2—£x4+9 . .
: 9. Afeclion:'AYect"'Atri:lX—i_EX.X:EX +X
2 1 4
4
10. Aregion =%bh=%X'Xt=%X2t
74. Icosydy=J'xdx
i 1Ly =5-X Aegion = Arect * Ayi

. X
5|ny:?+C 1

=2(2)+=(2)(2)=6

2 @+l
y=sin‘1( 2]
12. Aregion = Arect + Aui

1

75. s(t)=—16t>+48t+448; s=0att="7; =1(1)+51)(7) =45

v(t)=s'(t)=-32t+48
whent=7,v=-32(7) + 48 = -176 ft/s

Review and Preview Problems

3

1. Aegion :%bh =%aasin 60° =Ta2

1 . 1 \(3
2. . =6 —basexheight |=6| =a || —a
Areglon (2 xheig j [2 J( 5 J

2

2
3. Avgion :10(%base><h8ightj=5a7cot36°

S a2 cot36°
4

1 8.5
4. ion = + A, =17(8.5)+=17
Areglon Avect + Ayri ( ) 2 (tan 450)

=216.75

1 2
5. Aregion = Avect + Asemic. = 3'6'5'8+E77(1'8)
~ 25.97

6. Avgion = Ays +2Ay =25.97+ 2[%-1.2)5.8

=32.93
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33. a. Y

40

301

mifhr

10

min

b. Since the trip that involves 1 min more travel
time at speed Vy, is 0.6 mi longer,

V= 0.6 mi/min
=36 mi/h.

c. Fromparth, v, =0.6 mi/min. Note that the
average speed during acceleration and

. .V L.
deceleration is Tm = 0.3 mi/min. Let t be the

time spent between stop C and stop D at the
constant speed V,, so

0.6t + 0.3(4 — t)= 2 miles. Therefore,

2 . . .
t= 25 min and the time spent accelerating

2
_4-25 2
is == min.
2 3
a= 0.6-0 = 0.9 mi/min?.

3

34. For the balloon, % =4,s0 h(t)=4t+C; . Set

t = 0 at the time when Victoria threw the ball, and
height 0 at the ground, then h(t) = 4t + 64. The

height of the ball is given by s(t) = ~16t> +Vpt,
since Sy = 0. The maximum height of the ball is

V, . ..
when t = 3—; , since then s'(t) = 0. At this time

2
h(t) = s(t) or 4@—%} 64 = —16(\/—0) v, (V—OJ .

32 32
Solve this for v, to get vy = 68.125 feet per
second.
av .
35. a. o Cl\/ﬁ where h is the depth of the

water. Here, V = nr?h = 100h, so h :L.
100

Hence v =C; ﬂ, V(0) = 1600,
dt 10

V(40) = 0.
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36.

37.

b [1ov="%dV = [Cydt; 200V = Cjt+Cy;
V(0) = 1600: C, = 20-40 = 800;
800

V(40) = 0: € ==, = =-20

1 2 2
V() =——(-20t +800)° = (40—t
® 400( )" =( )

c. V(10)=(40—10)* =900 cm’

dP

a. i CIQ/E , P(0) = 1000, P(10) = 1700
where t is the number of years since 1980.
b.

[p173dp = jcldt;%PZ/3 =Cit+C,

P(0) = 1000: C, :%10002/3 =150

%17002/3—150

P(10) =1700: C, = 10
~ 6.3660

P = (4.2440t +100)°'?

. 4000 = (4.2440t +100)/?

o 4000%3 100

4.2440
t = 36 years, so the population will reach
4000 by 2016.

~35.812

Initially, v =32t and s=—16t> +16.5=0 when
t= 1. Later, the ball falls 9 ft in a time given by

3 .
0=-16t>+9 , or 2 s, and on impact has a

velocity of —32 (%) =-24 ft/s. By symmetry,

24 ft/s must be the velocity right after the first
bounce. So

-32t for0<t<l

a. v()=
® {—32(t—1)+24 forl<t<25

b. 9=-16t> +16 =t ~ 0.66 sec; s also equals 9
at the apex of the first rebound at t = 1.75 sec.
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