The Definite Integral
CHAPTER

4.1 Concepts Review 8
P 5. ) (-pmem?
5(6) _ oy oy m=1
=30,2(5) =10 = (D2t 4+ ()220 + ()32
+H(=D*2% + (-1)°2% + (-182*
+(-1)7 25 +(-1)828

1. 2.

2. 3(9) - 2(7) = 13; 9 + 4(10) = 49

3. inscribed; circumscribed

=—1+1—2+4—8+16—32+64
4. 0+1+2+3=6 2

85

2
Problem Set 4.1 K ok

L (-1)
6.
k2=3 (k+1)

1. Z(k D= Zk 21
k=1 k=1

_6(7) 4 5
-6(1
2 o0 (-1°2° (%28 (-172’
+ + +
=15 6 7 8
) 1154
5 Zi2=6(7)(13)=91 105
i=1 6
6 6 n
7 7. Y ncos(nm) = > (-1
1 1 1 1
3 z - 4 + n=1 n=1
o k+1l 141 2+1 3+1 =1+2-3+4-5+6
1 01 1 1 =3
Pt +
4+1 541 641 7+1
1111111 S.stm[j
e e ST S S S e
23456 78 k=-1
=1443 =—sin(—£)+sin(£j+25in(n)
840 2 2
_48l1 +35m(3 j+4sm(2n) +55|n(5 j+65ln(31'c)
280 2 2

=1+1+0-3+0+5+0
8 =4

4. > (1+1)% =42 +52 +6% +72 +8% +92 = 271
=3 a1
9. 1+2+3+--+41=)i
i=1

25
10. 2+4+6+8+---+50= ) 2i
i—1

100
11. 1+£+l++i: }
273" 100" &i
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100 i+1 10
TIPS SN S o ) 20. S [(i-1)(4i+3)]

23 4 100 & i =
o
50 =Y (4i%-i-3)
13. & +ag+ag+ay +---+agg :ZaZi,l %
i=1 10 10
=4>i"=->i-> 3
14, f(w)AX+ T (Wo)AX+---+ f (W, )AX % % %
n = 4(385) — 55 — 3(10)
=D F(w)Ax = 1455
i=1
10 21. Z(k3 k?) = Zk3 Zkz
15. Z(ai +bi) k=1 k=1
i=1 =3025—385
&2 = 2640
= Zai +Zbi
=1 Q= 10 10
— 40+50 22. > 5k%(k+4)= (5k®+20k?)
=90 k=1 k=1
10 10
=5> k3+20> k?
16. > (3a, +2b,) k=1 k=1
nzzll nee = 5(3025) + 20(385)
10 10 =22,825
=3> a,+2) by
n=1 n=1 _ 2
- 3(40) + 2(50) 23 Z(zu 3i+1) = 22. 3§|+§1
=220 ~ 2n(n +1)(2n+1) _3n(n +1) n
6 2
17. 3 @ps1—bpa) 2n3+3n2+n  3n?+3n
=0 = - +n
10 10 3 2
=Y a,— ) by :4n3—3n2—n
p=1 p=1 6
=40-50
=-10 n.o ) n _2 .
24. Y (2i-3)7 =) (4 -12i+9)
i=1 i=1
18. (ag —by -
Z ! —4Z| —1zz|+29
i=1 =1
—Zaq Zb —Zq _4n(n+1)(2n+1)_12n(n+1)+9n
g=1 g=1 g=1 6 2
_ 40502041 _ 4n®-12n% +11n
2 - 3
=-65
100 25, S=14+2+3+--+(N-2)+(n-1)+n
19. > (3Bi-2) +S=n+(N-D+(N-2)+-+3+2+1
i 2S=(n+)+(+D+ N+ +---+(N+D)+(n+D+(n+1)
100 100 _
zgzi_zz 2S=n(n+1)
) g n(n+1)
= 3(5050) — 2(100)
=14,950
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2

26. S—rS=a+ar+ar‘+---+ar" 10 1_(;)11 L0
2 27. a. (—j = 2 :2_[_j , SO

— (ar+ar?+--+ar" +ar™? kZ:E) 2 1 2
—a-ar™t 1 %(1)" . (1)10 1023
_ N+ - i =
—s@-r;s=2-2" o2 2) 1024
1-r
10 ol
b S22 gy g
k=0 -
10
Y 2k =21 -2=2046.
k=1
’8 S=a+(a+d)+(a+2d)+----- +[a+(n-2)d]+[a+(n-1)d]+(a+nd)
" +S=(a+nd)+[a+(n-Dd]+[a+(n-2)d]+ -+ (a+2d)+(a+d)+a
2S =(2a+nd)+(2a+nd)+(2a+nd)+---+(2a+nd)+(2a+nd) + (2a+nd)
2S=(n+1)(2a +nd)
S (n+1)(2a+nd)
2
29. (i+1)° —i% =32 +3i+1
n 3 n
Y[ (1) - | =3 (3 +3i+1)
i=1 i=1
3 n n n
(n+1) -2 =337 +3>i+> 1
i=1 i=1 i=1
n n(n+1
n3+3n2+3n=32i2+3g+n
i=1
n
2n°+6n”+6n=6> i’ +3n° +3n+2n
i=1
2n3+3n2+n_Z“:i2
6 i=1
n(n+1)(2n+1)_Z“:i2
6 i=1
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30. (i+1)" —i% = 4i° + 612 + 4i +1

Zn:[('”) - J Zn:(4i3+6i2+4i+1)

i=1 i=1
(n+1)*-1% = 4Z| +62| +4Z|+Zl
i=1 =1

Zig 6 n(n+1)(2n+1) +4n(n +1) n
) 6 2

n*+4n® +6n2+4n=4

n
Solving for Zi?’ gives
i-1

n
4Zi3 =n*+4n% + 6n? +4n—(2n3+3n2 +n) —(2n2+2n)—n
i-1

n
4Zi3 =n*+2n+n?

i-1
iig _n*+2nd4+n? _{n(n+1)}2
i1 4 2
31, (i+1)° -i® =5i* +10i% +10i% + 5i +1
5 n n n n n
2| (127 -i® |5y i +10) % +10) i 45 i+ 3 1
i-1 i-1 i-1 i—1 i1 il
n2(n+1° _ n(n+D2n+d) _n(n+1)
n+1 5ZI +102 +10 5 +5 5N
n° +5n% +10n° +10n? +5n = 52| +3 Sn (n+1) (n+1)(2n+1)+ n(n+1)+n
i-1

n
Solving for Zi"’ yields
i-1
n 2 _
Zi4 _ %[n5 L5453 —ln] _ n(n+1)(2n+1)(3n“ +3n-1)

2 3 6
i 30

32. Suppose we have a (n +1) xn grid. Shade in
n + 1 - k boxes in the kth column. There are n columns, and the shaded area is 1+ 2+---+n. The shaded area is
n(n+1) n(n+1)

also half the area of the grid or 5

.Thus, 1+2+---+n=

Suppose we have a square grid with sides of length 1+2+---+n = n(n+1)

2
B+28+4ndor [@} Thus, 13+23+---+n3:[@} .

. From the diagram the area is

33. Xz%(2+5+7+8+9+10+14) :E;—Sz 7.86

#3305 3 o
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34. a. x=1, s2-0

b. x=1001 s*=0
c. x=2
2 =1[(1-27 +(2-2)%+ (-2 | =3[ (-1 + 02 422 | =1(2) -

wln

d.  x=1,000,002
:%[(—1)2 +02 +12} =

35. a. Z(x,—x) Zx, Zx—n -nX=0

i=1

2 13 2 15,2 oo o2
b. s°==>(%-%X)"==> (% —2Xx +X°)
Nz Nia
n - N n
1 x? —2—XZ X; +£ZY2
Nia nia N
n —
:12x5-2—x(ni)+1(ni2)
n n n

i=1

36. The variance of n identical numbers is 0. Let ¢ be the constant. Then

s? =%_(C—C)Z+(C—C)z+'-~+(C—C)2— =0

37. Let S(c) = Z(x,—c) Then

= —22 X; +2nc
i=1
S"(c)=2n
Set S'(c) =0 and solve for c:

n
-2> % +2nc=0
=

.
ZFZ

Since S (x) =2n>0 we know that X minimizes S(c) .
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i g
38. a. The number of gifts given on the nth day is z m= @

m=1
12 i
The total number of gifts is @ =364.
i=1
n - g
b. For n days, the total number of gifts is i+
i=1

D+ & &P 18, 18 1[n(n+)@2n+1) ] 1[n(n+1)
2 2 _Zz+i§2_2§' +2§'_2[ 6 }rz[ 2 }

1 1
=En(n +1)(2n +4) :En(n +1)(n+2)

39. The bottom layer contains 10 - 16 = 160 oranges, the next layer contains 9 - 15 = 135 oranges, the third layer
contains 8 - 14 = 112 oranges, and so on, up to the top layer, which contains 1 - 7 = 7 oranges. The stack contains
1.7+2-8+--+915+10-16

10
= Y i(6+i)= 715 oranges.
i=1
50

40. If the bottom layer is 50 oranges by 60 oranges, the stack contains Zi(lo +1) =55,675.

i=1

41. For a general stack whose base is m rows of n oranges with m < n, the stack contains

ii(n—mﬂ):(n—m)iniiz

=1 i=1 =l
=(n-m) m(”;l) L m(m +125(2m +1)
_m(m+)@n-m+1)

6

11 1 1
-t
1.2 2.3 34 n(n+1)

(GG

42,

1t
n+1
43. A=l 1+—+2+E =Z
2| 2] 2
44, A:l 1+§+§+Z+2+g+§+E _E
4| 4 4 2 4 4

45, A=l §+2+§+3 =
212 2

46. A=
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r 2 2
47, A=1 l~02 +1 |+ 1t +1 |+ l~12 +1]+ E 3 +1 :l 1+g+§+E :§
21\2 2 \2 2 2 \2 2 8 2 8 8

. Azi(
2

49. y

-2 3 X
1+
A=11+2+3)=6
50. ¥
10F
| |
0 5
A:1 3-3—1 +(3-2-1)+ 3-5—1 +(3-3—1)]:1(1+5+E+8 _B
2 2 2 2\ 2 2 2
51. y
S_
i |
4 x
2 2 2 2 2
N (E —1+ [Zj ~1|+ (Ej ~1|+ (gj —1|+ [E) ~1]+(32 -1
6 6 3 2 3 6
1(133 40 21 55 253 1243
== —+—+—+—+—+8|=——
6( 6 9 4 9 6 j 216
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52. Ly

0 I x
N @@4%44—D+D+-3[—EJ2+(—EJ+14-3[—§)2+(—§)+14-3[—3j2+(—3j+1-+@«»2+0+b
5 5 5 5 5 5 5
2 2 2 2
+[3(£) +£+1J+[3(gj +g+1]+(3(§] +§+1][3(i] +ﬂ+1J+(3(1)2+1+1)]
5 5 5 5 5 5 5 5
:%[3+2.12+1.48+1.08+1+1.32+1.88+2.68+3.72+5]=4.656

53, Ax—-l :'

(3

2 2 n 2 1 n(n+1) 1 5
ASy) =|| =+—|+| 5+— |+ -+ —=+— || =—=1+24+3+---+n)+2 = +2 =—+—
H e nl () pemaanee G

1 5
lim A(S,) = lim (2— Ej:

nN—o0 nN—o0

N | o

54, AX=—,% =—

2n® n 2n

2 2
+[2_+1]++[n_+l]] :%(12_,’_22_"_32 +,..+n2)+1

3 2
=L[W}+l _Ajenie3ntang o 10,8, 10,
n 6 12 n3 12 n n2
lim A(S,) = lim 1 2+§+i +1 :Z
n—oo n—w| 12 n n2 6
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=—1+—
n

o {202} 28
oo (3215

_8 n(n+1)
_n A+2+3+---+n) _nz[ 5 }

2
ﬂ{n +n} =4+£
n? n
. . 4
lim A(S,) = lim (4+—)=4
n—ow n—oo n

56. First, consider a=0and b = 2.
AX =E, X =ﬂ
n n

f(xI)sz(zj (zjzsniz
A(S,) = { (8(2 J

55. Ax=2,x 2
n

Gl

:%(12+22+...+n2):_3|:w:|
n n 6
42n°+3n°+n| 8 4 4
=— ==t —+—

3 n 3 n 3p?

lim AS,) = lim §+4+i _8
n—o n—wl 3 3 3

n
By symmetry, A= 2@) = 16

57. Ax=£,xi =
n

-\3 .3
w05
n n n
1 1 1
A(Sn)=[n—4(13)+n—4(23)+---+n—4(n3)}
——(13+23+ +n) _i{n(nﬂ)r
n n4
_in+2n+n2 1{ g_}
T4 4 n n
2., } 1
n2| 4

I|m A(Sy) = I|m l[

S| =

Instructor's Resource Manual

X_i
1N n

iV i1y #® i
”X”AX:[(HJ *ﬁ}(ﬂ:n—ﬂn—z

A(S)— (13+23+ -+n )+—(1+2+ -+n)
n

_i{n(n+1)r+i{n(n+l)}
nt 2 n? 2

58. AXx :l
n

n+2n+1 n®+n 3n°+4n+1 3 1 1
4n 2n 4n 4 n 4n
lim AGSy) =
n—» 4
50. f(ti)At:{luF:LJrZ
n n nZ n
P2 19 &2
A(Sn)=2(—+—j=—2|+ Z
ia\n? n) n?ig ign
:iz[n(n+1)}r2
n 2
2
n“+n
_(_ LJ
2
lim A(S,) = —+2_5
n—oo 2
The object traveled 2% ft.
:N\2 .2
60. f(t)At= l(l) oLt
2\n n 2n3 n
A(S,) = Z(—JF_J: 32 +Z—
n i1 il
:L{W}l:ihg@ n
2n 6 12 n n2

) 1 7
lim A(S,) = —(2)+1=—~1.17
Now (Sn) 12() 6

The object traveled about 1.17 feet.
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i\2 3:2
61. a. f(xi)Ax:(Ej (Esz—;
n n

n
3 n 3
A2 :b_32i2 :b_s[n(n+1)(2n+l)}
n~ iz n 6
3
—b_ 2+§+i
6 n n2
3 3
lim Ab = 20" _ D"
nN—o0 6 3

b3 a3
Ao = A —AS =
52 3 o8
62. 5_———=—=32.7
& 3 3
The object traveled about 32.7 m.
55 125
63. a. Aj=—="2
" 3 3
42 1° 63
b. Af="-—=2"-21
A 3 3 3
3 53
5 5 2° 117
c =——-—="-=39
& 3 3 3
64. a Ax=2,xi_m
n n
m+1.m
o[ 2 (2]
n n nm+1
bm+ n
A(Sp) = Z
i=1
m+1 m+1
nm‘*'l m+1
1
:bm+1+bm+cn
m+1 nm+1
b,m m+1
x )= lim A(S,) =
Ao (x7) n—ow (Sn) m+1

=0 since C,, is a polynomial in n
n—oo n +

of degree m.

b. Notice that A2(x™) = AY(x™) - AG(x™)..
bm+1 am+1

m+l m+1’

Thus, using parta, A2(x™) =

258 Section 4.1

65.

66.

23+1

a A )— =

b. A(%)=t—-Z —4-=-2
A=

25+1 o3 63

C. = ——=
Al( ) 5+1 541 3 6 6
=£:10.5

2
29+1 _ 1024

d. = —=1024
A () = I

Inscribed:

Consider an isosceles triangle formed by one side
of the polygon and the center of the circle. The

angle at the center is 2n . The length of the base
n

is 2rsin~ . The height is rcos~ . Thus the area
n n

. . LT T 1 21
of the triangle is r?sin—cos— = =r2sin—.
n n 2 n

A, = n(irzsinﬁj:lnr2 smﬁ
2 n 2 n

Circumscribed:
Consider an isosceles triangle formed by one side
of the polygon and the center of the circle. The

angle at the center is 2n . The length of the base
n
is 2rtan—. The height is r. Thus the area of the
n
triangle is rZtan .
n

T T
B,=n r’tan— |=nrtan—
n n

2n
. 1 .2 . siIn-=
lim A, = lim =nr?sin=== lim nr? :
N—>c0 N—c0 2 N noow 27“
=nr?
2 (sine
nr Sin
lim B, = lim nr2tan= = lim L
n—»o n—»o N now (:osTE s
=nr?
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4.2 Concepts Review

1. Riemann sum
s b
2. definite integral, ja f (x)dx

3. Aup — Adown

4 g-1-D
2 2

Problem Set 4.2

1. Rp = f(2)(2.5-1)+ f(3)(3.5-2.5)+ f(4.5)(5-3.5) =4(L5)+3(1) + (-2.25)(1.5) = 5.625

N

Rp = f(0.5)(0.7 — 0) + f(1.5)(1.7 — 0.7) + f(2)(2.7 - 1.7) + f(3.5)(4 - 2.7)
= 1.25(0.7) + (<0.75)(1) + (=1)(1) + 1.25(1.3) = 0.75

5
3. Rp = f(%)A = f(3)(3.75-3)+ f (4)(4.25-3.75) +  (4.75)(5.5-4.25) + f (6)(6—-5.5)+ f (6.5)(7—6)
i=1
= 2(0.75) + 3(0.5) + 3.75(1.25) + 5(0.5) + 5.5(1) = 15.6875

4
4. Rp =Y f(%)A% = f(-2)(-13+3)+ f(-0.5)(0+1.3)+ f(0)(0.9-0)+ f(2)(2-0.9)
i=1
= 4(1.7) + 3.25(1.3) + 3(0.9) + 2(1.1) = 15.925

8
5. Rp = f(%)A =[f(~L175)+ f(~1.25)+ f (=0.75) + f (~0.25)+ f (0.25) + f (0.75)+ f (L.25)+ f (L.75)](0.5)
i=1
= [-0.21875 — 0.46875 — 0.46875 — 0.21875 + 0.28125 + 1.03125 + 2.03125 + 3.28125](0.5) = 2.625

6
6. Rp = f(%)A =[f(0.5)+ f@Q)+f(L5)+f(2)+f(25)+f(3](05)
i=1
=[L5+5 + 145 + 33 + 63.5 + 109](0.5) = 113.25

3.3 2 _ 2
7. .[1 X7 dx 11. AX:ﬁ:Xi :F
2 3 F(R)=% +1=2 41
8. .[0 (x+1)°dx =N TEE
Do 4 (2)]2
L2 Zf(xi)Ax:Z 1+|(;j -
9. j_lmdx i=1 i=1
n n
:%Z“nizzi :%(n)+ni2{”(”2+l)}
10. J:(sinx)zdx =1 =1

= 2+2(1+l)
n

[ (x+Dyax = 1im {2+2(1+3H _4
0 n—o n
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12. Ax:g,iizé 14. Ax:E —2+ﬂ
n n n n
2 4P 3 36i 272
(%)= [ j+1=_+1 f(Yi):3(—2+—j +2=14-""+ 2
n n2 n n n2
4112 36 27)., |3
> f(R)Ax - Z{lﬂz[—zﬂ— Zf(x,)Ax z[ [ j.{ zj }_
i=1 i=1 n n =1 n n n
n n
:_zl+%2i2= 2+ [—”‘””"2“”)} =—214_1°82.+ Ly
Nia nia 6 nNia a2 n’ia
o A, 3.1 :42_¥[n(n+1)}rﬂ[n(n+1)(2n+1)}
3 n n2 n 2 n3 6
- 1214 =42—54(1+1j+£[2+3+ij
I (x +1)dx = nll_rﬂo{2+3(2+n+nzﬂ_3 N > ntz
[, @x2 +2)dx
3 3| -2
13. AX=—,%=-2+ 1 27 3 1
n n = lim | 42— 54(1+ j 2+Z4+— || =15
- 3 6i N—00 n 2 n n2
f(%)=2|2+— |+n=n—-4+—
n
n n 5 = _5_i
Zf(Yi)AX=Z[TC 4+6I:|3 15. AX_H’X'_n
i=1 i=1 nin .
n f(x)= 1+—
D NSRS J RN [”(”2”)}
Nz n?ig (5)]5
Zf(x,)Ax 21+| ==
=3n—12+9(1+—) = n)|n
n
25| n(n+1
1 ) 1 :_Zl_;,_ — _2|: (2 ):l
I—z (2x+n)dx:n||_r)noQ 3n-12+9 1+H ni: n? i-1 n
=37-3 —5+§(1+ 1)
2 n
j (x+dx = lim {5+§(1+1H Sl
n—o 2 n 2
16. ax=22 x5 —_10+42%
n
)
F(X) = [ 10+ﬂj +( 10+20'j _gp 3801, 200
n n
Zf(X.)Ax { I[s ) (400]}20 20290 7600Zi 8000 <2
n n n n i n )
21800_7600[n(n+1)}+8000[n(n+1)(2n+1)} :1800_3800(“3}4000 ,, 3,1
6 n 3 n p?
15, (¢ +x)dx = lim | 1800 3800 1+1J 4000(, 3, 11|_2000
n—o n 3 n n2 3
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17. y 21. The area under the curve is equal to the area of a

. A
semi-circle: j A\/ AZ _x2 dx =%7rA2.

y

A
| | -
0 5% -A S
° f(x)d
Io (x)dx 22. The area under the curve is equal to the area of a
1 1 27 triangle:
=-0@)+12)+3(2)+-)B) =— AY
2 2 2 4 pe
18.
4

T T T T T T 1T
|
=N
F=N
Y

Y O I I |
1 (4) 2
2 4 x 23 s(4)=[‘v(t)dt==4| = |==
s(4)=[,v(v 2[60) 15

2. s(4)= | v(t)dt = 4+%4(9—1) =20

19. y
2_
- 25. s(4)=[ v(t)dt=>2(1)+2(1)=3
26. s(4)=[ v(t)dt=2r(2)* +0=x
| S : 0 4
o % 27. [t [s®
2 1 2 1 1 =
f(X)dx==(n-1)+=DD) =—+— 20 | 40
o fOOdx=2(1)+-OW ==+,
40 | 80
20. ,,_"'
L 60 | 120
L] L1,
-4 44 80 | 160
100 | 200
120 | 240
-6
2 1 2 1
I_Z f(X)dX——Z(n-Z )—(2)(2)—5(2)(4)
=-7-8
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28. t t
8 5(0) e. fa|x|dx:%(3)(3)+%(3)(3)=9
20 |10
3 -3° @’
40 |40 f. j X|x| dx = +2_ =0
-3 3 3
60 | 90
2 0 1 2
80 | 160 g. _[_l|x|[[x]]dx:—J._1|x|dx+OJ'0|x|dx+J.1|x|dx
1 1
100 | 250 =—§(1)(1)+1(1)+§(1)(1)=1
120 | 360 , 0 1
2 _ 0.2 2
h. J;lx [x]dx = J:lx dx+0f0x dx
2.2
20. [t [s() +y X dx
3 3 43
20 | 20 R I S
3 3 3
40 | 80
60 | 160 32. a El f(x)dx =0 because this is an odd
function.
80 | 240
1
100 | 320 b. I—l g(x)dx=3+3=6
120 | 400 .
c. j_1|f(x)|dx=3+3=6
0. [t [s0 d. jfl [~g(X)]dx =3+ (~3) = -6
20 | 20 1
e. j xg(x)dx =0 because xg(x) is an odd
40 | 60 -1
function.
60 | 80
f. [ 0000 dx=0 because f3(x)g(x)
80 | 60 -1
is an odd function.
100 | O
1 n
120 | -100 38 Rp =2 (4 +%-1)(% ~%i1)
i=1
31 ¥ Tx]dx = (3= 2-1+0+1+2)(1) = -3 LSh(x2 _y2
. a L3[[x]] X=(-3-2-1+0+1+2)1) = - :Ez‘i(xi _xi_l)
i=
1
) _lr,2 2 2 2 2 2
b. jﬁa[[x]] dx = [(-3) + (-2)? —2[(X1 Xg)+ (X2 —x0)+ (x5 —x2)
+(—1)2 +0+1+4](1) =19 +eeet (Xr% - Xril)}
3 1 =1(X§ -%5)
c. j_s(x—[[x]])dx=6 E(l)(l) =3 i
=% -2
3 2 1 2 13
d. j_s(x—[[x]]) dx:G.[OX dx:6~§:2 lim l(bz—az):l(bz—az)
n—>002 2
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12 L
34. Note that X =E(Xi2-1 X% +Xiz)} 37. Left: [ cosxdx ~0.8638
1
Right: J.o cosxdx ~ 0.8178

1 1/2
> [g(xiz_l + xiz_l + xiz_l} =Xj_1 and .
Midpoint: _[0 cosxdx ~ 0.8418

) 1/2
X = [ (XI X 1X|+X|}

1 1/2
< [g(xiz + xi2 +xi2)} =X .

n
=" %2Ax
i=1

38. Left: j [ )dx 1.1682
Right; jl (—)dXz1.0349

Midpoint: J' [ jdx 1.0971

11
Z§ XI + Xi—1 X% +X| —0)(X —Xj-1) N ) _
i=1 39. Partition [0, 1] into n regular intervals, so

1
=§Z(Xi3—xi3—1) ”P”:H

i 1
1 If % =—+—, f(%)=1.
~s[0@ -+ gD+ 0§ Kot T

n
1
+"'+(Xr31—X§71)J thm Zf(x,)Ax, = m zﬁzl
%=1
_1.3 1.3 3
BEN L R If % =%+i, f(%)=0.
35. Left: [ (+1)dx=524 HFI)‘I‘mOZf(x,)Ax, - lim 20 0
Right; J'OZ (x% +1)dx = 6.84 Thus f is not mtegrable on [0, 1].

Midpoint: j()z (x3 +1)dx =5.98

1
36. Left: jo tan x dx ~ 0.5398
. 1
Right: Jo tan x dx = 0.6955

. 1
Midpoint: Io tan xdx ~ 0.6146
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4.3 Concepts Review 5 A®X) :%x(ax):axT
1. 4(4-2)=8;16(4-2)=32 y y=ax’f2
2. sin®x
3. If f(x)dx ; j;&dx X

4. 5

Problem Set 4.3
J.‘

1. A(X)=2x 4
y 3
8- 2
6r 1
4_ 1 1 1 | -
1 2 3 6 x
2_
———t . 7. 2X 0<x<1
2+(x-1) l<x<2
2. A(x)=ax A(X)=93+2(x-2) 2<x<3
LV y=ax 5+(x=3) 3<x<4
etc.
AY
6
X 4k
1 2 2r
3 A(x):E(x—l), x>1
y 1 1 1 I:
41t 1 2 3 4 x
3k 8. %xz 0<x<1
2r %+%(3—x)(x—l) 1<x<2
1F 1 2
1+=(x-2 2<x<3
A A ={"202
-1 0 1 2 3 4 x %+%(5—x)(x—3) 3<x<4
1 2
4. 1f 1<x<2,then A(X)=1(x-1)°. 2+3(x=4) 4<x<5
If 2<x, then A(x) = x-3 etc.
A AV
2 F 3
2
l -
1_
'-/ Ly ] ] 1 ] >
1 2 30X 'x
1 2 3 4
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9, jf 2F (x) dx = 2j12 f(x)dx=2(3) =6 21. G'(x)=D, [ j:’ 4 (s—2)cot(25)ds}

10. foz 2f(x)dx = ZJ()Z f(x)dx =Dy [—L{ 4 6-2) Cot(zs)ds}
= 2“3 f(x)dx+ LZ f (x)dx} =2(2+3)=10 =—(x—2)cot(2x)

, , ) 22. G'(x) =D, Dl xtdt}zDX[xL tdt}
11. jo[2f(x)+g(x)]dx:2j0 f(x)o|x+j0 g(x)dx

t2 " x2 -1
:2“3f(x)dx+.[12f(x)dx}+J‘02 g(x) dx = Dx ’{?l DXH 2 H

=22 +3)+4=14 2 ) a1
:DX[?_E]:EXZ_z
12. j;[Zf(s)+g(s)]ds:2j;f(s)ds+j;g(s)ds
=22+ (-1)=3 -

23. G'(x) =Dy LX Sintdt:|:2XSin(X2)
13. [}[21(5)+50(s)]ds = -2 jlz f(s)ds—5 le g(s)ds -

2 1 x2+x
=—2(3>—5[ IROLT RO ds} 2. G'()=Dy| [ " Vaz+sinz dz}
=-6-5[4+1]=-31 -
= (2x+1)\/2(x2 + x)+5in(x2 +X)

1
14, L [3f (x)+2g(x)]dx =0 25, x 2
15. [, [3f®+2g(®)]dt @

jo t dt+ [ t dt

et 2 2 =l e 0

_3[j0 f(t)dt+J.1 f(t)dt}rZJ'O g(t)dt X1+t 1+t

_ _ % t? x t2

=3(2+3)+2(4)=23 = X dt + dt
0 14¢2 01412

16. | 02 (V310 +V2gt)+n]dt (—x2)2 y
1 ) 5 G'(X)=- 5 (—2x)+ 5
:ﬁ“o f(t)o|t+j1 f(t)dt}ﬁjo g(t)dt 1+(_X2) 1+x
2 2 5 2
+TEJO ! B 1+Xx4 +1-|)-(X2
=V3(2+3)+2(4)+2n=5V3+42+2n
17. G'(x) = Dy _le 2t dt} = 2X 26. G(x) =Dy [ j;’s‘: t5dt}

sin x 5 0 5
DXUO tdt+jcosx tdt}

sinx g COsSX g
DX[IO tdt—j0 tdt}
5

= sin® xcos X + cos® xsin x

ot e[ o]

19. G'(x) =D, jox (2t2 +\/f)dt} = 2x2 +x

' [ rx 3 ’ X . " 1
20. G'(x)=D cos (2t)tan(t)dt} 27. f'(x)= D (X)) =————
o e
=coss(2x)tan(x) . .
So, f(x) is increasing on [0,00) and concave up
on (0,x).
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28.

29.

30.

31.

32.

33.

34.

266

f’(X):ll:xx2
()= (1+x2)—(1+x)2x @il
- 2 1\ - 2 4\
(x +1) (x +l)

So, f(x) is increasing on [0, « ) and concave up on

(O,—1+\/§).

f'(x)=cosx; f"(x)=-sinx
So, f(x) is increasing on {O,E},F—”,S—”},...and
2 2 2

concave up on (,2x),(37,47),....
f'(x)=x+sinx; f"(x)=1+cosx

So, f(x) is increasing on (0,0) and concave up
on (0,).
1 1
f'(x)==; f"(x)=—7-=
(=3 f()=-=;
So, f(x) is increasing on (0,00) and never
concave up.

f(x) is increasing on x>0 and concave up on
(0,1),(2,3),...

A Y

i

| 1
1 2 3 4 5

I: f(x)dx='[022dx+_|'24 xdx=4+6=10

fad
FrTTTTTT TS

| | |
0 1

| [
3 4 5%

|
2
4 1 2 4

jo f(x)dx:jo o|x+jl xo|x+j2 (4 - x) dx
=1+15+2.0=45

Section 4.3

35.

36.

37.

38.

L INA L] 1
12 3 4 5%

[ f(x)olx:jo2 (2—><)o|x+j24 (x—2) dx

0
=2+2=4
A7
6
4 N
2 B
1 1 1 1 I
1 2 3 4 X

I;(3+|x—3|)dx

:J.j(3+|x—3|)dx+j:(3+|x—3|)dx

27

3 4 7
:jo(6—x)dx+J.3 xdx:7+5:17

a. Local minimaat0, 3.8, 5.8, 7.9,

~9.9;
local maxima at 3.1, =5, 7.1, =9, 10

b. Absolute minimum at 0, absolute maximum

at ~9
c. =(0.7,15),(25,3.5), (45,5.5), (6.5, 7.5),
(8.5, 9.5)
d. u!
201~
15k
10F
sk
I I I 1 |y
2 4 6 8 10y

a. Local minimaat0, ~1.8, 3.8, =5.8;
local maximaat ~1, 2.9, 5.2, =10

b. Absolute minimum at 0, absolute maximum
at 10

c. (05, 15),(22 3.2), (4.2,5.2), (6.2,7.2),
(8.2,9.2)
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.'I . y
25 Y N\
20
15 .
10
5
1 I I 1 [
2 4 (] 8 10 . L L L
-’,L X n 2n 3n 4n X

3. @ F(0) =j(§)(t4+l)dt =0 41. Fort>1, v/t <t.Since 1+x* >1 forall x,
1<V1+xt <1+x%,
b y=F(x) Jl dxsjl\/1+ x4 dxsjl(1+ x*) dx
d 0 0 0
—yzF'(x):x4+1 1 6
dx By problem 39d, 1< jo Vi+x*dx <=
dy=(x4+1)dx >
y:%x5+x+C 42. Ontheinterval [0,1], 2<+4+x* <4+x*.
Thus
c.  Now apply the initial condition y(0)=0: J.;'deg.].(])}/4+ X2 dXSJ;(4+ xz)dx
0=10°+0+C
5 23]1 4+ x2 dx <2
C=0 0 5
Thus y = F(X) :%Xs X Hfre, we have usel:d the result from problem 39:
4\ 4
5 1 . J0(4+x )dx_J0(3+1+x )dx
. 1/ 4 _ _1:5 _o 1 1 4
jo(x +1)dx_ FO=;1+1=¢. :jogdx+j0(1+x )dx
_n,.6_21
40. a X _3+§_?
e G(x):jo sintdt
0 43. 5<f(x)<69 so
G(0)=| sintdt=0 4
O=], 4-5< (5+x3)dx£4-69
2z
G(2x)=|_ sintdt=0 4
(27) -[0 ZOSJ. (5+x3)dx£276
0
b. Let y=G(x). Then o
ﬂ=G'(X)=SinX. “r
dx 40
dy =sin xdx 0t
y=-cosx+C ] . >

L
2 4 X

c.  Apply the initial condition
0=y(0)=-cos0+C. Thus, C =1,

and hence y=G(x) =1-cosX .

44, 0On[2,4], 8 <(x+6)° <10°. Thus,

2.8 <[ (x+6)° dx<2.10°

V- _ _ _ 4
J sinxdx=6(7) =1-cos7 =2 65,536 < [ (x+6)° dx < 200,000
y
e. G attains the maximum of 2 when 100000 |
X=rm3r. s0000 F
G attains the minimum of 0 when 60000 |-
X= 0, 272', A 40000 |
Inflection points of G occur at 20000 -
_z 3z 5omIx . -
2'2'2"'2 :
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45.  On[15], 48.  0On[0.2,0.4],

3:2<3.2.3,2 0.002+0.0001cos? 0.4 < 0.002+0.0001cos® X
5 X 1
<0.002+0.0001cos2 0.2
oY <j5 3+2 |dx<4.5
SR S Rl o.2(0.ooz+o.0001cos2 0.4)
68 5 2 0.4
X< (3+—)dxs 20 < j (0.002+o.0001cos2 x)dx
5 1 X 0.2
A <0.2(0.002+0.0001c05% 0.2)

¥ Thus,
4

0.4
0.000417 < | (0.002 +0.0001c0s> x) dx
0.2
<0.000419

0.03

46.  On [10, 20],
5 5 5 0.02 F

(1+ij S(1+EJ S(1+ij
20 X 10 001 b

21 20 11 | . h
10( ZOJ -[10 ( Xj = 10(10) 02 04 X

5
4,084,101 20 1 161,051 x1+t
———< 1+=| dx< 49, Let F(x —dt Then
320,000 LO( Xj 10,000 ()= I
5 .1 ex 1+t F(x)-F(0)
20 1 lim=| —dt=Ilim——=
12.7628< [ [1+;j dx <16.1051 am oot T T o
; 140 1
: SO
\
! 50,  lim— [*1 gt
x—>1X—11 2+t
L L I 1 . 1
s 10 15 20 ¥ =lim ! J-Xl+t dt—j 1+t dt
x—>1X=1][70 2+t 02+t
47.  On [4x,87] _iimF®-F@
5£5+lsin2xs5+l oL x-1
, 1+1 2
o ) “F0=21173
(47r)(5)<j ( +Esm X)dX<(4ﬂ)(5+%)
20;z<j ( +-Lsin x)dx<1017r 51 Ixf(t)dt:2x—2
=Jax 20 5 ' 1

¥ Differentiate both sides with respect to x:
—j fdt=— (2x 2)

f(x)= 2
If such a function exists, it must satisfy
— f (x) = 2, but both sides of the first equality

may differ by a constant yet still have equal
derivatives. When x =1 the left side is

B2 e

jll f(tydt =0 and the right side is 2-1—2 = 0.

Thus the function f(x) =2 satisfies

jle(t)dtzzx—z.
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52. [f(@dt=x 5. True. JR100d- [2900x

Differentiate both sides with respect to x: = _[ BLF (%) - g(x)]dx
d px _d 2
&Jo f(t)dt_&)( 60. False.a=0,b=1,f(x)=0,g9(x)=-1isa
f(x) = 2x counterexample.
2+(t-2), t<2
2 L
X 61. v(t)=
53. [ f(dt=3x° (© {2—(t—2), t>2
Differentiate both sides with respect to x: { t, t<?2
d _d(1.3 “la-t, t>2
&jo f(t)dt_&(gx ) NP
s(t)=| v(u)du
f(xz)(2x)=x2 (t) ,[0 (u)
t
udu, 0<t<?2
f (xz)zi _JJo
2 udu+ [H(4-u)du, t>2
5 jou u+f2( —u)du, t>
f(x)=—
2 t2
5 0<t<2
54.  No such function exists. When x =0 the left = )
side is 0, whereas the right side is 1 2+{4t _t_}, t>2
55.  True; by Theorem B (Comparison Property)
£2
56. False.a=-1,b=2,f(x)=xisa P O<t<2
counterexample. = )
t
57. False.a=-1,b=1f(x)=xisa —Ard-o 1>2

counterexample. 2
——4t+4=0, t=4+22~6.83
58.  False; A counterexample is f (x)=0 for all x, 2

except f(1)=1.Thus, j; f(x)dx=0,butfis
not identically zero.

[ 5du, 0<t<100
00
62. a s(t)={[ sdu+[ [6-—|du 100 <t < 700
0 100( ~ 100
100 700
5du+ [ (B—Ljdu+ ' (~2)du, t>700
0 100 100 700

St, 0<t<100

2 t
= 1500+ 6u——— 100 < t < 700
200

2 700
500+|6u———| —(t—700) t> 700
200

100
5t, 0<t<100
2
=+-50+6t———, 100<t<700
200
2400 —t, t> 700
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b. v(t)>0 for 0<t<600 and v(t)<0 for
t >600. So, t =600 is the point at which
the object is farthest to the right of the origin.
At t=600, s(t)=1750.

N
I
AR
=<
~
o
>
|
1
|><
ol
| |
| N
AR
Il
w
N
+
|
Il
|oo
w

2

w

2 502 3,2
. Ll(Sx —2x+3)dx_[x —X +3x}
=(8-4+6)-(-1-1-3)=15

c. s(t)=0=2400—t; t = 2400

63. —|f(x)|<f()<|f(x)| 50

SN

. Jf (4x3 +7)dx = |:X4 + 7le2

b b
j —|f(x)|dxs_[af(x)dx:> = (16 +14)— (1 +7) = 22

a

o

b b

JL1100ldx= ] f (x) dx 1, L .

and combining this with I —aw= -(-1)
b b

ja|f(x)| dx > ja f (x)dx,

we can conclude that

»
= w
-—rwll\)
|

|
-—erH
[
= w
1]

|

O |
~—
|
T
N

|
©| o

b b
Uaf(x)dx sja|f(x)|dx
4
N 7. [0t [zt?”z} _(3-8)—0=E
64. |fx>a,ja|f'(x)|dxs1v|(x—a) by the o \3 3
Boundedness Property. If x<a, 8
8 3 3 45
a — (%5 _ _ 8 Swdw = —W4/3:| :(—-16j—(— 1J:—
[21 00l =] 100z M (x—a) by [, Yw [ =3 =5

the Boundedness Property. Thus
J::| f'(x)|dx <M |x-a].

[{o]
]
A |

VR
<
N
+
<
|
N

o
<

1]

1
oo|“<w
|
N
<
N
1
A

From Problem 63, j: | f(x)|dx >

J.: f'(x)dx|.

_(_§_1j_(_%_ij_@
3 8 3 32) 9%

4st-8 4 S 4
10. | ds=[ (s°-8s7%)ds= Zas

‘j: PO =] (0 - F @)= |0 -] F (3)]
Therefore, | f (x)|-| f (a)] <M |x—a| or
[T ()| <|f(a)+M]|x-a.

: [ 12 ,
4.4 Concepts Review 11 jc:[ cos xdx =sin X]glz -1-0=1
1. antiderivative; F(b) — F(a)

2. F(b)-F(a) 12. [" % 2sintdt =[-2c0st]")2 =0+v3=13
3. F(d)-F(c) . , )
13. jo (2x4 -3x? +5)dx = {E x> —x° +5x}
21 0
4. [ Zu*du ) -
13 =(-—1+5)—0:—
5 5

Problem Set 4.4 1 3 3 1
1. Io (413 2x13) dx = [7)(7/3 ——x‘”ﬂ
0

472 2
2
L x3dx:{x—} —4-0=4 3 3 15
0 7 2 14
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15. u=3x+2,du=3dx o,
J‘\/U-%du:§u3/2+C:§(Sx+2)3/2+C

. u:x2+4,du:2xdx

Isin(u) &du = —lcosu +C
2 2

16. u= 2X—4, du=2dx Z—%COS(XZ +4)+C
J‘ull?’-ldu =§u4/3+C =§(2x—4)4/3+C
2 8 8

26. u=x>+5,du=3x%dx
17. u=3x+2,du=3dx
1 1 1 J‘cosu-ldu:lsinu+C:lsin(x3+5)+C
jcos(u)-gdu :gsinu+C =§sin(3x+2)+C 3 3 3

2 X
18. U=2x-4,du=2dx 27. u=vVXx“+4,du= dx
1 1 VX% +4
sinu-=du=-=cosu+C
I 2 2 jsinudu:—cosu+C=—c05\/x2+4+C
=—%cos(2x—4)+c ,
28. u:322+3,du=—Z dz

2
19. u=6x-7, du=6dx 3(\3/22+3j

. 1 1
sinu-=du=-=cosu+C
I 6 6 J'cosu%du:gsinu+c:gsin\?’/zz+3+c

= —%cos(Gx— 7)+C
29. u= (x3 +5)9 ,

20. u=nv—+/7, du= zdv du =9(x® +5)8 (3x%)dx = 27x2 (x> +5)%dx
J'cosu-ldu=£sinu+C:£sin(nV—ﬁ)+C J‘cosu-idu:isinu+c
b b1s b1s 27 27

_ 1 . 3 9
_—27S|n[(x +5) J+C
21. u:x2+4,du:2xdx

J‘\/Uidu=1u3/2+C=1(x2+4)3/2+C 30. u=(7x"+m)°, du=441x8(7x” + m)® dx
2 3 3 ) 1 1
I5|nu-mdu:—mcosu+c
22. u=x°+5,du =3x? dx 1
1 1 :——cos(7x7+n)9+C
Iu9~§du— 10+C— (x3+5)1°+c 441

30
31l. u= sin(x2 +4),du = 2xcos(x2 +4) dx

\/Uidu =1u3/2+C
2 3

23. u =x2+3, du = 2xdx

U=——u

J'u’u”ld LT
2 10

3/2
7 =1[sin(x2 +4)J +C
~ 202 +3) 4 3
10
32. u=cos(3x’ +9)

- 2 -
24, u=~/3V? +7,du=23vdv du = —21x8 sin(3x” +9) dx

718 1 4 15/8
u''® —du=——u +C 1 a3
J 23 153 Ju- (__jdu =Tt
15/8
C 1 4/3
15\/'(\/—\/ +n) * ——g[cos(3x7 +9)] +C
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33.

34.

35.

36.

37.

38.

39.

40.
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u= cos(x3 +5),du = —3x2 sin(x3 +5) dx
Iug- L du :—iulo +C
3 30

= —iocoslo(x3 +5)+C

u= tan(x‘3 +1) ,du= —-3x74 secz(x_3 +1) dx
5 1 S 6/5
u-|—={du=-—u>">+C
J‘I( 3] 18

= —%[tan(x’3 +1):|6/5 +C

u=x2 +1, du = 2xdx

2
[0+ @x)dx = [ *utdu = o
0 1 11 X

1 .11 1 .11 2047
== |-| =@ =
[11() } [11() } 11
u:x3+1,du:3x2dx

1
Iol Vx® +1(3x2)dx :.[;\/Jdu :Euyz}
- 0

(93

u=t+2du=dt

Isl o fru - [_ﬂ
(o

u=y-1du=dy

10 9 2 S
Iz Vy-1dy= .[1 Judu = [§u3/2}1

-2en|-2)|-2

u=3x+1,du=3dx
IB\/3x+1dx—1_[8\/3x+1-3dx—1j25x/adu
5 " 3J)5 T 316

(2,327 _[2100 | _[2 6ay | 122
_[gu L_[gazs)} [9(64)}_ 2

u=2x+2,du=2dx

7 7
(VY L SN
12x+2 271 \J2x+2

zljmurl’zolu:[\/J]z6 —4-2=2

274

5

1

Section 4.4

41,

42.

43.

44,

45,

46.

U=7+2t% du=4tdt

[P N7+ 2 @ydt=2[> N7+ 202 ()t
_ijsfdu_[4 3/2}
25

4 4
- {5 (125)} —[5 (125)} =0

u=x®+3x,du :(3x2+3)dx

3 x241 1.3 3x%+3

—————dXx==| ——dx
L \/x3+3x 3'[1 \/x3+3x
zljlﬁu—llzdu _ Ful/zfﬁ

374 3 4
:(z.ej_(z.zjg

3 3 3

u = cos X, du = —sin xdx

nl2 ) l2 .
Io coszxsmxdx:—j0 coszx(—smx)dx

0
3
= —jouzdu = {_u_}
1 3

1
:0_(_1]:1

3) 3
u =sin3x, du = 3cos3x dx

nl2 .
Io sin® 3x cos 3x dx

:—j sin? 3x(3cos3x)d :—J' Lu2du

3 -1
H :(_1}0:_1
9 9 9
0
U =x2+2x, du = (2x+2)dx = 2(x+1) dx
[ ; (x+1)(x2 +2%)2 dx
- ;%(xz +23)22(x +1) dx

1.3 3T g
:—j wldu=| 1| =2
270 6 2

0

1
u :\/;—1, du=——=dx
2Jx

4 (x-1° 4 (x-1°
J.l de = 2."1 de
1

4
—ZJ‘u du=2 {u } :E
4 2

0

Instructor’'s Resource Manual



47, u=sind,du=cos@de@ 56. u=mxsind,du=mcosdda

1/2
I1/2 3 ut 1 1 L cosudu:l[sinu]” =0
uvdu=|—| =—-0=— ni-n n —n
0 64 64

. 57. u= cos(xz), du = —2xsin(x2)dx
48. u=cosd,du=-singdé

4 cosl 4
_J\/§/2U_3du_l[u_2]x/§/2_l(i_ j—i _ljcoslu;gdu:_i{u_} __Gcos 1+1
1 = . 2l3 ~6 271 2| 4 X 8 8
1-cos*1
49.  u=3x-3,du=3dx =78
0 . .
EJ‘ 5 C0sU du :l[sm u]g3 :E(O—sm(—3))
3% 3 3 58.  u=sin(x%),du =3x? cos(x®)dx
sin3 3 n:218)
== 1 sin(z°/8) - 1 g7sin(z=/8
3 = u“du==|u
Sj—sin(n?’/S) 9[ ]—sin(n3/8)
50.  u=2nx,du=_2ndx . 3( .3
1 1 n 2sin "8)
T . T
— | sinudu=-—[cosul|, =——(-1-1 =
2712'[0 Zn[ ]O 21t( ) 9
1
= - 59. a. BetweenOand3, f(x)>0. Thus,

3
, jof(x)dx>o.
51. U = nx“, du = 2nx dx

ij.n sinudu:—i[cosu]g :_i(—l—l) b. Since f is an antiderivative of f',
21 ~0 21 2n 3.,
1 jof(x)dx=f(3)—f(0)
n -0-2=-2<0
_nyd _ 4 3
52. u=2x",du=10x"dx c. J‘O f(x)dx = f (3)— f '(0)
2n° 5
iJ' § cosudu:i[sinu]gfE =-1-0=-1<0
1070 10
= %(sin(Zns) ~0)= %sin(2n5) d. Since fis concave down at 0, f "(0)<0.
3
[ £re0dx=f'(3) - £(0)
53 U=2xdu=20x =0-(negative number)>0
1¢n/2 1en/2 .
= cosudu+—j sinudu
27 2% f hus, [ f(x)d
~LrinuT™2 - Lreosul™'2 60. a. On[0,4], f(x)>0. Thus, ['f(x)dx>0.
_E[ ! u]o _E[ u]o
1 1 b. Since fis an antiderivative of f',
=5-0)-2(0-D=1 y
jo f(x)dx = f(4)— f(0)
54.  u=3x,du=3dx;v=>5x,dv=5dx =1-2=-1<0
3n/2 /2
lj. 5 cosudu+lj.57E sinvdv 4
3 -3n/2 5 -5n/2 C. jo fu(X)dX: f'(4)— f .(0)
1, . 3r/2 1 51/2
=3 lsinul s, ~gleosvls, o220
4 4

1 1 2
=S(CD-1-0-01=-%

o

j(;‘ f"(x)dx = f "(4)— f (0)
55. u=cosx,du=-sinxdx = (negative) — ( positive) < 0

—LO sinudu = [cosu]f =1-cosl
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61.

62.

V=] vi)=] (20—t)dt:20t—%t2+C
V (0) = C =0 since no water has leaked out at
time t=0. Thus, V (t) = 20t - 112 , SO

2
V (20)-V (10) = 200-150 =50 gallons.

Time to drain: 20t—%t2 =200; t =20 hours.
2 1

j\/ v :ﬁ

220 220
10 t 201
V(10)-V(9)= [ |1-— |dt ===
(10)-Vv(9) I9 ( 110) 220

55=V(T)—V(0)=IT[ 110)dt_T_2T220

b b"

a. ja x"dx = Bn;jan Vydy=A,
Using Figure 3 of the text,
(@)@") + Ay + B, = (b)(b") or
B, + A, =b"—a™! Thus

n
J'ab Xndx +.[abn Wdy — bn+1 _ an+1

b p"N
b. ja X" dx+.|‘an Uy dy
n+1 P p"
_| X J{ (n+1)/n}
= y
n+1 n+1 an
a

1 1
_ b™* _an+ + n p+l _ n amtl
n+l n+1 n+1 n+1

D™ -(neDa™  h ea

T =110 hrs
n+1
63. Use a midpoint Riemann sum with n=12 A
partitions. c. — " ¥ dx = K+l
12 B J. n +1[ L
V:Zf(xi)AX 1 i onu
i1 =1 1(b a’)
~15.4+6.3+6.4+65+6.9+75+8.4 0
b
+8.4+8.0+7.5+7.0+6.5) [ (n+1)/n}
d
848 M=l  Uyey=| oy .

64. Use a midpoint Riemann sum with n =10 = n+1(b”+l a”*l)
partitions.
10 nB. — n pn+l _ gty
V=" (x)Ax n n+1( )=
i-1

_ [ 6200+6300+ 6500+ 6500+ 6600
~ 7| +6700+ 6800+ 7000 + 7200 + 7200

68. Let y:G(x):jaXf(t)dt. Then

=67,000 Y _g (x)=f(x)
dx
65.  Use a midpoint Riemann sum with n =12 dy = f(x)dx
partitions. Let F be any antiderivative of f. Then
12 G(x)=F C.When x=a, we must have
E= S P(4)At (x)=F)+ X we must hav
i=0 G(a)=0. Thus, C =-F(a)and
+6.5+6.3+7.2+8.2+8.7+5.4) obtain
=145.2 b
ja f (t)dt = G(b) = F(b) - F(a)
66.  o(x)=m'(x) =1+§

mass =I()25(x)dx= m(2) =

N o

3 3P
69. joxzdx{%} -9-0=9
0

~

2
j2x3dx={x—} —4-0=4
0 4

0
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71 Jn sinxdx = [ ~cos X]g 1419 77. a. Letcbein (a,b). Then G'(c) = f(c) by the
0 First Fundamental Theorem of Calculus.
) Since G is differentiable at ¢, G is
79 J'OZ (L+x+x2) dx = [XJF%Xz +%x3} continuous there. Now suppose c=a.
0 Then lim G(x) = ||mj f(t)dt. Sincefis
_[242+8]-0-2 e
-|ler 3 T3 continuous on [a,b], there exist (by the
_ o ) Min-Max Existence Theorem) m and M such
73. Theright- endpomt Riemann sum is that f(m)< f(x)< f(M) forall xin [a, b].
n
Z[O+QJ ( j ZI , which for Then
i n n n3 — X X X
i=L i=1 j f(m)dtsj f(t)dtsj f(M)dt
77 a a a
n =10 equals ﬁ=0-385- (x—a)f(m)<G(x) < (x—a)f(M)
1 By the Squeeze Theorem
1 1 1 — : -
J' xzdx:[—x‘ﬂ =-=0333 lim (x—a)f(m)< lim G(x)
0 3 ] 3 x—a’ x—a’
< lim (x—a)f(M)
4 4 4 x—a*
74 J.—z (2[[x]]—3|x|)dx:2j_2 [[x]]dx—SJ‘_2 |X| dx Thus,
=2[(-2-1+0+1+2+3)(1)] lim G(x)=0= j f(t)dt =G(a)
1 1 x—at
—3[5(2)(2) +E(4)(4)} Therefore G is right-continuous at x=a .
- o4 Now, suppose ¢ =b. Then
lim G(x)= lim j f(t)dt
75 d(1 1 X| X| 3 x—b~ x—b~
" oaxl2 d =255 +?_|X| As before,
b (b-x)f(M<G(X)<(b—x)f(M) sowe
J‘ |x| dx [ X|X|} —(b|b| —a|a|) can apply the Squeeze Theorem again to
a obtain
lim (b—x)f(m)< lim G(x)
76. Forb >0, ifbisan integer, x—b~ X—b~
jb[x]]dx:0+l+2+~--+(b—1) le_':)[(b—x)f(M)
z (b 1)b Thus
N lim G(x)=0= j f(t)dt = G(b)
x—b™

If b is not an integer, let n=[b]. Then
j;ﬂx]]dx — 041424+ (n—1)+n(b—n)

_(=Dn by

- PO, oo

Therefore, G is left-continuous at x =b.

. Let F be any antiderivative of f. Note that G

is also an antiderivative of f. Thus,
F(x) =G(x)+C . We know from part (a)

that G(x) is continuous on [a,b]. Thus
F(x), being equal to G(x) plus a constant,
is also continuous on [a,b].
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1, x>0 1 (2
= ! 6- A d
78. Let f(X) {0’ <o & F(9= j f(t)dt. 513 ESLE
If x<0,then F(x)=0. If x>0, then _1 IO (_X+X)dx+I22de
. 5\J-3 0
F(x):j_lf(t)dt =1[xzf=f
- [° odt+ [“1t 5- 05
-1 0
=0+x=x 7. lf”cosxdx=l[sinx]g
Thus, pidY Vg
FO) =1 x>0 =i[8in7z—sin0]=0
0, x<0 s
which is continuous everywhere even though 1 1
. . T . _ = (_ T
f (x) is not continuous everywhere. 8. m.[o sin xdx_”( cosx)0
. 1 2
4.5 Concepts Review = —;(—1—1) ==
1 ¢b
1. —— | f(x)dx - Vz
b—a’a () 9. #J‘\/—xcosxzdx_—( smxj
N 7z
2. f(c) 1
=—(0-0)=0
=00
2
3. 0; 2| f(x)dx
J.0 ( ) 10. ;J‘nlzsinzxcosxdx
712-070
. . /2
4, f(X+ p)=f(x), period :E[lsingx} _2
n| 3 0 3n
Problem Set 4.5
1 1 2
3 11. 1+ d 1+
1L [Fadae=2[x* ] =40 Pt ) o~ [ (7] }1
3-11 2 1
625 609

=—-2=—=76.125
8 8

4
4
2. ij 5x2dx =1 5x3 =35
4-1°1 313 |

/4
/ V3
12. ;J.” Yonxsec? x=—— | Lan?
7l4-170 zl4-1|2 0

3
3. 1 3;dx=l[\/x2+16} =1 2 2
3-0°0 2,15 3 o 3 =m(1—0):m

2

2
a. szx—deF\/x%le} 13

72
;z/25|n\/_ 4
7—;0 ° x3+162 213 0 ' 7,/4I,,/4 NG 2= |- ZCOS(LM
:g(m“‘):g(*@—z) =%(cos 7[/4—005\/ﬂ/2)z0.815
5. 112'[ (2+]x])dx 14 _L ri2sinveosv o

nl2 jo J1+cos?v
= %[—«/H cos?v le
0
2
:;(_Hﬁ)

:%U_Z(Z—x)dx+.[;(2+x)dx}
:%{[Zx—%xzfz [2x+% 2}2}
- %(—2(—2)+%(—2)2 + 2+%) ==L
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2

3
15. jOVX+1dX:VC+1(3‘O) 24, ‘[02x3dx=c3(2—0);[%x4} =2c¢2

3 0
2 —
|:§(X+1)3/2:| =3vc+1 C::\S/Ez]_ZG
0
14/3=3c+ 1 ¢ = 22 1,42 25. j4(ax+b)dx=(ac+b)(4—1
81 1

)

4
[ix2+bx} = 3ac + 3b; c=E
2 2

16. J.il x? dx = ¢® (1-(-1)) i

15T 2 3 A
=X =2c°;c=+—~+0.58
[3 }1 3 26. j;)yzdyzcz(b—o);[%yﬂ =hc?
0
3 b
17. [, (10 )dx=(1-¢?)(3+4) L
74 3
157 2 v
X—=X =7-7c¢c
[ 3 L; JB(ax+b)dx
J39 2. Ao———=1(¢)
C:iT:i208 - B
[2x2+bx}
18 jlx(l—x)dx:c(l—c)(l—o) == A _ac+b
"o B-A
-x?(2x-3) i 2 8 (B-A)(B+A)+b(B-A)
6 —c-¢ 2 =ac+b
0 B-A
a_, a _
c=3”§z0.21 or 0.79 5B Atb=ac+b;

6
C:EB+£A=(A+B)/2
2 2

b
28. I;ayzdy:acz(b—o);[%ayg’} = abc?

0
b3
3

2
19. j02|x|dx=|c|(2—0); {T} =2[c|; c=1

2
20. j_22|x|dx=|c|(2+2); {%} =4lc);c=-11 .
-2

-z ¥
[-cosz]* =2msinc; ¢=0

1000

22. joﬂ cos 2y dy =(cos2c)(z—0)

S00

. V3
{sty} =7C0s2C; C= 3—” & o x
2 g 4

NG

30. Using c=0.8 yields 2(3+sin 0.82)z7.19

v

23, [2(v2-v)v=(c? ~c)(2-0)

3
x/ﬂ+3

c= ~1.26
6

2 4
Fv‘?’—lvz} =2¢’>-2¢ )
2" |, )

1
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=3.2 38.

[oe]

NEE:
J

. . 3
31. Using ¢ =0.5 yields 2 x2 cos(x3) dx = ZJ‘\/—HX2 cos(x3)dx
—Jgn 0

1+0.52
.

[ :%[sin(x%]frE =§Sin(3\/§n3)

A
/1\ 39. jn (sin X + cos x)? dx
-
—I|

. T . .
— = [ (sin® x+2sin xcos x+cos” x) dx
—Tt

X

16V =[" @+2sinxcosx)dx = [ dx+[" sin2xdx
32. Using ¢ = 15 yields (E] (20-10) ~13.8.. o o -
:ngdx+0=2[x]6 =2n

A -
e

\ 4

e

I::/zz zsin2(23)cos(z3)dz =0, since
(-2)sin®[(-2)*]cos[(-2)°]
= —zsinz(—z?’)cos(—zs)
=—z[-sin(z®)]? cos(z®)

=—zsin2(z3)cos(z3)

5 10 15 20 X

33. A rectangle with height 25 and width 7 has
approximately the same area as that under the

curve. Thus 1 » 3
7 41. 1+ X+ X+ x7)dx
%IOH(t)dtz% [ )
1 1 1 1
=I dx+j xdx+I x2dx+j x3dx
. . . -1 -1 -1 -1
34. a. Arectangle with height 28 and width 24 has 1L
approximately the same area as that under B Z[X]l 1042 X L0228
the curve. Thus, h 0 3
0
24
Tlo 0 T(t)dt~ 28
- 100
42. J.floo (v+sin V+VCosV+sin® v)5dv =0
b. Yes. The Mean Value Theorem for Integrals ) ) 3 5
guarantees the existence of a ¢ such that since (—v+sin(-v)—vcos(-v) +sin”(-v))
1 24T(t)dt:T(c) = (~v—sinv—vcosv—sin3v)°
24-070

. . 3 5
. - =—(v+sinv+vcosv+sin®v
The figure indicates that there are actually ( )

two such values of ¢, roughly, ¢ =11 and

c=16. 43. Jfl(‘x3‘+x3)dx:ZJ';‘X3‘dx+E1 x3dx
1
T . T . T 4
35. I_n (sin x + cos x) dx:j_n5|n xdx+2j0 cos x dx _ Z{X_:l +0:§
0

=0+2[sinx] =0

0 4
44, fﬁ/ (|x|sin5 x+|x|2 tan x)dx =0
3 -nl/4
1 X . . .
36. J‘il de =0, since the integrand is since |—x|sin5(—x) +|—x|2 tan(—x)
+X
odd. =—|x|sin5x—|x|2 tan x
n/2  sinx . . . —a b
dx =0, since the integrand is odd. . = i .
I, T ooex g 45. [77 £()dx=[ f(x)dx whenfis even
- b .
[~7 f(dx=—[ f(x)dx when fis odd.
-b a
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46.

47.

~

48.

4

50.

51.

iy

52.

53.

©

u=-x,du=-dx
I: f (-x)dx = —J::

= j:; f(u)du = j:: f(x)dx since the variable

used in the integration is not important.

f(u)du

rm |cosx|dx=8J'n-/2 |cos x| dx
0 0
=8[sin x]g/2 =8

Since sin x is periodic with period 27, sin 2x is
periodic with period = .

j;n|sin 2X|dx = SjJ/zsin 2xdx

1 /2
=8[——0052x} =-4(-1-1)=8
2 0

Ilﬂ |sin x|dx=J'Tt |sin x|dx=J'Tt sin x dx
1 0 0

=[-cosx]; =2

.\I

(]

2k

j2+n/ |sin 2x| dx

|5|n 2x| dx = I

;[ c:ost]”/2 =1

I1+”|cos x| dx = Jﬂcos x| dx = 2_[(;”2003 X dx

=2[sinx]7'? =2(1-0)=2

The statement is true. Recall that
— 1 ¢b
f=—-| f(x)dx.

b ala (x)

[ fax=T| dx:ﬁj: f (e[ dx
zbflajf f(dx-(b-a)= [ F () dx

All the statements are true.

b
L udx+L vdx
—a‘a b_

a. u+v=

b —_
=bij‘a (U+v)dx=u+v
-a
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54.

55.

b k—zijbudpi kudx = ku
b-a‘a -a

c. Note that
1

U= ar ()dx -

we can assume a<b.
1
b-a

bJ‘bu(x)dx,so

<
II

dx<—.[ vdx =

a. V =0 by periodicity.

b. V =0 by periodicity.

c. rms_.[ 2 sin ? (1207t + ¢) dt

=j V?sin? (120t)dt

0

by periodicity.

u=120xt, du=120~xdt
2 1 1207~

_ 2 2
Vrms__lZOﬂ' o Vesin“udu

\72 1 1207
=——| —=cosusinu+—u
|-emusinu o

d. 120—V\/_

V= 120f ~169.71 Volts

Since f is continuous on a closed interval [a,b]
there exist (by the Min-Max Existence Theorem)
anmand M in [a,b] such that

f(m)< f(x)< f(M) forall x in [a,b]. Thus

j:f(m)dxsj:f(x)dxsj:f(M)dx
(b-a)f (m) <" f(x)dx<(b-a) (M)

f(m)srlaj:f(x)dxs F(M)

Since f is continuous, we can apply the
Intermediate Value Theorem and say that f takes
on every value between f(m) and f(M). Since

1
b _
there existsa cin [a,b] such that

f(c):ﬁj‘:f(x)dx.

f(x)dx is between f(m) and f(M),

56. a. J.()Zn('sin2 X +c0s? x) dx = L)Zn dx = [x]ZTE =2z
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b. A 58. a. Odd
b. 27
c. This function cannot be integrated in closed
form. We can only simplify the integrals
-2 2n¥ using symmetry and periodicity, and
B approximate them numerically.
Note that '[ x)dx =0 since fis odd, and

y I’Ha f (x)dx=0 since
T—a
f(r+x)=—f(z-x).

MM j;lz f (x)dx =%J1 (1)~ 0.69 (Bessel

- o function)
i J‘_;;//z f(x)dx:O
2+ 32 zl2
2, 2n ; x=|, f(X)dXz0.69
c. 2n=jo cos xdx+j0 sin© xdx 30/2
—ijncoszxdx thus Izncoszxdx Igﬁlz dX ’ I Xdx=0
0 ’ 0 J‘Bﬂlﬁ x)dx = I x)dx=0
2n . 9 716
:I sin“ xdx=m 47r/3
0 L;/e x)dx ~1.055 (numeric integration)
57. a. Even [ (x)dx=[ "% £ (x)dx = 1.055
b. 27 i i
c. On [0,7[], |sin x|=sinx. 59. a. Written response.
= , du=-sinxd
U=cosx, du=—sinxdx b, A:j(?g(x)dx=j§3f(£x)dx
I f(x)dx:j sin x-sin(cos x) dx g a
C
:—J' sinudu=cosu+C _I —f(x) % ox= 2J.o F(x)dx
=cos(cosx)+C B:.[o h(x)dxz.[o —f (Exjdx
Likewise, on [7,27], c b
I f (x)dx =—cos(cosx)+C —I —f() dx ngf(x)dx
7l2
[y~ f(x)dx=1-cos1~0.46 Thus, [/ g(x)o|x+j0 h(x) dx

rl2 7l2
I o f(x)dx = ZJO f (x)dx

2 2
- =a—2jcf(x)dx+b—zjgf(x)dx
=2(1-cos1) ~0.92 c

3ml2 7 3ml2 _a 2402 (c

Io f(x)dx:J'0 f(x)dx+jﬂ f (x)dx =2 I f(x)dx = j f (x)dx since
2 =cosl-1~-0.46 a® +b? =¢? from the triangle.

712 312

[, FOdx=2[ " (x)dx

=312

60. |Iffisodd, then f(—x)=-f(x) and we can
=2(cos1-1)~-0.92

write
[ (x)dx=0 [° food= [ [ (x]dx = [ f(u)du
J‘:TGIB f (x)dx=2c051—cos(§]+cos(%) =—j;f(u)du Z—I; F(x)dx

On the second line, we have made the

10 /3 - _044/43 substitution u = —x.
0 T
[ Jax=[ 7 F (x)dx ~~0.44
1372'/6
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4.6 Concepts Review

1. 1,222, ..,21
2. 1,4,2,4,2,...,4,1
3. n?

4. large

Problem Set 4.6

1 3-1
1. f(x) =z h_T_O.ZS
X =1.00 f(x)=1 X5 = 2.25
x =1.25 f(x)=0.64 Xg = 2.50
Xp =1.50 f(xp) ~0.4444 X7 =2.75
X3 =1.75 f (x3) ~ 0.3265 Xg =3.00
Xq4 =2.00 f(x4)=0.25

Left Riemann Sum: '[ —dx=~0.25[f (xg) + f () +...+ T (X7)] = 0.7877

Right Riemann Sum: inzdx ~0.25[f(x)+ f (x2)+...+ f (xg)] ~ 0.5655

0.25

Trapezoidal Rule: _[—d ~—[f(x0)+2f(xl)+ +2f(x7)+ f(xg)] = 0.6766

%[f(x0)+4f(x1)+2f(x2)+ +41(x7)+ f(xg)] = 0.6671

3
— |:_l:| - _1+1:3z 0.6667
3 3

Parabolic Rule: Il —2
X

3
Fundamental Theorem of Calculus: Il izdx
X

Xh
2. f(x) :13; h :%:0.25
X
Xp =1.00 f(x) =1 X5 =2.25
X =1.25 f(x)=0.5120 Xg = 2.50
X, =1.50 f(x9) = 0.2963 X7 =2.75
X3 =1.75 f(x3) =~ 0.1866 xg =3.00
X4 = 2.00 f(x4)=0.1250

. 3
Left Riemann Sum: jl igdx ~0.25[ f (Xg) + (%) +...+ f (X7)] = 0.5799
X

Right Riemann Sum: J.laisdx ~0.25[f(x)+ f (x2)+...+ f (xg)] ~ 0.3392
X

0.25

Trapezoidal Rule: j—d ~—[f(x0)+2f(x1)+ 421 (x7)+ f(xg)] = 0.4596

%[f(x0)+4f(x1)+2f(x2)+ +41(x7)+ f(xg)] = 0.4455

3
{_LZ} _ 2 04444
2X° 1t 9

. 3
Parabolic Rule: Il ig
X

3
Fundamental Theorem of Calculus: L isdx
X

Instructor's Resource Manual

f (%) ~ 0.1975
f(x) =0.16

f(x;) ~0.1322
f(xg) ~0.1111

f(x5) ~ 0.0878
f (Xg) = 0.0640
f(x;) ~0.0481
f (xg) ~0.0370
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3. f()=+x:h :%:o.zs
Xp =0.00 f(x)=0 X5 =1.25 f(x5) ~1.1180
X =0.25 f(x)=05 Xg =1.50 f(xg) =1.2247
Xp =0.50 f(x) ~0.7071 X7 =1.75 f(x7) ~1.3229
X3 =0.75 f (x3) = 0.8660 Xg = 2.00 f(xg) =1.4142
X4 =1.00 f(xg)=1

Left Riemann Sum: jozﬁdx ~0.25[ (Xg) + F (%) +...+ f (x,)] ~ 1.6847

— 2
Right Riemann Sum: '[0 xdx = 0.25]  (x) + f (X )+t T (xg)] ~ 2.0383
Trapezoidal Rule: I(Jzﬁdx z%[f (Xg)+2F (%) +...+2F (x7) + T (xg)] =1.8615

Parabolic Rule: jOZ\/}dx :0'—;5[f(x1)+4f(x2)+2f(x3)+...+4f(x7)+ f (xg)] ~1.8755

2
2
Fundamental Theorem of Calculus: .[o Jxdx = E x3’2} = % ~1.8856
0
4. f(x)=x x2 +1; hz%:O.ZS
X, =1.00 f (%) ~1.4142 X = 2.25 f (%g) ~ 5.5400
X =1.25 f (%) = 2.0010 Xg = 2.50 f(xg) = 6.7315
X, =1.50 f(xp) ~ 2.7042 X; = 2.75 f (x,) ~ 8.0470
X3 =1.75 f (X3) ~ 3.5272 XS =3.00 f (Xg) ~ 9.4868

X4 = 2.00 f(x4) ~ 4.4721

3
Left Riemann Sum: jl X% +1dx ~ 0.25[ f () + f (¥)) +---+ f(¥X;)] ~8.6093
3
Right Riemann Sum: jl xVx% +1dx ~ 0.25[ f (%) + f (Xp)+...+ f (xg)] = 10.6274

Trapezoidal Rule: jfx X2 +1dx ~ 0'_225[ f(Xo)+2F(x)++2F(x7)+ f(xg)] ~9.6184

Parabolic Rule: 3x G +1dXz%[f(x Y+A4f (X)) +2F(Xp)+---+4F(x7)+ f(xg)] =9.5981
1 3 0 1 2 7 8

3
3
Fundamental Theorem of Calculus: L Xy x2 +1dx = E(x2 +1)3/2} = %(10\/10 - 2x/§) ~ 9.5981
1

2 ., 1-0
5. f(x)= x(x +1) h="2m=0125
Xp = 0.00 f(x)=0 X5 = 0.625 f (x5) ~ 3.2504
X =0.125 f(x)=0.1351 Xg =0.750 f(xg) = 6.9849
X, =0.250 f(xy) ~ 0.3385 x; =0.875 f(x7) ~15.0414
X3 = 0.375 f(x3) = 0.7240 Xg =1.000 f(xg) =32
X4 = 0.500 f(x4) ~1.5259
282 Section 4.6 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



5
Left Riemann Sum: 1x x2 +1) dx ~ 0.125[ f (Xg) + f (X)) +---+ f(X7)] =~ 3.4966
0 0 1 7

5
Right Riemann Sum: J';x(x2 +1) dx ~ 0.125[ f (%) + f (Xp ) +...+ f(xg)] = 7.4966

0.125

2
0.125

3

5
Trapezoidal Rule: I;x(xz +1) dx = [F(Xo)+2F (x)++2F (%) +  (¥g)] ~5.4966

5
Parabolic Rule: j;x(x2+1) dx ~ [F(xg)+4F () +2f (Xp)+-+4F(x7)+ f(xg)] ~ 5.2580
Lo 0 12 6T
Fundamental Theorem of Calculus: I x(x +1) dx = —( +1) =5.25
0 12 .

6. f(x)=(x+1)*?;h _4-1 _oars
Xo =1.000 f (xo) ~ 2.8284 X5 = 2.875 f (xg) ~ 7.6279
x =1.375 f (%) ~ 3.6601 Xg = 3.250 f (xg) ~8.7616
Xp =1.750 f(xy) = 4.5604 X7 =3.625 f(x7) =9.9464
X3 = 2.125 f (x3) ~ 5.5243 xg = 4.000 f (xg) ~11.1803
X4 = 2.500 f (x4) ~ 6.5479

)2 dx = 0.375[ f (xg) + f (%) +-+-+ f (x7)] ~18.5464

4
Left Riemann Sum: L (x+1

312 dx ~ 0.375[  (x) + F (Xp ) +...+ F (Xg)] ~ 21.6784

0375
2
0375

Right Riemann Sum: .[14(x+1)

Trapezoidal Rule: jl“(x+1)3’2 dx [f(xg)+2F () ++2F(x)+ f (xg)] ~ 20.1124

Parabolic Rule: j14(x+1)3/2 dx [f(Xo)+4F(xg)+2f (X)+--+4F(x;)+ f(x)] ~ 20.0979

3
4
Fundamental Theorem of Calculus: J'14(x +1)3/2 dx = E(x +1)5/2 l ~20.0979
7.
LRS RRS MRS | Trap Parabolic
n=4 | 05728 | 0.3728 | 0.4590 | 0.4728 | 0.4637
n=8 | 0.5159 | 0.4159 | 0.4625 | 0.4659 | 0.4636
n=16 | 0.4892 | 0.4392 | 0.4634 | 0.4642 | 0.4636
8.
LRS RRS MRS | Trap Parabolic
n=4 | 1.2833 | 0.9500 | 1.0898 | 1.1167 | 1.1000
n=8 | 1.1865 | 1.0199 | 1.0963 | 1.1032 | 1.0987
n=16 | 1.1414 | 1.0581 | 1.0980 | 1.0998 | 1.0986
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LRS RRS MRS | Trap Parabolic

n=4 | 2.6675 | 3.2855 | 2.9486 | 2.9765 | 2.9580

n=8 | 2.8080 | 3.1171 | 2.9556 | 2.9625 | 2.9579

n=16 | 2.8818 | 3.0363 | 2.9573 | 2.9591 | 2.9579

10.

LRS RRS MRS Trap Parabolic

=4 | 10.3726 | 17.6027 | 13.6601 | 13.9876 | 13.7687

n=8 | 12.0163 | 15.6314 | 13.7421 | 13.8239 | 13.7693

n=16 | 12.8792 | 14.6867 | 13.7625 | 13.7830 | 13.7693

’ 1 . n
11. f(x):—x—z, f (x)=x—

The largest that |f”(c)| can be on [1,3] occurs when ¢ =1, and |f” (1)| =2

3
(3_1)—(2) <0.0L n> /4—20 Round up: n =12

12n?
jf%dx = 0'1267 [f (X)+ 2 (xg) -+ 2F (1) + f (%g2)]
~1.1007

12, F(x)=—— f7(x)=—2
(1+x) (1+x)
The largest that |f”(c)| can be on [1,3] occurs when ¢ =1, and |f"(1)|:%.
(3-1)°(1 100
5 (—)30.01; n>,[— Roundup: n=5

12nc \ 4 6

31 0.4

——dx~—[f(xg)+2f (X)) +--+2F(xg)+ f(x
[T =TT o)+ 2 (%) () + T (%6)]
~ 0.6956

1 1
13. f'(x)=——; f"(X)=——3—=

()=t 100 =5
The largest that |f”(c)| can be on [1,4] occurs when ¢ =1, and |f”(1)|:%.
(4-1)° (1 900
—2(—j30.01; n>,[— Roundup: n=8

12n 4 16
Il4ﬁdXz0'275[f(x0)+2f(x1)+---+2f(x7)+f(x8)]
~ 4.6637
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1 1
14. f'(x)= )=
Wt T
The largest that |f(c)| can be on [1,3] occurs when ¢ =1, and |f”(1)|:—4x;l2 :
ﬂ(#qul‘ n> 100 Round up: n=3
12n? \4x2%2)7 777 T \1242 '
3 0.667
[[x+lds 5L 00)+2 () + 2 () + T ()]
~ 3.4439
15 f/(x)=—si £7(x)=2; £7(x) =0
X X X
4 24
(0=
X

The largest that ‘f(4) (c)‘ can be on [1,3] occurs when ¢ =1, and ‘f(4) (1)‘ =24.

(4-1)°
7(24)<0.0L n~4.545 Round up to even: n=6
180n
f’ldx z%[f(x0)+4f(x1)+...+4f(x5)+ f ()]
X

~1.0989

16. f'(x)= : f"(x)=——3/2;

2Jx+1’ 4(x+1)

:;, f(4)(x _L
8(x+1)*"? 16(x+1)""?

3
The largest that ‘f(4) c‘ can be on |4,8| occurs when c=4, and ‘f(“) 4 ‘z—.
g () [48] () 400+/5

(8-4°( 3
— <0.0}, n=~1.1753 Round up to even: n=2
180n* | 4005
8 2
[, /x+1dx zg[f (%0)+4T (x)+ f(x,)]~10.5464
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mth, as b o m+h
17. j (ax® +bx+c)dx =] =x° +=x“ +cx
m-h 3 2 m—h

— 3 mindel 2 Ao 2 mony? —cm-
—3(m+h) +2(m+h) +c(m+h) 3(m h) 2(m h)c —c(m-h)

:%(6m2h+ 2h3)+%(4mh)+c(2h) :%[a(em2 +2h?) +b(6m) + 6¢]

2[f(m—h)+4f(m)+ f(m+h)]
=g[a(m—h)2 +b(m—h) +c+4am? + 4bm + 4c + a(m+h)2 +b(m+h) +c]
= %[a(sz +2h?) +b(6m) + 6¢]

18. a. To show that the Parabolic Rule is exact, examine it on the interval [m —h, m + h].
Let f(x)= ax® +bx% +cx+ d, then

fr;nj:f(x)dx
:%[(mm)“—(m—h)4]+g[(m+h)3—(m—h)3]+§[(m+h)z—(m—h)2]+d[(m+h)—(m—h)]

_ %(Bm?’h +8hm) +%(6m2h+2h3) +§(4mh) +d(2h).
The Parabolic Rule with n = 2 gives

j”“h f (x) dx :%[f(m—h)+4f(m)+ f (m+h)] = 2am>h + 2amh® +2bm2h+§bh3 +2chm + 2dh

m-h
- %(8m3h +8mh3) +%(6m2h+2h3) +%(4mh)+d(2h)
which agrees with the direct computation. Thus, the Parabolic Rule is exact for any cubic polynomial.

115
b. The error in using the Parabolic Rule is given by E, = —% f(4) (m) for some m between | and k.
180n

However, f'(x)=3ax> +2bx+c, f"(x) =6ax+2b, & (x)=6a, and f*(x)=0,s0 E, =0.

b
19. The left Riemann sum will be smaller than L f (x)dx.

If the function is increasing, then f (x; )< f(x;,1) on the interval [x;, X, ]. Therefore, the left Riemann sum will
underestimate the value of the definite integral. The following example illustrates this behavior:

Fixna)

b ae
X 5
Area = fix,,) Ax

R Xgol
Inscribed polvgon

(b-a)°
2n

If f is increasing, then f'(c)>0 forany ce(a,b). Thus, the error E, = f'(c)>0 . Since the error is

positive, then the Riemann sum must be less than the integral.
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20. The right Riemann sum will be larger than I: f(x)dx.

If the function is increasing, then f (x;) < f (1) on the interval [x;,x;,;]. Therefore, the right Riemann sum
will overestimate the value of the definite integral. The following example illustrates this behavior:

—_—

Tl g

Circumscribed polygon

. . (b—a)’ . .
If f is increasing, then f'(c)>0 forany ce(a,b). Thus, the error E, =— o f'(c)<0 . Since the error is

negative, then the Riemann sum must be greater than the integral.

b
21. The midpoint Riemann sum will be larger than L f(x)dx.

(b-a)’
24n?

If f is concave down, then f”(c)<0 forany ce(a,b). Thus, the error E, = f”(c)<0 . Since the error

is negative, then the Riemann sum must be greater than the integral.

22. The Trapezoidal Rule approximation will be smaller than j: f (x)dx :

(b-a)’
12n?
error is positive, then the Trapezoidal Rule approximation must be less than the integral.

If f is concave down, then f"(c)<0 forany ce(a,b). Thus, the error E, = - f”(c)>0 . Since the

23. Letn=2.
f(x):xk; h=a
X = -2 f (%) = —a"
X =0 f(x)=0
Xo =a f(xz):ak

ja xkdXzE[—ak +2.0+a1=0
—a 2
a
ja xkdx{ixkﬂ} :L[aku_(_a)ku] _ 1 [ 2k = 0
-a k+1 _a k+1 k+1
A corresponding argument works for all n.

24. a. T=~48.9414; f'(x)=4x>

_[403)° - 4()°)(0.25)
12
The correct value is 48.4.

T ~ 48.9414 - 0.5417 = 48.3997
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25.

26.

217.

28.

29.

b. T=1.9886; f'(x)=cosx

T [cost—cos0] (ﬁ)z

12
The correct value is 2.

~1.999987

The integrand is increasing and concave down. By problems 19-22,
LRS < TRAP < MRS < RRS.

The integrand is increasing and concave up. By problems 19-22,
LRS < MRS < TRAP < RRS

Az%[75+2-71+2-60+2-45+2-45+2-52+2'57+2-60+59]:4570 ft2

Az§[23+4-24+2~23+4-21+2~18+4-15+2~12+4-11+2-10+4~8+0]: 465 ft2

V = A-6~2790 ft3

Az2—3?[0+4~7+2~12+4-18+2~20+4o20+2-17+4-10+0]:2120 ft2

4 mi/h = 21,120 f/h
(2120)(21,120)(24) = 1,074,585,600 ft3

30. Using a right-Riemann sum, 4. False:
8
. 24
Distance = Io v(t)dt ~ Zv(ti ) At
i=1
3
=(31+54+53+52+35+31+ 28)% 5 False:
= 852 =14.2 miles
6. True:
31. Using aright-Riemann sum,
120
Water Usange_.[0 F(t)dt 2 True:
10
~ > F(t) At =12(71+68+---+148)
i=1
=13,740gallons
8. True:
4.7 Chapter Review
Concepts Test
1. True: Theorem 4.3.D 9. True:
2. True: Obtained by integrating both sides of
the Product Rule
10. False:
3. True: If F(x) :j f(x)dx, f(x) isa
derivative of F(x). 11. True:
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f(x) = x> +2x+1 and
g(x) = X2 +7x-5 are a
counterexample.

The two sides will in general differ by
a constant term.

At any given height, speed on the
downward trip is the negative of
speed on the upward.

dp +ag+ay +ag+az+ay
+--+a 1 +ap_2+ay +ap
=ag+23 +2ay +---+2a,1 +a,

100 100 100

Y@i-n=2i->1

i-1 i=l =1

_ 2000)100+1) 145 _ 10 000
10 10 10 100
> (@ +)7 =Yt 2y 30
i-1 =1 bl

=100 + 2(20) + 10 = 150

f must also be continuous except at a
finite number of points on [a, b].

The area of a vertical line segment is 0.
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12. False:

13. False:

14.

15.

16.

17.
18.
19.

20.

21.
22.
23.

24,

25.

26.

217.

False:

True:

True:

True:

True:

False:

False:

True:
True:

True:

False:

False:

False:

False:

j‘flx dx is a counterexample.

A counterexample is
0, x#0
f =
(X) {1, x=0
ol 2
with Ll[f(x)] dx=0.
If f(x) is continuous, then

[f(x)]°>0,and if [f(X)]? is greater
than 0 on [a, b], the integral will be
also.

D, Uax f(z)dz}z f(x)

sinx +cos x has period 27, so

J':Jrzn(sin X+ €0s X) dx

is independent of x.

lim kf (x) =k lim f(x) and

X—a X—a

lim [ f(x)+g(x)]

X—a

= lim f(x)+ lim g(x) when all the
X—a X—a

limits exist.

13 ¥ is an odd function.

sin
Theorem 4.2.B
The statement is not true if ¢ > d.

2
DX J-X 12dt _ 2X2
0 1+t 1+ X

Both sides equal 4.
Both sides equal 4.

If f is odd, then the accumulation
function F(x):.[oX f (t)dt is even,

and sois F(x)+C forany C.
f(x)= x% isa counterexample.
f(x)= x? isa counterexample.
f(x)= x% isa counterexample.

f(x)=x2,v(x)=2x+1isa
counterexample.
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28.

29.

30.

3L

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.
44,

45,

46.

False:

False:

True:

True:

False:

False:

False:

True:

False:

False:

True:

True:

True:

True:

False:

True.

True.

False.

True.

f(x)= x% isa counterexample.

f(x)= Jx isa counterexample.

All rectangles have height 4,
regardless of ;.
F(b)-F(a)= ] F'(xdx

a

:j: G'(x) dx = G(b) - G(a)

a a
j_a f(x)o|x=2jO f (x)dx because f

is even.

Z(t) = t? isa counterexample.
b
[, fe0dx=F(0)-F(0)

Odd-exponent terms cancel
themselves out over the interval, since
they are odd.

a=0,b=1f(x)=-1,g(x) =01isa
counterexample.

a=0,b=1f(x)=-1,g(x) =01isa
counterexample.

|ag+ap +ag+---+ay|

<|ag|+|ap|+|ag|+:--+|an| because
any negative values of a; make the
left side smaller than the right side.

Note that —| f (x)| < f (x) <|f (x)|
and use Theorem 4.3.B.
Definition of Definite Integral

Definition of Definite Integral
Consider .[ cos(xz)dx

Right Riemann sum always bigger.

Midpoint of x coordinate is midpoint
of y coordinate.

Trapeziod rule overestimates integral.

Parabolic Rule gives exact value for
quadratic and cubic functions.
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Sample Test Problems 12, u=2y% +3y2 +6y, du = (6y2 + 6y + 6)dy

i ' y+y+l _ 135
14 3 3/2 5 ( ) u—Y5qu
1. | =X —=x"+2X ==
K L 4 L «5/2y3+3y +6y I
355
r 115 a/5 5 415 44415
2.3 17?13 :E[Zu } =z(355 11 )
2. —3x-=| == "
_3 Xl
4, .\2
i 1 7
3. | y®+9cosy- B]"_50_2 +Z__9cost ,Zi[ 2 } 2) 4
_3 y 1 3 T 3

- 9
" %(y2—4)3/2} :—8\@+77\3{ﬁ

4

r 8 -15(-125+35
5. 1(222—3)4/3} = ( )

| 16 2 16 L

r nl2 —S:
6. —lcos5 x} :l

L 5 o 5

14. f (x)_— £1(7) =
7. u=tan(3x? +6x), du = (6x + 6) sec’ (3x* + 6x)
3
ijuzolu:iu3+c 15. jO(Z—\/x+1)2dx
6 18
3
i[tan3(3x2 +6x)]n =itan3(3n2 +67) = Io (X+5—4\/x+1)dx
18 0 18 5
4 {l X +5x— (x+1)3’2} _3

8. u=t +9,du:4t3dt 2 o 6

1J25 uY 24y zi[uuz}% _1

5
49 2 9 16, J‘ 2.3 _adx = { (¢ - 4)3/2}
2

5-
2 —
9. l[§(t5+5)5’3} =i[375/3—65/3}~46.9 =204
505 L 25

4

3 17. 14(5—i)dx={5x+l} _39

{ 1 } 4 27 X2 xl, 4
10 |——| ==
oy-3y3 |, 27

noo..
18. > (3 -3
11. [(x+1)sin(x? +2x+3)dx B
j ( ) =(B-1)+(3%-3)+(3*-3%)+---+(3"=3" 1
Ll (w2
_Ej.sm(x +2x+3)(2x+2)dx -3"_1
1¢.
==|sinudu 10 10 10
2I 19. (6% -8i)=6) i° -8 i
1cos(x2 2X 3) C = = =
=—= +2x+3)+
> _ 6[10(11)(21)} B 8[10(11)} 1870
6 2
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1 1 1 13 -2 2
20 & —+—+—=— e. f(=x)dx=—|_ f(x)dx=-2
St5tg J;7 tE0dx=—[ f(0

12
b. 1+0+(-1)+(-2) + (-3) + (-4) = -9 24. a g
C. [ 0—£—1 0
s 2
21. a. n;ﬁ
b % 2n 0
. nx
Joh=Hex =~ 0w+ @3 =5
22. 4y
20 b. y
L 4 °
16
12: n=3 — G—)
s = )
4.—
_| IN L, B
0 > A | | o
0 4 x
| i 3 4
_nl—r>Tc]>o§ — (H jo[[x]]dx:l+2+3=6
(48 27,
:n“—>oo{z|:__n_3 }} C. Ig(x—[[x]])dx=f§xdx—‘.';[[x]]dx
n 1 4
- Iim{n21——2| } {Ele—e:s—s:z
N—o0 i=1
=J1nw{48—i—Z{W}} 25 a. fz f(x)o|x=2jo2 f(x)dx = 2(—4) = -8
= lim {48—2{2+§+%}} b. Since f(x)<0, |f(x | ~f(x) and
n—o0 n n )
=48-9=39 J.72|f(x)dx=—‘.‘
23 a jf F(x) dx = jlo f(de+ | 02 f (x) dx :‘ZI x)dx =8
=4+2=-2 )
c. .[—2 g(x)dx=0
0 1
b. =- =-
jl f (x)dx jo f(x)dx=—4 .
d. j_z [f(x)+ f(—x)]dx
2 2
c. jo 3f(u)du=3j0 f(u)du=3(2)=6 =2foz f(x)deJOz £ () dx
, = 4(-4) =-16
d. jo [29(x) -3 (x)]dx
:2]02 g(x)—3j02 f (x) dx
=2(=3)-3(2) =-12
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o

e. joz [29(x)+3F ()]dx

:2]02 g(x)o|x+3j02  (x) dx
= 2(5) + 3(~4) = -2

' 1 x 1
G (x)=—x—2 0 f(z)dz+;f(x)

d. G'(x) :jox f(t) dt

0 (2 ~ 9()d9(U) _ g(x)
o[, g(odx==[ g(x)dx=-5 e G(O=| du =[g(u)I§
100 =9(9(x)) - 9(0)
26. [ 40 (€ +sin®x)d=0 G/ = ()5 (Y
—X X
- f. G(X)= f(-t)dt=|_ f(u)(-d
27. j_413x2dx:3c2(—1+4) 0 =[y" f0dt =[] f )-du)
X
[Xg}_l o2 =—j0 f(u)du
N G'(x) =~f(x)
c2=7
c=—J/7=-2.65 4 _2 3/2 4_16
30. a. joﬁdx_g[x Jo_?
1
28. a. G(X)— 2 3 26
x2 +1 b. j dx == [ J =3
2X
b. G'(x)=
x* +1 31 f(x)= ISXEdt jmdt jledt
1
c. G'(xX)= - ") = —. 1 =
x+1 X241 re 5x5 2x2 0
29. a. G’(x):sinzx
b. G'(x)=f(x+1)— f(x)
32. LeftRlemannSumj dx ~0.125[ f (Xg) + f (%) +...+ f(x7)] = 0.2319
Right Riemann Sum: j dx ~0.125[f () + F(Xo) +...+ T (X3)] = 0.1767
1+x4
Midpoint Riemann Sum: j 70X~ 0.125[f (x5) + f (% 5)+...+ f (X75)] = 0.2026
1+x*
33, J-2 1 dx ~ 0.125
T14x
2 4
R _3)| (9@ (©RH-3)
3
Cee T )
(2-1° 1 . 154
E |= f"(c)| = ————| f "(c)| < =— ~ 0.2005
Bl = (12)82 (12)(64)| < 768
Remark: A plotof f" shows that in fact | *(c) <15, so |E,|<0.002.
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34, j“ 1 dxzo—j[f(x0)+4f(x1)+2f(x2)+...+4f(x7)+f(xs)]z1.1050

01+2x
‘f(“)(c)‘: 384 | <384
(1+ 2c)
| n|— ) (4) (C) 45 384 E
180 180-8% 180.8* 15

e’ ), )2 (6)2")+3)
| @’y |_ (1+14)3

35. |f*(c)=

(2-1°

.. 166
|E”|:‘_ e O

< 0.0001

| re)sg

2 166
(12)(0.0001)

Remark: A plotof f" shows that in fact | "(c)| <15 which leads to n=236.

~138,333 so n>,/138,333 ~371.9 Roundupto n=372.

3. |1(c))- 30 1 <384
(1+2c)
4 0 5
IE,|=|- ) 10 (e <23 g 0001
180-n* 180-n*
5
4 >W30%401)z 21,845,333, 50 n~68.4. Round up to n=69.

37. The integrand is decreasing and concave up. Therefore, we get:
Midpoint Rule, Trapezoidal rule, Left Riemann Sum

Review and Preview Problems

6. \/(x+h—x)2+((x+h)2—x2)2

1 (1% 11 1
—_| = -~ _—-_= 2 22
2 (2) 2 4 4 = Jh +(2xh+h)

2
2. X—X 7. V=(7-22)0.4=167

: 3 37
3. the distance between (1,4) and (¥4,4) is ¥4 -1 8. V = [r(4? ~12)[L157

4. the distance between
y : y
(Z,yj and (%/gy) is §/_—Z

5. the distance between (2,4) and (1,1) is

J2-1? +(4-1)2% =10

9. V =[z(rf - ;?)]Ax

10. V =[7(5% -4.5%)]6 = 2857
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2( 4 3 X5 X4 ?
11. J;l(x —2x +2)dx: Tt
-1

_E_(_EJ_E
5 10) 10

3 234, 3 53 3 .53 _
12. [(yPy =2y =28 a7
2 X2 xt x> x° ? 16
13. j -2 42 dx=|x—2v | =22
0 2 16 6 80 0 15

14. Letu :1+%x; then du :%dx and

hepax -2 _42.%
I +4xdx—9fﬁdu—93u +C
3

1
%
:i(1+ng +C
27 4

4 / 9 8 9 % ’
Thus,.[ 1+=xdx = —(1+—x
1 4 27 4
1
3/2
_ 811032 13" | (763
27 8
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