CHAPTER

Conics and Polar
Coordinates

10.1 Concepts Review

1.

e<l;e=1;e>1
y2=4px
. (0,1);y=-1

Problem Set 10.1

1. y? =4)x
Focus at (1, 0)
Directrix: x = -1
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y? =-4(3)x
Focus at (-3, 0)
Directrix: x =3
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Section 10.1

3. x%=-4(3)y
Focus at (0, -3)
Directrix: y =3
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4. X% =—4(4)y
Focus at (0, -4)
Directrix:y =4

¥
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5. y2:4(%]x

Focus at (1 O]
4

Directrix; x = —l
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6. y2=-3x 8. 3x? =9y

2 3 2 3
=-4| — |X X°=4|—
g (4) (4)y

Focus at [—g O) Focus at (O, E)
4 4

Directrix: x =% Directrix: y=-

' A

4

e Dlow

-

L1 g L1,
—4 20X
3
)
2 _
7. 2x° =6y 9. The parabola opens to the right, and p = 2.
X2 =4(§jy y? =8x
4
Focus at (0, E) 10. Thze parabola opens to the left, and p = 3.
y© =-12x
. .3
Directrix: y = 7 11. The parabola opens downward, and p = 2.
Ay X2 = -8y
4 L
12. The parabola opens downward, and p = %
24y
Fe 9
_|3 | 13. The parabola opens to the left, and p = 4.
““““““ fa y% = -16x
2+ 7
14. The parabola opens downward, and p = >
x% = 14y
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15. The equation has the form y2 =CX, SO 18. The equation has the form x2 = cy, So

(-1)% =3c. (-3)? =5¢.
c:l c== = x’=2y
3 5
y
y?=2x s
N (-3.5) E
B [ | P [ |
[ [ Y I 5 B 5
) 4 X HL
i G.-D)
B 19. y? =16x
=3 2yy' =16
; 2 , 16
16. The equation has the form y“ =cx, so :2—
y
2—_
(4)° =-2c. At(1,-4), y' = -2
C;_B Tangent'y+4:—2(x 1)ory=-2x-2
y© =-8x 1 9
v Normal: y+4=—(x 1) or y=—x——
10} 2
(2.9 [~
I T Y I | _I |
-16 | 4 |||||||||1
- 10X
~10F _10
17. The equation has the form x? =cy, so 20. x%=-10y
(6)% = —5c. 2x = 10y’
C—_ﬁ y'—_i
5 5
2__36 25
X ==— _ ,:_
5 y At (Zx/g, 2),y -
.“
C Tangent: y+2_—i(x 2[)
I A A S
-10 R :
L y:_ix 2
- Normal: y+2:£(x—2\/§) or yzﬁx—
= 2 2
—161 ¥
\“’
=10
_14_
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21. x2=2y 25 215

== X—-—
2x =2y’ 5 5
y=x 10 ’
At (4,8), y'=4.
Tangent:y—8=4(x—-4)ory=4x-8
Normal: y—8=—%(x—4) or y:_%XJrg _I\(]l L1l 1 |I|U-"
v
16
B -10
X 24. x2=4y
L NA L 2x =4y
-10 B 10x ;X
4 =3
At (4,4), y'=2.
22, y2 = _9x (4, 4), y'=2 i
’ Tangent:y—4=2(x-4)ory=2x-4
2yy'=-9 1 1
9 Normal: y—4=—5(x—4) or y:_Ex+6
y':—z— )
Y =
At(-1,-3), y' = C

Nlw N w

Tangent: y+3=

3 3
X+1) or y=—Xx-— L 111
(x+1) ory 5%

=10 10x

IIII'\J\II

2 2 1
Normal: y+3=——=(Xx+1) or y=——x-=—
y SxD) or y=-2x-2 /
i 10
25. X% =-6y
2x = -6y’
X y’__z
3
s At (3v2,-3),y' =2,
23. y? =-15x Tangent: y+3:—\/§(x—3x/§) or y=—v2x+3
2yy'=-15
Normal: y+3=£(x—3\/§) or y=£x—6
, 15 2 2
y=-7- y
2y ok
5 \_
At (-3,-35),y' =1 L
(-8-35).y=3 B
Tangent: y+3\/_=§(x+3) or 0
g5, 36 -
2 2 N -10
Normal: y+3f=—2T5(x+3) or
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2
26. y® =20x 29. The slope of the line is g

2yy' =20
10 y? = —18x;2yy’ =18
y 2y gj=—18;y:—6
,__~1o
At (2.-2410),y' == (-6)2 = -18x; x = -2
The equation of the tangent line is
Tangent: y+2\/1_:—@(x—2) or 3 3
2 y+6:5(x+2)ory:Ex—3.
y=-Y105 i
2 30. Place the x-axis along the axis of the parabola
Normal: y+2ﬁ=@(x—2) or such that the equation y2 =4px describes the
5 2
V10 12410 parabola. Let yL, Yo | be one of the
y =X p
5 5
v y 2
10 extremities and 4L y; | be the other.
p
\ First solve for y; in terms of y, and p. Since the
L1l L1, focal chord passes through the focus (p, 0), we
-10 10 have the following relation.
i __ Yo
2 2
y y
210 Tlp_ Top_ P
2 2 2 2
27 y? =5x yl(yg —4|02)=y§(y1 —45 )
2yy' =5 Yoyi" —(Yo© —4p")¥%1-4pYp =0
, 5 (y1-Yo)(Yo¥1 +4p?) =0
Y= 2
2 Yi=Yo Ory al
1=Yo 1= —
y’:£ when y:2\/§, sox=4. Yo
) Thus, the other extremity is ﬁ —ﬁ
The point is (4, 2«/5). ' YO2 ' Yo
- Implicitly differentiate y2 =4px to get
> 2yy' =4p, so y’:Q.
/ y
[ I I I I | . 2 2
-2 87 At [ Y v | y'=22. The equation of the
4p Yo
2
tangent line is y -y _2P) Y0 | When
Yo 4p
2 = —
28. x°= 14y' ‘= y=—£+&.
2x =-14y Yo 2
y=-2 4p® _4p? Y
7 At| —,-——— Y =—20 The equation of
2 o 2p
27 Yo
y’:—Twhen x =247, soy=-2. 402 40°
the tangent line is y+L:—ﬁ —%
The point is (2f —2). Yo 2p Yo
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31.

32.

33.

34.

Yo 2 p2 35. Let the y-axis be the axis of the parabola, so the
Whenx=-p, y= 7_y_ : Earth’s coordinates are (0, p) and the equation of
0 U2 .
Thus, the two tangent lines intersect on the '_[he p_at_h IS X __4 py , where the_ coordinates are
Vo 2p° in millions of miles. When the line from Earth to
directrix at [— p, 70——]- the asteroid makes an angle of 75° with the axis
Yo of the parabola, the asteroid is at

From Problem 30, if the parabola is described by
the equation y2 = 4px, the slopes of the tangent

lines are 2p and —;/—O. Since they are negative
p

Yo
reciprocals, the tangent lines are perpendicular.

Place the x-axis along the axis of the parabola
such that the equation y2 =4px describes the

parabola. The endpoints of the chord are [1, %)

2
1 1 1

and |1,-=1|,s0|=| =4@)p or p=—. The
[ 2] [2} Qporp 16

distance from the vertex to the focus is %

Assume that the x- and y-axes are positioned such
that the axis of the parabola is the y-axis with the
vertex at the origin and opening upward. Then
the equation of the parabola is x2 = 4py and

(0, p) is the focus. Let D be the distance from a
point on the parabola to the focus.

36.

(40sin75°, p + 40cos75°). (See figure.)

(0, p)i
! (

(40sin 75°)2 = 4 p(p + 40cos 75°)
p? +40pcos 75° —400sin 75° = 0

_ —40c0s75° +/1600c0s2 75° +1600sin? 75°
2

p
=-20c0s75°+20

p=20-20cos75°~14.8(p > 0)

The closest point to Earth is (0, 0), so the asteroid
will come within 14.8 million miles of Earth.

Let the equation x2 = 4py describe the cables.

The cables are attached to the towers at
(x400, 400).

(400)? = 4p(400), p =100
The vertical struts are at x =+300.

d 2, R (300)% = 4(100)y, y = 225
= +—+p =—+p
16 p2 2 4p The struts must be 225 m long.
XX oo 37. Let |RL| be the distance from R to the directrix.
2p 2p Observe that the distance from the latus rectum to

D">0 soatx=0,Disminimum.y=0
Therefore, the vertex (0, 0) is the point closest to
the focus.

Let the y-axis be the axis of the parabola, so
Earth’s coordinates are (0, p) and the equation of

the path is x® = 4py , where the coordinates are
in millions of miles. When the line from Earth to

the asteroid makes an angle of 90° with the axis
of the parabola, the asteroid is at (40, p).

(40)? =4p(p), p=20

The closest point to Earth is (0, 0), so the asteroid
will come within 20 million miles of Earth.

the directrix is 2p so |RG|=2p —|RL|. From the
definition of a parabola, |RL| = |FR|. Thus,
|FR|+|RG| =|RL|+2p —|RL| = 2p.
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38. Let the coordinates of P be (xg, Yo)- 40. Let C denote the center of the circle and r the
radius. Observe that the distance from a point P

2yy'=4p, so Yy’ :27p_ Thus the slope of the to the circle is |PC|-r. Let /be the line and
_ e |PL| the distance from the point to the line. Thus,
normal line at P is 2p |PC|-r=|PL|. Let I' be the line parallel to £ r
The equation of the normal line is units away and on the side opposite from the
Y=o :——(x %), Wheny =0, circle. Then |PL’|, the distance from P to ', is
|PL|+r; so |PL|=|PL'|-r. Therefore,

X=2p+x, soBisat (2p+xp,0). Alsat |PC|-r =|PL|-r or |PC|=|PL'|. The set of
(X0, 0). Thus, |AB|=2p+Xy—Xg = 2p. points is a parabola by definition.

39. Let B and P, denote (x, y;) and (X, ¥), a1 ﬂ:ﬁ
respectively. |RP,|=|PF|+|P,F| since the focal dx H
chord passes through the focus. By definition of a y= 5L+C
parabola, |RF|= p+x and |P,F|= p+X,. 2H
Thus, the length of the chord is y(0) = 0 implies that C = 0. y = ﬁ
|PLPy| = xq +Xp +2p. 2H

L=p+p+2p=4p This is an equation for a parabola.

42. a. A(Ty) isthe area of the trapezoid formed by

(a, 0), P, Q, (b, 0) minus the area the two trapezoids formed by (a, 0), P, (c, cz), (c, 0) and by (c, 0), (c, cz),

Q, (b, 0). Observe that since ¢ = a;b, b-c_c-a_b-a

2 2 4
AM) =2"2[a% +b?]- [a +c2]- 2°[c2+b2] :b‘Ta[a2+b2] b=2,2 4 262 1 p2)
b-a 2 2 b-a 2 a+b2 2 b-a 2 2 a2 b2
_D-ar2,p21-228 +2(—j ib? | =P8 2 2 8 gy 2
2 4 2 4 2 2
2 2 3
_b-afa® . b7 (b-a)
4 2 2 8
3 3
b- b-
(c- a) L= (%) (%) - am)
b. A)= = + = =
8 8 8 32 4
c.  Using reasoning similar to part b, A(T,)= A(r”‘l), S0 A(Tn)_ A(Tl)
A 4
AS) = A+ ATp)+ ATg) ... = 328 - (rl)[ 1] AT
n=1 4
_ v(a2 L2 33
d. Area=2"2[a2 1p2]- A(s) = LZA@+DT)_(b-3)
2 2 6
_ _ 3 .3
D82 an? b2 _oab+a?)]= OV a? 1 oab+202] —Ip3-ad) L -
6 3 3 3
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43.

Haxiraurm
n=rZB. 962N V=R . 287506 o

Using a CAS, we find that the largest vertical
distance between the catenary and the
parabola is roughly 67 feet.

|
e
T T T

44. a. Since the vertex is on the positive y-axis and 10.2 Concepts Review
the parabola crosses the x-axis, its equation is
of the form: x? = 4p(y—Kk), where kisthe 1 ﬁ+y_2_1
y-coordinate of the vertex; that is © a2 p?
x2 = 4p(y—630) . Since the point (315,0) ,
is on the parabola, we have 0 XY 4
2 -315 9 16
(315)° =4p(0-630) or 4p= — =-157.5
Thus the parabola has the equation 3. foci
x? = ~157.5(y - 630) 4. to the other focus; directly away from the other
focus

b. Solving fory, we get

) Problem Set 10.2
X~ +630

Y="1575

The catenary for the Gateway Arch is 1. Horizontal ellipse

y = 758128 cosh —. 2. Horizontal hyperbola
0 Ih bol

3. Vertica erbola
y= 758—128coshEX8 yp

4. Horizontal hyperbola
650 P

1 .
Y=g, X +630 5. Vertical parabola
6. Vertical parabola
7. Vertical ellipse
_ 0 .
330 330 8. Horizontal hyperbola
c. Because of symmetry, we can focus on the s
largest _v_ertlcal distance between the graphs 9 X_+y_ —1: horizontal ellipse
for positive x. 16 4
Let f (X) = Yarch ~ Yparabola - That is, a=4,b=2 c= 2\/§
. 758128005 X Vertices: (4, 0)
X) = - — .
() cos 128) Foci: (iZ\/§, 0)
(-t 2630 st
157.5 -
_ _128cosh—X-+ L _x? 1128
128 1575
THOOL Fiotl FIotz FIoks
Amin=g MR -128ooshiEs L
Amnax=3oH FEr+REL1G7. 512
wec1=5A
“min=8 wMe= -
“max=188 wNa= L
Vecl=1@ ~Ny= |
ares=1 sNe= =5
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10.

11.

12.
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2 2

X ¥ _ 1, horizontal hyperbola

a=4,b=2 c=2J5
Vertices: (4, 0)

Foci: (12«/5, O)

Asymptotes: y =+—X

N |-~

=10

2
yT_ =1; vertical hyperbola

co|><,\,

a=2,b=3 c=+13
Vertices: (0, +2)

Foci: (O,i\/ﬁ)

2
Asymptotes: y = J_rgx
y
5_
N F'E i
\\\ A /,/
\\ | ’/

Lt IS T 100
-5 ~ X
] ,,’;,— \\\ 5
-~ ~
/’ \\

s [ ~
. F 'y ~

5+
X2 y? . .
—+-=—=1; horizontal ellipse

a=+7,b=2c=+3

Vertices: (ixﬁ, 0)

Foci: (J_r\/§, 0)

L
T T

5

Section 10.2

13.

14.

2 2
x_+y? =1, vertical ellipse

2
a=2v2,b=+2,c=+/6

Vertices: (0, +2+/2)

Foci: (O,J_rx/g)

y
sk

-3 - 5 X
F
A

5

2 .2
X—+y—:l; horizontal ellipse
25
a=5b=2 c=+21
Vertices: (15, 0)

Foci: (i\/ﬁ, O)

=
T 1T Te

2 2

X ¥y 1, horizontal hyperbola

10
a=+10,b=2c=+14
Vertices: (i«/l_O, O)

Foci: (i\/ﬂ, 0)

2
Asymptotes: y=+—x
ymp y \/E

=10
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22 22. This is a horizontal hyperbola with a = 4 and

16. %—y?zl; horizontal hyperbola c=5.
b=+25-16 =3
a=2\/§,b=\/§,C=\/E 2 2
X~y
- . ___:l
Vertices: (12\/5, 0) T
Foci: (+v10,0 - . .
( V1o ) 23. This is a vertical hyperbola witha =4 and ¢ = 5.
Asymptotes: yziix b=+25-16 =3
2 2 2
y y_x
= 16 9
B 24. This is a vertical hyperbola with a = 3.
s NS : c=ae=3(§j=g,b= ﬂ—9=E
-10 EAAT|PAN 10 2) 2 4 2
= 2 2
L y x4
- 9 4
—10F 4
17. This is a horizontal ellipse with a = 6 and ¢ = 3. 25. This is a horizontal hyperbola with a = 8.
b=+/36-9 =127 The asymptotes are y=i1x, s02-Lorp=a
X2 y2 2 8 2
— =1 2 2
36 27 X ¥y _
64 16
18. This is a horizontal ellipse with ¢ = 6.
a:E:g:Q,b:»\/Sl—% =./45 26. c:aezga,b2 =c?-a° :ga2 ~a? :%a2
e <
3
2 2
X
Xy YK
81 45 a a
. : . . 16 4
19. This is a vertical ellipse with ¢ = 5. a_Z_Q:l
2
a=C-2_151-225-25 /200 )
e % a :8
2 2
RS DN SOY
200 225 8 4

20. This is a vertical ellipse withb =4 and ¢ = 3. 27. This is a horizontal ellipse with ¢ = 2.

a=+16+9=5 8=28-2 s0a%-8c-16.
2 2 e °
X_+y_—_’]_ 8
16 25 b=16-4 =12
¥2 yz
21. This is a horizontal ellipse with a = 5. E+E =
2 .2
X“y°
2_5+b_2 =1 28. This is a horizontal hyperbola with ¢ = 4.
i+i:1 1=E,1=%,soa2:c=4.
25 p? ¢ a
b2 = 225 b=v16—4 =12
21 ﬁ_y_Z ~
ﬁ+>’_2=1 4 12
225
25 57
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29.

30.

31

600

The asymptotes are y = i%x. If the hyperbola is

horizontal b :% or a = 2b. If the hyperbola is
a

. 1
vertical, a_z orb=2a.

Suppose the hyperbola is horizontal.

X2 yZ
w e
16 9 _
4% p2
b’ =-5

This is not possible.
Suppose the hyperbola is vertical.

2 2
X
L5 =1
a“ 4da
a“~ 4a
a’=5
2 2
y X _4
5 20
2 2
X—2+y—2:1
a b
2,1
a’ b? _ 84 3
==
%+i2=1 a
a“ b
a?=28
p2 =28
3
2 2
%Jr)zl——l
3
This is an ellipse whose foci are (0, 9) and (0, - 9)

and whose major diameter has length 2a = 26.
Since the foci are on the y-axis, it is the major axis
of the ellipse so the equation has the form

2 2
y_2+;<_2 =1. Since 2a =26, a> =169 and since
a’ =b% +c?, b% =169-(9)> =88. Thus the

2 2
equation is Y + X 1
169 88

Section 10.2

32.

33.

34.

35.

36.

This is an ellipse whose foci are (4, 0) and (- 4, 0)
and whose major diameter has length 2a =14.
Since the foci are on the x-axis, it is the major axis
of the ellipse so the equation has the form

X2 y2 2

—+-—==1. Since 2a =14, a“ =49 and since
a’ b2

a? =b% +c?, b% =49-(4)? =33. Thus the

2 2
equation is XY
49 33

This is an hyperbola whose foci are (7, 0) and
(- 7, 0) and whose axis is the x-axis. So the
22

equation has the form x_z_y_z =1. Since
a“~ b
2a=12,a° =36 and b =c®-a% =(7%)-36=13
2 y2
Thus the equation is ——--—=1
36 13

This is an hyperbola whose foci are (0, 6) and
(0, - 6) and whose axis is the y-axis. So the

2 2
equation has the form y_z__z =1. Since
a“ b
2a=10, a> =25 and b% =c®-a® =(6%)-25=11
oy X
Thus the equation is —-—=1
25 11

Use implicit differentiation to find the slope:

ix+ yy =0. At the point

27
2 26, J6

+—y =0,ory ——? so the

(3,6),

equation of the tangent line is

(y—x/g)z—%(x—@ or Xx+/6y=9.

Use implicit differentiation to find the slope:
Y.

— x +=

12 y

(32,-2), f—ly

equation of the tangent line is

(y+2)=+2(x-3v2) or \[2x-y=8.

=0. Atthe point

=0, or y'=+/2 so the
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37. Use implicit differentiation to find the slope: 43. Let the y-axis run through the center of the arch

2 and the x-axis lie on the floor. Thus a =5 and
2—x+9yy =0. Atthe point 22
! f 7 b = 4 and the equation of the arch is EJril_G =1.
@3, f) 2.2 =0, or y'=?6 so the , iy
L Wheny =2, — l_l, SOX=+——.
equation of the tangent line is 25 16 2
J6 The width of the box can at most be
(y+V8) === (x=3) or x—By =9. 5.3 ~8.66 ft.
38. Use implicit differentiation to find the slope: 44. Let the y-axis run through the center of the arch
1 ) and the x-axis lie on the floor.
X—=yy' =0. Atthe point (+/3,4/2) 22
2 i The equation of the arch is E+i’—6 =1.
[__zyr =0, or y'=+/6 so the equation of the (2) N
2. . When x =2, —+—_1,soy=J_r )
tangent line is (y —~/2) =/6(x—+/3) or _ 25_ 16 5_
6x—\/§y —43. The height at a distance of 2 feet to the right of the
o o ) center is 4val ~ 3.67 ft.
39. Use implicit differentiation to find the slope:
2x+2yy'=0. Atthe point (5,12) )
5 45. The foci are at (zc, 0).
10+24y'=0,0r y'= ] so the equation of the c— /az _p2
2 2 2
L 5 a“-b° vy
tangent line is (y—-12) =——(x-5) or —+==1
9 (y-12) 12( ) 2 T2
5x+12y =169. ) b4 b2
y =—y= i?
40. Use implicit differentiation to find the slope: a )
2x-2yy'=0. Atthe point (v2,43) Thus, the length of the latus rectum is 207
a
2\/5—2\/§y’ =0,or Yy =£ so the equation of
3 46. The foci are at (+c, 0)
[,2 2
the tangent line is (y—ﬁ)zﬁ(x—ﬁ) or c=va“+b
3 a2+p2 2
y
3y-6x=13. 2 Tzt
a b
o . . b4 b2
41. Use |mpI|C|t differentiation to find the slope: y2 ——y=t—
207 T
l a a
—X+—yy'=0. Atthe point
7 169 yy'= P 22

Thus, the length of the latus rectum is —.
(0, 13) y =0, or y'=0. The tangent line is a

horizontal and thus has equation y=13. 47. a=18.09, b =4.56,
¢ =+/(18.09) — (4.56)2 ~17.51
The comet’s minimum distance from the sun is

42. Use implicit differentiation to find the slope:

4_9X+3_23 yy'=0. Atthe point (7,0) 18.09 - 17.51 ~ 0.58 AU.

2 48. a-c=0.13,c=ae,a(l-e)=0.13,
—+0y"=0, or y"is undefined.. The tangent line

! a-— 018 4733

is vertical and thus has equation x=7. 1-0.999925

a+c=a(l+e) ~1733(1+0.999925) ~ 3466 AU
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49.

50.

51.

52.

53.

602

a—-c=4132;a+c=4583

2a=8715; a=4357.5

c=4357.5-4132=2255
_C_ 2255

a43

~ 0.05175

(See Example 5) Since a+c¢=49.31 and
a—c =29.65, we conclude that
2a=78.96, 2¢c =19.66 and so

a=239.48,¢c=9.83. Thus
b =+a? —c? =/1462.0415 ~ 38.24 . So the

major diameter = 2a =78.96 and the minor
diameter =2b =76.48.

2 2
X_+y_:_']_
4 9
Equation of tangent line at (Xg, Yg):
X Wo _,
4 9
3
At (0, 6), Yo =3
3 x% 1
When y=—,—+==1 x==%3.
y 2" 4 4 f

w

The points of tangency are (\/5 E) and

4 36
Equation of tangent line at (Xg, Yg):
Xo Yo _

4 36
At (0,6), yg=-6

2

X 36
Wheny =-6, — =1 x=12+2.
y= 4 36 V2

The points of tangency are (2\/5, - 6) and

(-242.-6).

x2 —7y? —35=0;4x—14yy' =0
, 2%, 2 2x X _7_y

7y 3 7y 3
Substitute x = _7_3y into the equation of the
hyperbola.
98

3y2—7y2—35:0, y=%3

The coordinates of the points of tangency are
(-7,3) and (7,-3).

Section 10.2

54.

55.

56.

The slope of the line is 1 .

N

x2 +2y? —2=0;2x+4yy’ =0

x 1 X
RPN y

Substitute X =—+/2y into the equation of the
ellipse.

2y2+2y?-2=0;y=

\/_

. 1
The tangent lines are tangent at (—1, —j and
NA

1 . .
1,—— |. The equations of the tangent lines are
( JE )

1 1
—(x+1) and y+—==—=(x-1) or

f f 22

x—v2y+2=0 and x—+2y-2=0.
2
X
y=4b,[1-—
a2

2

A=dap[* 1~ dx
0 a2

Let x =asintthen dx =acostdt. Then the limits

are 0 and E.
2

/ 2
12
A=4b.[0a 1—X—zdx:4abj'(;E cos? tdt
a

2 H n/2
= 2abJ‘(;T (1+cos2t)dt = 2ab[t +¥}

0
= nab

[ 2
X=z=a 1—y—
b2
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57.

58.

59.

X2

y=1b,|—-1
a

The vertical line at one focus is x :x/a2 +b? .
2
[2 b2 2
vznjaa+ {b X—2-1] dx

a

] Ja? b
= b a*+b (—2—1]dx_b2 {—B—x}

2
a 3a a

2 2\3/2

3a2

nb [(a +b2)3/2 3a \/a2+b2+2a3}
3a

2
X
y=4b [1-—
a2
2
a X2
v 2nj b, [1-2= | dx
0 aZ
2 378
—on sz 1—— dx = 27th? x—X—2 L
a2 3a 3

If one corner of the rectangle is at (x, y) the sides
have length 2x and 2y.

[ 2
X==a 1—y—
b2

2 4
A=4xy = 4ya\/1—y—2 = 4a\/y2 —y—z
b b

= =0 when

dy y2 - vt dy
b2

2y3
y-=2-=0

b2

2y2
y|1-——|=0
y=0or y= J_rL
The Second Derivative Test shows that y = b is
V2

a maximum.

Therefore, the rectangle is a~/2 by b+/2 .

60.

61.

Position the x-axis on the axis of the hyperbola

2 2

such that the equation LA S 1 describes the
a’ b’

hyperbola. The equation of the tangent line at
Yoy
b

(X0, Yo) is %— 5~ =1. The equations of the

asymptotes are y =+—X.

o | T

Substitute y:Ex and y=—9x into the
a a

equation of the tangent line.

XX _ YoX _4q XoX | YoX _
a2 ab az ab
X(bxozayonl X(bxozayojzl
a‘h a‘h
a’b a’b
X=—- X=—o
bxy —ayg bxg +ayg
Thus the tangent line intersects the asymptotes at
a’b ab?
: and
bxo —ayp bxo —ayg

a%b B ab?
bxg +ayy  bxg+ayp )

Observe that b2x0 ~a® Yo = a’b

1 a%b N a’b
2| bxg —ayg bxg+ayp

2

Ao

b2xg? - aly,?
1 ab? B ab? B a’b?y, Y
2\bxo-ayy bxg+ayy | blx?-alyy?

Thus, the point of contact is midway between the
two points of intersection.

Add the two equations to get 9y2 =675.

y= 453
Substitute y = 53 into either of the two
equations and solve forx = x=16

The point in the first quadrant is (6, 5\/5).
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62.

63.

64.

65.

66.

67.

604
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Substitute x = 6 — 2y into x? +4y2 =20.
(6-2y)? +4y? =20

8y% — 24y +16=0

y2 -3y+2=0

y-1Dy-2)=0

y=lory=2

X=4orx=2

The points of intersection are (4, 1) and (2, 2).

Elliptical mirror
A i
Common focus of parabola
and ellipse
A i
\ Parabolic
mirror
P
Other focus
of ellipse
If the original path is not along the major axis, the

ultimate path will approach the major axis.

Written response. Possible answer: the ball will
follow a path that does not go between the foci.

Consider the following figure.

Observe that 2(a + £) = 180°, 50 a+ = 90°. The
ellipse and hyperbola meet at right angles.

Possible answer: Attach one end of a string to F
and attach one end of another stringto F'. Place a
spool at a vertex. Tightly wrap both strings in the
same direction around the spool. Insert a pencil
through the spool. Then trace out a branch of the
hyperbola by unspooling the strings while keeping
both strings taut.

Section 10.2

by any means, without permission in writing from the publisher.

68.

69.

70.

71.

72.

|AP| |AB| |BP|
= +
u Vv u
|AP| - [BP| = 21
Vv

Thus the curve is the right branch of the horizontal
2
hyperbola with a = E, so b= {1—“—]0.
Vv V2

The equation of the curve is

e Lo
u’e? (1_L)02 v

Let P(x, y) be the location of the explosion.
3|AP|=3|BP|+12

|AP|-|BP| =4

Thus, P lies on the right branch of the horizontal

hyperbola with a =2 and ¢ = 8, s0 b = 24/15.

X2 y2

460
Since |BP|=|CP|, the y-coordinate of P is 5.

2
XD gy

4 60 3

lim (\/xz —a? —x)

X—>00
(\/xz—az—xj (\/xz—a2+x)

= lim .

X0 1 ( xz—a2+x)

.2

= lim ;=o

X=2x? —a? +x
2a=p+q, 2c=|p—q

2 _(p+)? (p-9)° _
4 4

b?=a%-c

-

Xx=acost, y =asint—bsint = (a—b)sint

Pq

costzﬁ,sintzi
a a-b
2 2
X—2+ y 3 =1
a“ (a-b)

Thus the coordinates of R at time t lie on an
ellipse.
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73.

74.

Let (x, y) be the coordinates of P as the ladder
slides. Using a property of similar triangles,

X /bz_yz |

a b

=
-

2 2 .2
X b —
— = 2y or b2x2+azy2 =a’b? or
a b
x2 y2
—2+—2=1.
a b

Place the x-axis on the axis of the hyperbola such
22

. X .
that the equation is —z—y—z =1. One focus is at

a“ b
(c, 0) and the asymptotes are y = iB X. The
a

equations of the lines through the focus,
perpendicular to the asymptotes, are

y= J_r%(x —c). Then solve for x in

b a
—X=-—(Xx-C¢).
" . (x-c)
a® +b? (o ac
ab b
. a’c
a? +b?
a2
Since ¢® =a® +b?, x=—. The equation of the
c
a2
directrix nearest the focus is x = —, so the line
c

through a focus and perpendicular to an asymptote
intersects that asymptote on the directrix nearest
the focus.

2 2

75. The equations of the hyperbolas are X—z—y—z =1
a“ b

2 b2

e?+E2 = 1

+ =
a?+b% a?+b?

76. Position the x-axis on the plane so that it makes
the angle ¢ with the axis of the cylinder and the
y-axis is perpendicular to the axis of the cylinder.
(See the figlfre.)

2

P(x,y)

<

If P(x, y) is a point on C, (xsing)? +y? =r?

where r is the radius of the cylinder. Then
2 2

X Yy _
r2 +r—2—1.
sin ¢
77. 1;
0.5

When a < 0, the conic is an ellipse. When a > 0,
the conic is a hyperbola. When a = 0, the graph is
two parallel lines.
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7. y?-5x—4y-6=0

10.3 Concepts Review
(y> —4y+4)=5x+6+4

L& (y-2)* =5(x+2)
"4 This is a parabola.
2. 14; ellipse 8. 4x>+4y> +8x—-28y—11=0
40 +2x+0)+4 y2 -7y + 2 ) = 11+4149
3 A-C 4
B

7 2
4(x+1)? +4(y5j =64

4. rotation, translation
This is a circle.
Problem Set 10.3 9. 3x* +3y% —6x+12y+60=0
32 —2x+1)+3(y? +4y+4)=—60+3+12
3(x—1)? +3(y+2)> =45
This is the empty set.

1. x> +y?—2x+2y+1=0
(% —2x+ 1)+ (Y2 +2y+1) =—1+1+1

x-1D%+(y+1)* =1

2 2
This is a circle. 10. 4x° —4y° -2x+2y+1=0

1 1 2 1 1 1 1
42— —x+—|-4 ——Y+—|=-1+—-—
[ 2 j (y 27 j

2. X2 +y?+6x-2y+6=0 16 16 4 4
(X2 +6X+9)+(y2 -2y +1)=—6+9+1 1? 1’
4| X—=| -4|y——| =-1
(x+3)%+(y-1)> =4 4
This is a circle. 1 1)
4 y—Z —4 X—Z :1
3. 9x%+4y? +72x—-16y+124=0 This is a hyperbola.

O(x% +8X+16)+4(y> —4y+4)=—124+144+16

9(x+4)* +4(y—2)* =36 .
This is an ellipse. 4(x2 +2x+1)—4(y2 —3y+Z) =5+4-9

11. 4x% —4y? +8x+12y-5=0

4. 16X> -9y? +192X+90y —495=0
16(x% +12X+36)—9(y> —10y +25)
=495+576—225

16(x+6)” —9(y—5)* =846 12. 4x% —4y? +8x+12y—6=0
This is a hyperbola.

3 2
4(x+1)24(y5j =0

This is two intersecting lines.

4(x2+2x+1)—4(y2—3y+2):6+4—9
5. 9x2 +4y? +72x—16y+160=0 4
3

2
9(X? +8X+16)+4(y> —4y+4)=—160+144+16 4(x+1)? —4(y—5j =1

I(Xx+4)* +4(y-2)> =0
This is a point.

This is a hyperbola.

13. 4x* —24x+36=0
4(x* —6X+9) =-36+36
4(x=3)* =0
This is a line.

6. 16x%+9y? +192x+90y +1000 = 0

16(x% +12X+36) +9(y? +10y +25)
=-1000+ 576+ 225

16(X+6) +9(y +5)* =199
This is the empty set.
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14.

15.

4x% —24x+35=0

4(x* —6X+9) =-35+36

4(x—3)* =1

This is two parallel lines.

(x+3)2+(y+2)2 _

19.

(x+2)? =8(y-1)

4 16 -7 -3
¥y B
XE B
- _5F
_;{ L 1 1f1 1 1\l B é-‘ 20. (X+2)2:4
- X+2==42
= X=—4,x=0
L ,
r 5
Tk B
16. (x+3)>+(y-4)*> =25 B
| L1 | [ |
y -5 B 5 X
14F B
sk
LN 21 (y-1)*=16
~12 B g X y—l=i4
I y:5’y2_3
_()_
v
2 2 6
O R V) -
I I I _I I
-5 B 5 X
_4_

2 2
o (X+37 (¥=2

4 8
(_37 2)
y
5 -
_\' -
3 .
/ o B
L 11 /_1 [ Crr g g |
-5 | 57X -5 B 5 X
:\ _S a
T+
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23. x> +4y? —2x+16y+1=0
(X% =2X+1)+4(y> +4y+4)=—1+1+16
(X=1)> +4(y+2)*> =16

2 2
=1’ y+2’ _,
16 4

T+

24, 25x* +9y? +150x—18y+9=0
25(x% +6X+9)+9(y> 2y +1)=—-9+225+9
25(x+3)2 +9(y—1)* =225

2 2
x+3’ -0
9 25

et

25. 9x% —16y? +54x+64y—127=0
O(x> +6X+9)—16(y> —4y+4)=127+81—64
9(x+3)% —16(y—2)% =144
(x+3° (y-2° _

16 9
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26. x> —4y?—14x-32y-11=0
(x> —14X+49)—4(y?> +8y +16) =11+ 49— 64
4y+4)? —(x-T7) =4

2 (x=7*
(y+4)? - —=1

=
T T2

IS

A\

A

\>

-14

27. 4x% +16x-16y+32=0
4(x* +4x+4) =16y —-32+16
4(x+2)* =16(y-1)

(x+2)2 =4(y-1)

AN I N N
-7 30X

28. x> —4x+8y=0
X2 —4x+4=-8y+4

2_ gfy_1L
(x-2)% = 8(y 2)

L1 1 L1 1
-3 7 X
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29. 2y?>—4y—10x=0
2(y? =2y +1)=10x+2

36.

An equation for the ellipse can be written in the
72 )2
form (x=2) + y=3) =1.

2 2
a b
(y— l)2 =5 (x + l} Substitute the points into the equation.
’ 16,4,
(y-1? :4[3[“3 a2 bl

Horizontal parabola, p :%

Vertex —l,l ; Focus is at 2,1 and
5 20

Therefore,a=4 and b = 2.

2
=2 (=37 _,
16 4

37. Vertical hyperbola, center (0, 3),2a=6,a=3,
o 9 c=5b=+25-9=4
directrix is at X =—%2. 7 9
0 -3 ¥,
) ) 9 16
30. -9x° +18x+4y“+24y=9
38. Vertical ellipse; center (2, 6),a=8,Cc =6,
—9(x> = 2x+1)+4(y> +6y+9)=9-9+36
( . ) (Zy y+9) b=1/64-36 =28
4(y+3)"=9(x=1)" =36
(y 3 ( 2) (x—2)2+(y—6)2:1
y+3)” x=D7 _, 28 64
9 4
5 39. Horizontal parabola, opens to the left
a“=9,a=3
. . . 10-2
The distance between the vertices is 2a = 6. Vertex (6, 5), p= — - 4
31, 16(x—1)> +25(y +2)° = 400 (y=5)* = -4(4)(x-6)
(x-1D*  (y+2)° (y—5)% =—16(x—6)
» 16
Horizontal ellipse, center (1, -2),a=5, b =4, 40. Vertlcazl parabola, opens downward, p = 1
c=+25-16=3 (X=2)" =-4(y-6)
Foci are at (-2, -2) and (4, -2). 41. Horizontal ellipse, center (0, 2), ¢ =2
32 2 _6x4 4y +3=0 Since it piasses through the origin and center is at
(0,2),b=2.
X2 —6X+9=-4y-3+9 a=4+4=18
2 2
(X—3)2:—4[y—éj X_+—(y_2) =1
2 8 4
Vertical parabola, opens downward, vertex )
42. Vertical hyperbola, center (0, 2), c =2,

3
33_ 5 =1
23}

b? =4-a?
An equation for the hyperbola can be written in

Focus is at (3, lj and directrix is y = 3 . (y-2)? x2
2 2 the form - =1
a 4-a
33. a=5,b=4 Substitute (12, 9) into the equation.
2 2
- - 49 144
x=9" -1 _ B
25 16 a 4-a

34. Horizontal hyperbola,a=2,c =3,
b=v9-4=+5
(x=2* (y+)*

4 5

1

35. Vertical parabola, opens upward, p=5-3 =2

(x=2)* =42)(y-3)
(x=2)* =8(y-3)

49(4-a%)-144a%> =a(4-a?)
a*-197a® +196 =0

(@2 -196)@>-1)=0
a’=196,a% =1

Sincea<c,a=1, b=+/4-1=3
2 x*

) LA |

(y-2) 3
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43.

44,
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2

X +xy+y2=6 45,
cot260=0
20==9==

2 4
x:uﬁfv—zzﬁ(u—v)

2 2 2
y—u—2+v—2—£(u+v)

2 2 2
l(u—v)2 +l(u—v)(u +v)+l(u +v)2 =6
2 2 2
gu2+lv2:6
2 2
vV
4 12

~ ) Ay

1
nl—
. [ #
~
~ — -
/s
N
Sl n
T TfT TATT 1T T2
P SN
s
s ~
~
s — ~
=

s
g

3x° +10xy+3y2 +10=0
cot20=0, 29:%,9:
V2
2
V2

y=—u+v)

T
4

X=

u-v

%(u—v)2 +5(U-v)(u +v)+%(u +v)2 +10=0

suz —2v2 =10
V2 U2
__?_1
>y

Section 10.3
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4x? +xy+4y2 =56

cot20=0,20="9="
2’7 4
2
X=——(U-V
2( )
Y=—\/2§(U+V)

2(u —v)2 +%(u —V)(U+Vv)+2(u +v)2 =56

2u2 +zv2 =56
2 2

u? V2

+
112
5 16

y :L(u +2V)
5

NG

%(2u —V)(U +2V) —%(u +2v)? =64

u? —4v? =64

u? V2

64 16
vo20 !

=20
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47. y
—%x2+7xy—ly2—6\/5x—6\/§y=0 6
v B
T T \\ B //”
cot20=0,20=—,0=— N L %
2 4 \\ — //
7 B %
X=—(@U-V); y=—1 (u+v) o D —
2 /, "
A
—l(u—v)z+Z(u—v)(u+v)——(u+v)2—6(u—v)—6(u+v)=0 = N
4 2 4 b

3u? —4v? -12u=0
3u? —4u+d) -4 =12

©-2? v _,
4 3
48. ¥
§x2+xy+éy2+\/§x+\/§y:13 5F
2 2 Y —
\\ //u
cot20=0,20="9=" ~ NG
2 4 |1}l I\I\\_//I N L]
2 2 > z
x:g(u—v); yzg(u+v) 2 \-\\ 3
{ — N
e - N
%(u—v)z+%(u—v)(u+v)+%(u+v)2+(u—v)+(u+v):13 g =
5

w2 +v+2u=13

2(u2 +u+lj+v2 :13+l
4 2

2
Z(U +lj +v? :2
2 2

2
) e
7 T
4 2
49, A=4,B=-3,C=D=E=0,F=-18 AV
- 4
cot2¢9—4 0 —i sk,
-3 3 -/
Since 0 <20 < 7, sin26 is positive, so cos 28 is negative; using a 3-4-5 - I
A - 1
right triangle, we conclude cos26 = —%. Thus L1 fs /t L ‘5 L
-5 _ ~ X
!/ = ~ -~
— —_ — I B =
sin&:\/l cos2c9:\/l (—4/5) _3J10 and JL
2 2 10 N
S5
cosf = \/ 1+c0s20 \/ 1+ (4/5) = V1o . Rotating through the angle T
2 2 10
0= %cos_l(—0.8) =71.6", we have
o, 3o NN
4(10U— 10 V -3 WU 0 10 U+—V =18or
) ) V2 u2
45v° —5u” =180 or T 3% =1. This is a hyperbola in standard position
in the uv-system; its axis is the v-axis, and a=2,b=6.
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50. A=11,B=96,C =39, D=240, E=570, F =875
11-39 A

96 24 N
Since 0 <26 < 7, cos26 is negative; using a 7-24-25 right triangle, we

cot26 =

conclude cos26 = —l .
25

and

Thus Singz\/l—cos%’ :\/1—(—7/25) _4
2 2 5

COSHZ\/1+00529 :\/1+(—7/25) _3
2 2 5

Rotating through the angle 6 = %cos_1 (-0.28) =53.13°, we have
2
ll(iu —fv) +96(3u —iv)(iu +3v)+
575 57 5 )\57 s

2
4.3 3. 4 4.0 3\
39($u+3v) +240(u-tv)+570( tu+iv) =875
or
3u? —v? + 24U+ 6V =35
3(U2+8ut16)— (V2 -6V +9) =-35+48-9
3u+4)? —(v-3)> =4
u+4?® v-37*
4% 4
This is a hyperbola in standard position in the Uv-system; its axis is the u-

23

axis, its center is (U,v) =(-4,3)and a= e b=2.

1

5L 34x2 4 24xy +41y2 + 250y = 325 v ooat L
7 AN
cot2d =——,r=25 ~ B
24 L DN
_S £ ~ 5 X
7 N
cos20 =—— , N
25 y (_ : .
/ | ~
1_l ]+l / [
cosf = 4| —2 :E; sinf =,|—2> _4 /. u
2 5 2 5 L
X= l(3u —-4v); y =l(4u +3v)
5 5
ﬁ(3u —4v)? +ﬁ(3u —4v)(4u +3v) +ﬂ(4u +3V)? +50(4u +3v) = —325
25 25 25
50u2 +25v% +200u +150v = —325
2u% +v2 +8u+6v=-13
2% +4u+4)+ (V2 +6V+9)=—13+8+9
2u+2)? +(v+3) =4
2 2
U+ 3’ _,
2 4
This is an ellipse in standard position in the uv-system, with major axis
parallel to the v-axis. Its center is (u,v)=(-2,-3) and a=2, b= V2.
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52 16x% +24xy +9y% —20x—15y ~150=0

cot29=l, r=25
24

c052€=l
25
1+.L 1-L
cosf = 25 zi; sind = 25 :E
2 5 2 5
1 1
x=§(4u—3v); y=§(3u+4v)

E(4u —3v)? +ﬁ(4u —3v)(3U +4v) +i(3u +4v)? 2507 —25u =150
25 25 25

—4(4u—3v)-33Bu+4v) =150
ul-u=6

uz—u+l:6+l
4 4

[ 1)2 25
u—— P —
2) 4

The graph consists of the two parallel lines u=-2 and u=3.

53. a. If Cis a vertical parabola, the equation for C

can be written in the form y = ax? +bx+c.

Substitute the three points into the equation.
2=a-b+c

0=c

6=9a+3b+c

Solve the system to geta=1,b=-1,c=0.

y=x>—X

b. IfCis a horizontal parabola, an equation for
C can be written in the form

X= ay2 +by +c . Substitute the three points
into the equation.

-l1=4a+2b+c

0=c

3=36a+6b+c

Solve the system to get a=—,b=-1,c=0.

N —

1.2
X=— —
4y y

Instructor's Resource Manual

54.

C.

If C is a circle, an equation for C can be
written in the form (X— h)2 +(y- k)2 =r2.
Substitute the three points into the equation.
(-1-h)? +(2-k)* =r?

h? +k? =r?

GB-h? +(6-k)*> =r?

Solve the system to get h= %, k :g , and

2

SR
X—=| +|y-=| ==
2 2 2

Let (p, g) be the coordinates of P. By
properties of similar triangles and since

KP - -
azu,a=u and azu. Solve
|AP| a-p b-q
for p and g to get
p=2—28 andq=y1_—ab. Since P(p, q) is
- -

a point on a circle of radius r

centered at (0, 0), p2 + q2 =r?

2 2
Therefore, [X—aa) +(y—abj =r? or
-a l-a

(x—aa)? +(y—ab)? = (1-a)’r? is the
equation for C.
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55, y2 - Lx+ Kx2 56. Parabola: horizontal parabola, opens to the right,
p=c-a, y> =4(c—a)(x—a)

2 2
) L It
K (X +EX+ 4K 2 ]_ y T 4K Hyperbola: horizontal hyperbola, b? =c? —a®
X2 2
L\ 2 X ¥
Kl x+—| —y?=— a2 p?
2K 4K ) )
y X
X+ y2 PRV
AT S S b* a
B 2
4K? 4K 2 b

y© = —2(X2 _az) Now show that y2
If K <—1, the conic is a vertical ellipse. If a
K =1, the conic is a circle. If -1 <K <0, (hyperbola) is greater than y> (parabola).
the conic is a horizontal ellipse. If K = 0, the
b 5 >
a—z(X —a ):

C2 —3.2

original equation is y2 = Lx, so the conic is 5 (X2 —a2)
a

a horizontal parabola. If K > 0, the conic is a

horizontal hyperbola. _(c+ajc-a) (x+a)(x—a)
2

a
If -1 < K <0 (a horizontal ellipse) the length c+a)x+a 2a)(2a
of the latus rectum is (see problem 45, c+a)x+a) )(2 ) (c—a)x-a)> (2a)2a) )g ) (c—a)(x—a)
Section 10.2) a a

/N |

ERRET T GO0 o -ayx-a) =4~ a)x-a)

2[K]
From general considerations, the result for a c+a>2aandx+a>2asincec>aandX>a
vertical ellipse is the same as the one just except at the vertex.

obtained.
For K =-1 (acircle) we have

x—L +y2=L—:>2u=|L|
2 4 2
If K =0 (a horizontal parabola) we have

y2 =Lx; y2 = 4%X; p =%, and the latus

rectum is

2JLp=2 L%:|L|.

If K >0 (a horizontal hyperbola) we can use

the result of Problem 46, Section 10.2. The
2

.2 C
length of the latus rectum is — , which is
a

equal to L.

57. X=Ucos a¢—Vsin
y=usin @+ Vcos
(Uucos @—Vsin &) cos a+ (Usin ¢+ V cos a) sin a=d
u(cos2 o +sin’ a)=d
u=d
Thus, the perpendicular distance from the origin is d.
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b 7

58. x=7(u—v); y=7(u+v)
1/2 1/2
{ﬁ(u—v)} +{£(u+v)} =al/?
2 2
N5 1 1/2 B
7(u—v)+2[5(u—v)(u+v)} +7(u+v)_a

Vau +«/§(u2 —v2)1/2 =a
V22 —v3)2 —a—2u
2u? —v?) =a® —2+2au +2u?
v =2au —%az
The corresponding curve is a parabola with X > 0 and y > 0.
59. Xx=Ucos 8—vsin ; Yy=usin &+Vcos 4
X(cos @)+ y(sind) = (u cos’ 6 —Vcosfsin f)+(u sin” @ +Vcos@sin d)=u
X(—sin @)+ y(cos @) = (—UcosHsin & +Vsin? d)+ (Ucosfsin b + vcos? )=v

Thus, U= X cos @+ Y sin and v=—Xsin &+ Y cos 6.

533,

60. u:500560°—3sin60°:E 5 V =-5sin60°—3cos60° =

_(5 W3 53 3]
uvy)y=-——,——-=

533

3
2 2
2 2 2 2

61. Rotate to eliminate the Xy-term.
x? +14xy + 49y2 =100

cot26=—ﬁ
7
cos26?=—ﬁ
2
1-24 /1+%
cosd = 25 :L’ siné = _%:L
2 52 2 52

L(7u +V)

1
X=—0=U-7v); y=
52 572
1 ) 14 49 2
—U=7vV) +—Uu-7V)(Tu+Vv)+—(7u+v)~ =100
50( ) 50( X )50( )
50u” =100
u?=2
u=+J2

Thus the points closest to the origin in uv-coordinates are (JE, O) and (ﬂ/z, 0).

K= —=(v2) =1 or x=(v2) -1

NG 5 52 5
1 7 1 7
=——(72)== or y=—=(-7V2)=—=
. S . 17 1 7
The points closest to the origin in Xy-coordinates are (g, gj and (—g, —gj
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62. X=Ucos #—Vsin 4
y=usin 8+ Vcos &

AX? = A(ucos@ —vsin 6’)2 = A(u2 cos’ @ —2uvcos @sin 6 + v sin? 9)

Bxy = B(ucos@ —vsinf)(usinf +Vvcosd) = B(u2 cos@sinf + uv(cos2 6 —sin? 9) —v? cos@sin a)

Cy2 =C(u sin9+Vcos6’)2 = C(u2 sin? @+ 2uv cos @sin @ + v cos’ 0)

AX? + Bxy + Cy2 = (Acos2 0+ Bcos@sin + Csin’ z9)u2 +(—2Acos@sinf + B(cos2 6 —sin? 8)+2C cos@sinf)uv
+(Asin2 6 — B cos@sin @ + C cos’ 9)v2

Thus, a= Acos” 0+ Bcos@sind+Csin’ @ and ¢ = Asin® @ — Bcos&sind +C cos’ 6.

a+c = A(cos’ 0 +sin” 0) + B(cos Osin @ — cos @sin §) + C(sin” @ + cos> ) = A+C

63. From Problem 62, a = Acos? @+ Bcos@sin @+ Csin? g,
b=-2Acosfsin0 + B(cos2 0 —sin? 0)+2Ccosfsind, and
¢ = Asin? @ — Bcos&sin @ +C cos 6.
b? = B2 cos* @+ 4(—AB + BC)cos® @sin 6+ 2(2A% — B? —4AC +2C?)cos® Osin’ 6
+4(AB — BC)cos@sin’ 6+ B sin* 0
4ac = 4AC cos* 6+ 4(—AB + BC) cos® @sin @ + 4(A> — B? +C?)cos? @sin® 6 + 4(AB — BC) cos@sin’ 6 + 4AC sin* 6
b? —4ac = (B? —4AC)cos* 6 +2(B? —4AC)cos® sin® 6+ (B> —4AC)sin* 0
= (B? —4AC)(cos® 6)(cos® 0 +sin” 8) + (B> — 4AC)(sin? O)(cos> @ + sin® 0)
=(B? —4AC)(cos” 0 +sin’ ) = B2 —4AC

65. a. From Problem 63, —4ac = B2 _4AC=-A or

64. By choosing an appropriate angle of rotation, the 2 \/ﬁ
second-degree equation can be written in the form C. Z(AJrCi (A-C)"+B j
2 2
au“ +cv” +du+ev+ f =0. From Problem 63,
) =£{é[l+lji\/A2+2AC+Cz+BZ—4AC}
—4ac=B"-4AC. Al4la c
(1 1),2 2
= —4+— [+ — —
a. If BZ?—4AC =0, then4ac=0, so the graph 2(a+cj_A (A+C)"-A
is a parabola or limiting form. 5 2
(1 1 2 A1 1
) =—| —+— |t —| —+—| —-A
b. If B-—4AC <0, then 4ac > 0, so the graph 2la ¢) AYl6l\a ¢
i 1li limiting form.
is an ellipse or limiting form 1[1 1) | (1 1j2 (4)
=—| —+—|x—, || —+—| -4 —
c. If Bzf4AC>O, then 4ac < 0, so the graph 2\a ¢/ 2\la c A
isah la or limiting form.
is a hyperbola or limiting form =l(l+lji L+£+L_4(LJ
2la ¢ a? ac ¢? ac

2
14 RIEIA (l_lj
ac A’ 2la ¢/ 2\\a ¢c
1(1 1 |1 1
b. From Problem 62,a+c=A+C. =E E+Eig——
1. 1_a+c_4(A+C)
a ¢ ac A The two values are l and l
a c
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66. Ax>+Bxy+Cy? =1 can be transformed to 68. A=4(25)(1)-8> =36

au® +cv? =1. Since 4ac =A >0, the graph is an Since c < a l:£(A+C+ ’(A—C)2+sz
1.1 4 c A
ellipse or a limiting form. —+—=—(A+C) >0,
a ¢ A l:%(25+1+\/242+82):é(13+4\/ﬁ)
C

so a> 0 and ¢ > 0. Thus, the graph is an ellipse (or

ircle).
circle) C:[ 9 J(B_NEJ:BNE

The area of au® +cv? =1 is 13+4410 )| 13-4410
1 4 2n 2n _2n_m

M—F—=M,— =—. - _
Jac. VA WA Ja 6 3

Thus, the distance between the foci is 26 — 8@

67. cot20=0, =" o
4 and the area is E

2
X=—(Uu-v)
2 69. From Figure 6 it is clear that
V=rsing and U=rcosg.
y-L sy / i
2 Also noting that y = rsin(€ + ¢) leads us to

y =rsin(@+¢@)=rsinfcos@+rcosfsing

l(u —v)2 +E(u —V)(u +v)+l(u +v)2 =1
2 2 2 =(rcos¢)(sin@)+(rsing)(cos8)

¥u2+ﬂv2=l =usiné+Vvcosd
a. The graph is an ellipse if 2+B >0 and
> B 10.4 Concepts Review
— >0, so-2<B<2. , )
1. simple; closed; simple
b. The graph is a circle if 2—; B = 2; B , SO 2. parametric; parameter
B=0. 3. cycloid
c. The graph is a hyperbola if 2+B >0 and "(t)
- grap P 4. (dy/dt)/(dx/dt)=9 % 0
2-B <0 orif 2+B<O and 2-B >0, so
B<—2orB>2. Problem Set 10.4
1. a t X
d. The graph is two parallel lines if 2+8B =0 or y
2 -2 -6 -4
2-B_ 0, so B==2. -1 -3 -2
2 0 0 0
1 3 2
2 6 4
.\I
1of
L1111 P L1 1 |
-10 B 10
e

b. Simple; not closed
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y
C t:i = y:zx 16~
3 3 -
2. a t X y B
2 4 -6 ://
-1 -2 -3 |y_|111|||[
0 0 0 =L 16~
1 2 3 il
2 4 6 b. Simple; not closed
of t=1(c+2) L)
B c. t=—(Xx+2) = y=—(x+
- 4 Y73
IR 4 B R 5 a t X y
—_ X
10 - 10 0 2 0
— 1 3 1
e 2 2 V2
3 1 V3
b. Simple; not closed 4 0 P
X 3 st
C. t=— = y==X
2 2 »
3. a t X y
0 -1 0
1 2 1 e
2 5 2
b. Simple; not closed
3 3
4 11 4 c. t=4-x
16f y=~4-x
- 6. a t X y
- 0 -3 0
n 2 -1 2
| |_%| L1, 4 1 242
—4 | 16+ 6 3 2\/5
~r 8 5 4
b. Simple; not closed a4
c. t=§<x+1) = y%(xm /
| 'K_I | I .
4. a. t X y - B 6"
0 -2 0 n
1 2 2 S
2 6 4
3 10 6 b. Simple; not closed
c. t=x+3
Yy =~/2X+6
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7. a. S X y 9. a. t X y
1 1 1 -3 -15 5
% 3 -2 0 0
1 -1 3 -3
3 5 0 0 4
1 1 -3 -3
7 = 7
Z 2 0
9 9 9 3 15 5
\ v
m_—‘ 10~
B Ll NAT L
B =20 20%

I O T Y B B _1ok
1 x

b. Simple; not closed b. Not simple; not closed

¢ x2=t0—st* +16t2

1
¢ =3 t2=y+4
y=1 X2 = (y+4)° —8(y+4)> +16(y+4)
X x> =y +4y?
8. a. S X y
| 10. a. t X y
1 -3 21 15
3 3 3 2 4 8
5 5 L -1 1 3
| 0 0 0
7 7 7 1 -1 -1
9 9 % 2 4 0
3 21 3
¥ v
C L1 [Jl(l. |
| N N T A | -25 E 25%
b. Simple; not closed b. Simple; not closed
¢ s:xl c. t2—2t—y=0
y=2 t=1+,1+y
3
x:(li 1+ y) —2<li 1+y)
X=2+3y£(Yy+2)Jl+Yy
(x=3y-2)* = (y+1)(y+2)’
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11. a. t X y 13. a. t X y
2 0 32 0 0 3
3 2 3 I
= 2 0
4 02 0 2
¥ T 0 -3
s 3n
> -2 0
2 0 3
¥
5 -
| /‘_
5x —
L1 1 | 1 | I .|
_S | 5 X
b. Simple; not closed k J
¢ t=ix2i2 sk
4
t— 4_1 y? b. Simple; closed
? 2
1o, ,_ 4 12 c. sin’t= x
X“+2=4 5 y 4
2
ﬁ y_2 =1 cos’t = Y
- 9
8 18
2 yz »
12. a. t X y A
3 0 2
7 3 2 14. a. r X y
> -= 2
2 "5 0 0 -2
4 3 0 i
2 3 0
4 -
L i 0 2
- 3n
‘— 7 -3 0
- 27 0 -2
i ;
[ | L1 51
—1 B 4 X :
“1+ /_
b. Simple; not closed _:'; : Qﬂ; : é (
c. t= l x> +3 B
9
5+
4 L2
t=4 27 b. Simple; closed
1 2 L 2
—X"+3=4-——y 2
9 c. sin’r= %
2.2
X_+y_ =1 2
9 4 cos?r = Y
4
2 .2
X_+y_ =1
9 4
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15. a. r X y e cos’r= X
0 0 -3 2
z -2 0 sin?r = Y
2 3
v 0 3
3 5 —+l =1
5 0 3
2n 0 -3 17. a. 0 X y
20 2 0
5 0 0 9
3n 0 3 s 9 9
7 4 2 2
L 2 0
2 Z 0 9
ar_| o -3 i 0 0
5 o 4 2 2
- V4 0 9
(1 "
| | B 1 1 1 1
s
b. Not simple; closed TN O I 0 VO
10x
x? .
c. sin’r= s b. Not simple; closed
2
cosr=J_ c. sinf=>
9 9
2 2
R A cos> 6 :g
9
1_{_1 — 1
16. a. r X y 9 9
0 2 0 Xx+y=9
T
gl 0 3 18. a. 0 X y
v 2 0 0 9 0
3n il 2 2
2 0 3 4 2 2
27 2 0 i
- ) 0 9
4F n 2 2
B 4 2 2
V4 9 0
y
| |
-1 B X
-1
b. Not simple; closed
S N T . T
10x
b. Not simple; closed
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19. a. 0

|
+
)
a
>
S N —|x

a vl

N

¥ o
a

5 5

| |

— N=

+
[\S)
a
>

|
N |—

= o

| | |
Nl © Pk © lk 2=

NS 3%}

I
3
b3 =

3
b. Not simple; not closed
C. cos #=X

sin@ = v1-x?

y=-8 sin @ cos” O

y=-8x>(1-x?)

20. a. 6

0+27zn

Iy
6+27‘cn

fi
2+27m

— N= ofx

?+2nn

(=3 S T

n+2nn

+27n -

— [\)|>_¢

+27n —

oxl;‘: &y a5

N |—

NN N NN N <

N |—
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21.

22.

23.

|
b =

1+
b. Not simple; not closed
Cc. sin =X

cos@ =V1-x>
y = 2(cos2 6 —sin’ 49)2

y =202x% —1)?
%:&
dr
dy:122
dr
ﬂ—%
dx
¥,
dr
dly _1
dx2 37
%=12s
ds
by _ g2
ds
dy 1.
dx 2
dy_ 1
ds 2
d?y_ 1
dx? 24s
49
do
dy 2
— =3./56
de \/_
dy_3N5,
dx 4
dy' 35
de 4
d’y 35
dx2 1660
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3—3;;3\/592
d_ 3,
dx 2
a3
do 2
?y_ 3
dx2 40

25. %zsint
%=cost
%:cott
X
(:j—);z—csczt
2
%——csc%
X

26 %:ZSint
%:500st
ﬂ:—cott
dx 2
Z—{— —csczt
2
%— —csc3t
X

27. % =3sec’t

dt
ﬂstecttant
dt
ﬂzésint
dx 3
d—yzécost
d 3

2
d—;/=§cos3t
dx

Instructor's Resource Manual

28.

29.

30.

31.

% = —csczt
dt

ﬂ =2csctcott
dt

—y=—2cost
X
d—y:2sint
dt

2
d—3:f2sin3t
dx

%__ 2t
dt  (1+t?)?
dy 2t
dt  t2(1-t)?

dy  (1-200+t3)?
dx  2t*(1-t)?
dy’ 32 +7t* —6t +10% 9t +3

dt -ty

d?y G+ 7t —6t> +10t2 — 9t + 3)(1+t%)?
dx? 41—ty

d___ 4t

dt  (1+t?)?

dy  203t2+D)

dt t2(1+t%)?

dy 3t?+1

o of

dy’ 32+
dt 2t
d?y 3+’
dx? - 8t
% =2t, 3—); =3t?
dy 3

R

Att=2,x=4,y=8,and d—y=3.
dx

Tangent line: y—8 =3(x—4) or 3x—-y—-4=0

.‘.
10
t=2

1 1 I I |
2 g X
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32. %:3,ﬂ:24t2 34. %:2&,%:—1@t
dt dt dt a3
d—y=8t2 ﬂ:_le_Zt
dx dx 6
Att:—l,X:—i,yz—l,andﬂ:Z Att=0,x=2, y:l,andﬂ:—l.
2 2 dx 3 dx 6
Tangent line: y+1:2(x+%j or2x—-y+2=0 Tangent line: y—%z—%(x—Z) or
¥
5;/
1 1 1 1 /_ 1 11 1
S N 5%
r==3 n
s
33. %=2secttant,ﬂ=2seczt dx d
dt dt 35, _:2,_y:3
d dt dt
—y:csct 3 3 3
dx szox/4+9dt=JBjodt=JB[t]O=3\/B
Att=-" X—i y——i and ﬂ——z
6" 3 NCA O g6 O dy
Tangent line: y+%:—2(x—%J or dt 5 dt 5
3 3 L=[" Vivddt=5[ dt=\5[t1s =645
23x+3y-6=0 - -
Yf g7, H_ W _3pn
Codt dt 2
n 3 9
L= ,/1+—tdt
_‘L’ I J.O 4
3
=lj J4+0otdt
2 Jo
B 112 ¥
=—[—(4+9t)3/2}
18] 3 0
Lz _g - LauBiog
27 27
38. %:2cost,d—y:f2sint
dt dt
L:jg 4cos2t+4sin2tdt=2jgdt=2[t]g=2n
39. %za,ﬂ:w
dt dt
2 2
L=[ V36t® +ottdt =3[ tVa+t7dt
0 0
1 2
3|:—(4+t2)3/2:| =162 -8
3 0
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dx 1 dy 2 dx

40. —=1—-—,— 45. — =—sint,
dt t2” dt t dt
2
4 dy secttant+sec”t
_ —=————"———cost=sect—cost
L= J. ( )+ it dt sect +tant
/4
L= L;t \/sin2 t —i—(sec2 t—2+cos’ t)dt
I 1+—+—dt j 4
:J. tan tdt
0
= 1+ — dt_[t—} :_ _ n/4 11
.[ ( j t), 4 —[—ln|cost|}0 ——lnﬁ—gln2
dx ¢t dy 932
41. at =2e, 46. %ztsint,ﬂ:tcost
dt dt
2In3 2In3
" ,/ +ﬂe3tdt " t,/4+ﬂetdt L:J.Tt/zx/t2 sin? t +t2 cos? tdt
4 n/4
2In3 /2 2
/2
|8 [, 8L 32 .[n tdt—[ } _3n
307 4 w4 32
In3
_ 7454745 — 2594259 47. a. ox — =cosf),—= dy =—siné
243 do do
B 2n\/ﬁ _(am
i &t ﬂ_,l L—IO cos” @ +sin BdB—IO do
dt ll_tz dt =[6)3" =
1/4 1/4
L= .[ t2 ldt_.[ 5 dt b. %:3c0s39,ﬂ:—3sin39
1-t 0 do
2
=[sin 't} =sin~! % L= jo " J9cos? 36 +9sin? 30d0
_ 21 _ o
g3 _2dy o 1 =3[ "d6 =3{015" = 6n
dt \[ dt 7t2
it 2] €. The curve in part a goes around the unit circle
1 /4 *? 7 jdt once, while the curve in part b goes around
A the unit circle three times.
/ 48. AS =27XAs
2 2
ds = (%j {d_yj it
J‘ 2t+ dt dt
1/4 5
1 1 1 39 S= I ZTIXdS—J‘ 27X (dxj +(d—yj dt
= 1/4[2t+ jdt_[ ——} dt dt
2t? 2th/4 16 See Section 5.4 of the text
44, dX hzt ﬂ = 2tanht 49, %:—sint,ﬂ:cost
dt dt dt dt
3 2
L= L3 sech’t +4tanh” tal S= IO n2n(1+cost) sin® t + cos tdt
3 2
- JL3 \/4 ~ 4sech’t + sechtdt = ZTEIO n(l +cost)dt =2nft + sint]é’I =472
3 3
= 173\1(2—sech2t)2dt = L3 (2 —sechzt)dt
=[2t—tanht]’; =12 —2tanh3
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50. % = —sint,d—y =cost
dt dt

2
S= J.O nZn(3 +sint) sin? t + cos? tdt

2
= 271.[0 "(3+sint)dt = 2n[3t cost]gTt =12n°

51. % = —sint,d—y = cost
dt dt

2
S= fo "2n(1+sint)Vsin? t + cos® tdt

2
= ZRIO " (1+sint)dt = 2nft - cost]%fE = 4n?

dx dy 1
52. —=ft,—=>=—
dt vt dt J{

S = jzf 202 ey Lt
t

2
_4n \/—t t2 +1dt

_4r 3/2 23 47
3[ 2 +1) } =7(13\/E—1)

0

53. dx 1, —t+\/_
dt dt

S :.[,\7ﬁ2n(t+\/7) 1+(t+«/7)2dt

s

=ﬂ(29@—1)
3

7

50, F_ia Wy
at at

S :J_£2n(t+a) (t+a)? +1dt

| Ja
= 27{5(@ +a)? +1)3/2}

—a
)3/2

:23_7{(a2 +2aa+a+l
3/2
—(a2 —2a\/§+a+1) }
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55. dx=dt; whenx=0,t=-1; whenx=1,t=0.
j;(x2 —4y)dx = jfl [(t+1)% —4(t +4)]dt

0
= j—l (—4t3 +t2 + 2t —15)dt

0
=[—t4+lt3 +t? —ISt} __ 4
3 43

56. dy= secztdt; wheny =1t :%,

when yzﬁ,tzg
j\/§

_ /3 2
X Xydy—jﬁ/4 (sect)(tant)sec” tdt

57. dx =2¢e”dt
_ 25 _ In5 In5
A_L ydx_jO 2etdt =[2e' 115 =38

.\.
I

I [ [ |
=3 27 %

58. a. t=—

Vo cos

2
y:—16{ X j+(v0sina)[ X J
V cos V cos &

y= —(Lz] X2+ (tana)x

VO2 cos” a

This is an equation for a parabola.

b. Solve for t wheny =0.
—16t2 + (Vo sina)t = 0
t(-16t+vysinax) =0

Vo sina

16

t=0,

. ... Vgsina
The time of flight is seconds.

o At t:VOSIHa,Xz(Vocosa) Vo sina
16 16

B Vg sinacosa Vg sin2«a

16 32
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d. LetR be the range as a function of « . Let the wheel roll along the x-axis with P initially

r_ Visin2e at (0,ab).
3 =arc NQ = at
dr VO cos2a =|OM|=|ON|-|MN|=at-bsint
da 16 y =|MP| =|RN|=|NC|+|CR| =a—bcost
2 ¥
M=O,cos2a=0,a=£
16 4
d?R Vgsin2a d’R T
=- ; <0 ata=-—.
da? 8 da? 4

The range is the largest possible when o :% .

59. y
1 61. The x- and y-coordinates of the center of the circle
of radius b are (a — b)cos t and (a — b)sin t,
respectively. The angle measure (in a clockwise
direction) of arc BP is %t . The horizontal change
2a 0 from the center of the circle of radius b to P is
al bcos(—(%t—t)j:bcos(a_btJ and the vertical
N
rl:la €3 change is bsin —(Et—tj ——bsin(a_btJ
o) M N g b b ’
Therefore, X = (a—b)cost +bcos| 2=t | and
Let the wheel roll along the X-axis with P initially erefore, X =( )cos cos an
at (0,a—b). a-b
|ON|=arcNQ:at y:(a—b)sint—bsin( t).
X =|OM|=|ON|-|MN| =at —bsint
= |MP| =|RN| =|NC|+|CR| = a~bcost 62. From Problem 61, .
o X:(a—b)cost+bcos(a_ tj and

y :(a—b)sint—bsin(a

b
-b
tj.
[ A A

2 [ 181 ¥
b X= [3—ajcost+(ajcos(3t)

Substitute b =%

4
60. i = (S:Taj t+( Jcos(2t+t)
3a . .
= [Tj ost+( j(cos 2t cost —sin 2tsint)
:[%Taj ost+[ j(cos3tsin2 tcost —2sin’ tcost)
= (3_&) cost +( jcos3 t —(3—a)costsin2 t
4 4
3a 3 3
=| — |(cost)(1—sin t) + cos"t=acos’t
4 4
y= —aj sint— ( j sin(3t)
4
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sin(2t +1) 64. x=2acost—acos2t=2acost—2acos’t+a
=2acost(l—cost)+a

sint —
y =2asint —asin 2t = 2asint —2asintcost
=2asint(l—cost)
x—a=2acost(l—cost)
(x—a)? +y* = 4a%(1-cost)?
sint —(TaJ sintcos? t +[%) sin®t (x—a)2 + y2 +2a(x—a)=

4a? (l—cost)2 +4a° (1—-cost)cost
(x—a)? +y% +2a(x—a) = 4a’(1-cost)
[(x—a) +Yy2 +2a(x—a)]* = 4a%-4a%(1 - cost)?
[(x—a) +y? +2a(x—a)]* = 4a’[(x—a)* + y?]

dx
dt

(sin 2t cost +cos 2t sint)

sint — (2 sintcos>t +cos” tsint —sin’ t)

2]

—_

=]

—
|

W Ml Ml A~

A R

Il
7 N/ N/ N/ N /7T N

NI IR S F N

L A A U U

(sint)(1- cos? t)+ (%j sin’t =asin’ t

"

65. X _ [gj (—2sint - 2sin 2t),

ﬂ = (%) (2cost—2cos2t)

X2/3+y2/3:a2/3COSZt+a2/3Sin2t:a2/3 dx 2 a 2
(Ej = [Ej (4sin’ t +8sintsin 2t + 4sin? 2t)
63. Consider the following figure similar to the one in s )
the text for Pro‘blem 61. (ﬂ = (E 4 cos> t —8costcos 2t + 4 cos’ 2t)
Y dt 3
P 2 2 2
(%J + [ﬂj = (Ej (8 +8sintsin 2t —8cost cos 2t)
dt dt 3
B 2
-2 (8+16sin2tcost—8cos3t+85in2tcost)
t X 3
o A(a, 0) a2
= (gj (8+ 24 cost sin® t —8cos’ )
a 2
= (gj (8+24cost—32 cos’ t)

The x- and y-coordinates of the center of the circle 23 [ dx dy :
of radius b are (a + b)cos t and (a + b)sin t L= 3J.0 [Ej + (EJ dt
respectively. The angle measure (in a counter-

a —a[”™" 8+ 24cost—32cos3 tdit
clockwise direction) of arc PB is Et.The —aIO +2acost—52c0s

horizontal change from the center of the circle of Using a CAS to evaluate the length, L = 16—a.
radius b to P is 3
bcos(%t +t+ nj = —bcos(a-Ir b tj and the
vertical change is
bsin (%t +t+ ch =—Dbsin ( a+h tj . Therefore,
a+b
X =(a+b)cost—bcos o t| and
y = (a+b)sint—bsin(agbt) .
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66. a. Letx—acostandy=bsint. c.

= —asint, ﬂ— bcost
dt

d

(3) ( J:azsin2t+b2coszt

=a +(b2 a )cos t

The curve touches a horizontal border six

2 . . .
2 2. 2 2 C 2 times and touches a vertical border twice.
=a"—-Cc"cos"t=a"|l—-—cos”t . .
[ a2 J Note that the curve is traced out five times.
2 d 1
C .
—a? [1—(—} cos’ t]:az(l—e2 cos’ t) A
a )

P= 4["/2 [%T +(d—yj2 dt
o \Ladt dt

/2
= 4a.[: 1-e?cos?t dt

The curve touches a horizontal border 18
times and touches a vertical border four times.

2
/2 cos“t
b. P= 4J;t 1- T dt 68. This is a closed curve even thought the graph does
not look closed because the graph retraces itself.
y

/2
=j0" 16—cos>t dt ~ 6.1838

(The answer is near 2z because it is slightly
smaller than a circle of radius 1 whose
perimeter is 27 ).

/2
P :jg 16— cos? tdt ~ 6.1838

67. a.
69. a. X=cost; y=sin2t
y
1
The curve touches a horizontal border twice
and touches a vertical border twice.
_ 1 X
b.
-1
b. X=cos4t; y=sin8t
\ y
1 -
The curve touches a horizontal border five C
times and touches a vertical border three -
times.
| I | I I I | -
_ 1 X
1L
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C. X=cos5t; y=sinlOt a. The graph touches a horizontal side if
AY

L sinbt =+1 or bt :gﬂ (k odd) ; that is,

t:Lﬂ, where k=1,3,...,4b-1.
2b

T B T Hence,H=2b.

b. The graph touches a vertical side if
cosat =+1 or at =nxz (n an integer) ; that is,

! t=ﬂﬂ, where n=0,1,...,2a—1.
a

d. X=cos2t; yy:sin3t Hence, V = 2a.
A

c. If ty yields a corner, then (see a. and b.) then

k
a.to =Nnr, bto :Eﬂ' so that

u a n _2n
—=—=1—7=——". Thus corners can only
v b % ok

occur if Uis even and Vis odd. Assume that
is the case, write U = 2r , and assume we have

k
€. X=cos6t; y=sin9t a corner at ty; then t; :Z—bnm

ak .
aty = %ﬂ' =nx,(n an integer). Thus

ak  2rwk rk . . .
—= =—1is an integer; hence V is a
2b 2w v

X factor of rk. But v and r have no factors in

common, so V must be a factor of K.
Conclusion: K is an odd multiple of v. Thus

m
corners occur at %ﬂ' where

m=v,3v,5v,...,(4w—1)v ; therefore C=2w.
Now if we count corner contacts as half
horizontal and half vertical, the ratio of
vertical contacts to horizontal contacts is
given by

2a a u .
X 1 —=—=—ifC=0
V'AC: 2b b v
21 - -
HAC 2a-w_2u-1
2b-w  2v-1

ifC=0

70. Consider the curve defined parametrically by
Xx=cosat, y=sinbt, t€[0,27); we assume a
and b are integers. This graph will be contained in
the box with sides x=+1, y=+1. Let H be the

number of times the graph touches a horizontal
side, V the number of times it touches a vertical
side, and C the number of times it touches a corner
(right now, C is included in H and V). Finally, let
w = the greatest common divisor of a and b;

. a .
write a=u-w , b=v-w. Note: 5 in lowest

. u
terms 1s — .
\"
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71. a. d.

1
.15
5
.25
-1-.75-.5-.25 .25 .
-.25
-.5
-.75
-1
Given a parameterization of the form X = cos
f(t) and y = sin f(t), the point moves around
the curve (which is a circle of radius 1) at a
b. speed of | f ’(t)|. The point travels clockwise
around the circle when f(t) is decreasing and
counterclockwise when f(t) is increasing.
Note that in part d, only part of the circle will
be traced out since the range of f(t) = sin t is
-1, 1].
72. a. *°
2
1
i 0.5 1 1.5 2
The curve traced out is the graph of y = x?
for 0<x<2
C.
b. a0
50
40
30
20
10
2 4 6 B
The curve traced out is the graph of y = X
for0<x<8.
C. -15 -12.5 -10 -7.5 - I
100
-150
-200
-250
The curve traced out is the graph of y = e
for-16 < x<0.
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d. 74. Some possible graphs for different a and b are
800 shown below.
600 a=3,b=1

The curve traced out is the graph of y = x?

for 0<x<32

All of the curves lie on the graph of y = +X2,

but trace out different parts because of the

parameterization
73. a
b.
Let p_2 where P is the reduced fraction of %.
q
C.
The length of the t-interval is 2qz . The number
of times the graph would touch the circle of radius
. . . a . . .
a during the t-interval is p. If 5 is irrational, the
curve is not periodic.
2
t t
: t7+1 t7+1
y
5 L
L1l
-
Let b :% where P is the reduced fraction
q
a . . _
of —. The length of the t-interval is 2qr . Whenx>0,t>0ort<-1
b When x <0, -1 <t<0.
The number of times the graph would touch Wheny>0,t>-1. Wheny <0, t<-1.
the circle of radius a during the t-interval is p. Therefore the graph is in quadrant I for t > 0,
a. . . ) o quadrant II for -1 <t <0,
If b irrational, the curve is not periodic. quadrant 111 for no t, and quadrant IV for t <—1.
632 Section 10.4 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



10.5 Concepts Review

1. infinitely many

2. rcos @;rsin 4, r?

3. circle; line

4, conic
a.
Problem Set 10.5 b
1.
c.
d.
2.
6.
3. 1 3 3
a. (3«/5,——nj,(S«E,—nj,[—%/_,——nj,
2 2 2
(—3\/§,lnj
2
b. (1,—§n],(1,én],(—l,—lnj,(—l,—nj
4 4 4
5 1
4. C. (ﬁ:_gn):(ﬁagnj’(_ﬁ’__n):
(-ﬁ,inj
3
1 3 3
d. (2\/5,—EnJ,(Zﬁ,En),(—%ﬁ,——nj,
(—2\/§,lnj
24m 3.-%n 2
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7. a lecos%n:O d. X:—2\/Ecos§n:0

yzlsin%nzl y:—2\/zsin%n:—2\/§
©.1) (0.-242)
1 2
= — — = —— 2
b. x ICOS47T 2 9. a. r2:(3\/§) +32=36,r=6
y:flsinlnzfﬁ tan6’=i,6’=E
4 2 NE) 6
(_ﬁ _ﬁj [6 nj
27 2 6
2
¢ x= 2cos(§nj:72 b. 12 =(-2v3) +22 =16, r=4
2 Sn
tanfd =——,0 =—
y:ﬁsin(—lnj:—ﬁ —2/3 6
3 2
4 Sn
bk %)
27 2
2
c rzz(ﬂ/i) +(f\/5) =4, r=2
d. x=—/2cos>n=0
2 V2 s
tan6’=7,6’=7
y=—\/§sin—n=—\/5 -
) 5
0,-+2) 4
202,02
7 d r"=04+0°=0,r=0
8. a. X—3\/§COSETE—O tan 0= 0, =0
(0,0)
y=3x/5sin%n:—3x/5
2 2
(0.-3v2) 10. a rz:(_i] (Lj _lo Vo
NG 3) o3 3
1
b. X:—lcosgnz—ﬁ tan6’=£,6’:7c+tan71 L
4 2 % 3
15 2
y=-lsin—n=— J10 a1
4 2 T,n+tan 73
(_ﬂ QJ ’
22 3 ’ 3 : 6 6
b. rP=| X2 4 X2 =2 =X
2\ 2 2 2 4 2
C. X=-+2cos|——m|=—
( 3 j 2 A3 3
tanf=—2_,0="
y:ﬁsin(gnjzﬁ B 4
3 2 2
NG N6 3n
22 274
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c. r2=02+(2%=4r=2 14. x-y=0
3n 3

tanH:—z,Hz—
0 2

3n
2,—
( 2 j _% | I | I | -I_‘ -

d. r?=32+(4)2%=25r=5

4 L 4 3
tan49:—§,6’:tan 3 rcos @—rsin =0
tan =1
(2, tan ! (—ED ="
3 4
11. X—3y+2:O 15. X2+y2:4

5

. .

5
rcos @—3rsin 6+2=0

T T

.
-

3

(rcos®)” +(rsing)’ =4

2
"~ cosf—3sind r’=4
2 r=2
~ 3sind —cosd 5
16. x“ =4py
= ¥
12. x=0 ) 2w}
I | _I L1 11
-5 B 5 X
1 1 1 111
: 2p p p Ip X
=k (rcos®)? =4p(rsind)
4psin@
o~ = dpsin
2 cos” @
r=4p sec ftan 4
13. y=-2
y
s 17. 9=
B 2
B cot =0
L X_o
5 B 5 X y
B Xx=0
sk 18. r=3
rsin 0=-2 r2=9
r=_ 2 x> +y?=9
sin @
r=-2cscé
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19. rcos @+3=0 4

— 26. r=—
x+3=0 cosé
X=-3
r=———— line
20. r—5cos §=0 cos (6 —)
rZ _5rcosf =0 sk
x4y —5x=0 C
2 25 2 25 -
(x —5x+7j+y _T _; [ _| [ J:I;
(X_§)2+yz_£ 5
2 4 —5+
21. rsinf-1=0 27. r=4sind
1=
§:1 0 r:2(2)cos(6—gj,circle
22. r* —6rcosf—4rsinf+9=0 st

x2+y2—6X—4y+9:0
(X® —6X+9)+(y> —4y+4)=-9+9+4
(x=3)" +(y-2)* =4 s

23. r=6,circle
10—

r— 28. r=—4cosé
N AN r=2(2)cos(6—mn), circle

T T T

20, 0=2"line - = >
3 -
sk N
C st
[ | _l ) | 29 r= 4
-5 5 1+cos@
N :&,parabola
sk 1+(1)cos@
25. r= ,3 |
sin@ !
I
r= 3 - , line :
cos(ﬁ—i) ' ! "5
: -/
: /
1
N 4 '
1 11 11 11111
5 B 5
S
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4 4

r=——— 3B, r=—
1+2siné 2+2cosl
= &, hyperbola = _0@) , parabola
1+2cos(9—§) 1+(1)cos@
e=2 e=1 .
8- \5: !
- L
- i
= — 5 LN I
‘x\\-// lIIJI\!IJI
”'\;if\\ -5 j i 5
-5 - = - 5 - I
-~ >~ ~ 1
N ~ /_; i
a2
6 P S
31 r= 2+2005(9—§)
2+sin@
(%)6 r:L,parabola
r=—-r , ellipse 1+(1)cos(.9—§)
I
1+(§)cos(0—5) e=1
e=1t 3T
2 -
T T N
L1 rd B 5
5 b
o
3%, re——
6 5+cos(9—7r)
32, r=— 402
4—cost r= &)
6(l) 1+2cos(@—m)
4 .
r=— <, ellipse hyperbola
1+(Z)cos(6—n) e=2
1
e=—
4
5_
L1 |f_|\ L1
-5 \_ J 5
sk 36.
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37. By the Law of Cosines, b. The length of the major diameter is

a’ :r2+02—2r0cos(6—a) (see figure below). o = ed N ed _ed—ezd +ed +e’d
1 1+e 1-e 1—62 1_92
_ 2ed
¢ 1o
r a= €
[ =
1-¢?
0\ e’d
- c=ea= 5
0 1_e
2 2 2
b2:a2—02:( edzJ _[ € dzJ
38. r=asinf+bcosd 1-e 1-e
r2 = arsin@+brcosd _ e?d?(1-e?) _ e2d?
x2 +y2 = ay +bx 1-e?)?  1-¢?
x2—bx+y2—ay:0 b= ed
2
5 b2 5 a2 a2 +p2 1-e
X“=bx+— [+| Y —ay+— |=
4 4 4 The length of the minor diameter is >
1-e
[ bjz ( ajz a2 +b?
X==| +|y—-——=| =
2 2 4 41, a+c=183,a-c=17
This is an equation of a circle with radius 2a=200,a=100
> > 2c=166,c=83
va“+b d b a c
T and center 5,5 . e=—=0.83
a
39. Recall that the latus rectum is perpendicular to the 185.8
axis of the conic through a focus. 42, a=——=929,
T ed 2
ri 6 +E =1—n28d c=ea=(0.0167)92.9=1.55143
Fecosy Perihelion =a— ¢ =~ 91.3 million miles

Thus the length of the latus rectum is 2ed.
43. Let sun lie at the pole and the axis of the parabola

40. a. The point closest to the pole is at 6. lie on the pole so that the parabola opens to the
ed ed left. Then the path is described by the equation
l1+ecos(0) 1+e r= " . Substitute (100, 120°) into the
. . +cos
The point furthest from the pole is at gy + 7. equation and solve for d.
ed ed d
r2:r(00+n):1—:— 100 =
+ecosmt 1-e 1+ cos120°
d=50
The closest distance occurs when € =0° .
= _0 =25 million miles
1+cos0°
638 Section 10.5 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



s a2 4-— 9 3= d

1+cos(ﬂ—00) 1+cos(%—90)

[\

4+ 4(005%00590 +sin§sin90j =d 3+3(cos%cos€0 +sin%sin90j =d

32

d =4+4sing, d :3+Tcos90 +¥sinﬁo

32 32

4+4sin6’0 = 3+TCOSQO +Tsin6’0

ﬂcosﬁo + £—4 singy—-1=0
2 2

3x/§cosﬂo +(3\/§—8)sin6?0 -2=0

4.24cos6,—-3.76sin6y -2=0

b. A graph shows that a root lies near 0.5. Using Newton’s Method, €, ~ 0.485.
d=4+4sinf, ~5.86
d d

C. The closest the comet gets to the sunis r=——=—=2.93 AU
I1+cos(6y—6y) 2

e=1
45, X:Lcost,y:Lsint
1+ecost 1+ecost \
e=0.1 \
- \ -30 -20 -10 /
0.2 /
-10
e=1.1
0.2 30
20
-50 4] 100
o]
e=1.3
20
1
20 -10 j 0 30 40
e=0.9
6
2
L -5 -15 -5 -2
%
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10.6 Concepts Review

1.
2.
3.
4.

limagon
cardioid
rose; odd; even

spiral

Problem Set 10.6

1.

640

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or

2
0?-Z -0
16
o=+~

4

Changing € —» -6 or r — —r yields an
equivalent set of equations. Therefore all 3 tests
are passed.

a3

I I T
-5 5

-5

(r—B)(H——jzo

r=3or 49:E
4

H|3a

6 =G, defines a line through the pole. Since a

line forms an angle of 7 radians, changing

6 — 7+ 6 results in an equivalent set of
equations, thus passing test 3. The other two
tests fail so the graph has only origin symmetry.

5

O
e d

Section 10.6

by any means, without permission in writing from the publisher.

. rsin@+4=0

4
r=———

siné@
Since sin(—0) = —sin @ , test 2 is passed. The
other two tests fail so the graph has only y-axis
symmetry.

5

T T T

N Y ) e
-5 5

T

T

T

5

. r=-4secéd

4

" coso
Since cos(—60) = cos@ , the graph is symmetric
about the x-axis. The other symmetry tests fail.

a3

T T T

T Y O T e
5

T T

-5

. r=2cos 6@

Since cos(—@) = cos@ , the graph is symmetric
about the x-axis. The other symmetry tests fail.

2k

. r=4sin @

Since sin(—@) =—sin @, the graph is symmetric
about the y-axis. The other symmetry tests fail.

5
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7 - 2 11. r=1-1sin @ (cardioid)

- = 1—cosd Since sin(z — @) =sin @, the graph is symmetric
Since cos(—6) = cosé , the graph is symmetric about the y-axis. The other symmetry tests fail.
about the x-axis. The other symmetry tests fail.

A L
/ | :
lIIJ<_IIIJI_ -
-5 L 5
-5 :\ =3
4 12. r=+2-+/2sin6 (cardioid)

8. r= 1+sing Since sin(z —0) =sin @ , the graph is symmetric
Since sin(z —6) =sin@, the graph is symmetric about the y-axis. The other symmetry tests fail.
about the y-axis. The other symmetry tests fail.

1l V2
- 1 " N} L
N 242 242
L TN L L -
-10 L 10
—ll}: 32
9. r=3-3cos ¢(cardioid) _ _ 13. r=1-2sin @ (limacon)
Since cos(—0) = cos@ , the graph is symmetric Since sin(z —#) =sin @, the graph is symmetric
about the x-axis. The other symmetry tests fail. about the y-axis. The other symmetry tests fail.
5 e
Ll m_ L,
_H k/ |
sk
- - - 4—
10. r=5-5sin g (cardioid)

Since sin(z —8) =sin @, the graph is symmetric
about the y-axis. The other symmetry tests fail.
6 —

14.

r =4 -3 cos @ (limagon)
Since cos(—60) = cos@ , the graph is symmetric
about the x-axis. The other symmetry tests fail.

h
T
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15. r=2-3sin @ (limacon) _ _ 19. r®=-9c0s20 (lemniscate)
Since sm(;r—t?) =sin@, the graph is symmetrlc r = +3J_c0s20
about the y-axis. The other symmetry tests fail. Since cos(—26) = cos 26 and
xs cos(2(zr —0)) = cos(2x — 26) = cos(—26) = cos 20
- the graph is symmetric about both axes and the
R T — origin.
— I T |
-7+ -5
16. r=5-3cos 4 (limagon)
Since cos(—#@) = cos@ , the graph is symmetric -5k
about the x-axis. The other symmetry tests fail. ) )
ok 20. r° =-16c0s20 (lemniscate)
[ r =+44/-cos20
3 Since cos(—26) = cos 26 and
T ;) ST cos(2(z —0)) = cos(27 — 20) = cos(—26) = c0s 20
L the graph is symmetric about both axes and the
| origin.
-0~ 5L
17. r? =4cos26 (lemniscate)
r =+2+/cos 20
Since cos(—260) = cos 26 and
cos(2(z — @)) = cos(2x — 20) = cos(—20) = cos 26
the graph is symmetric about both axes and the -5k
origin.
g 21. r=5co0s30 (three-leaved rose)
3r Since cos(—36) = cos(36) , the graph is
i symmetric about the x-axis. The other symmetry
B tests fail.
+CEXO+
3 1
- 4
18. r? =9sin20 (lemniscate)
r=+3,/sin(20)
Since sin(2(z + @)) = sin(2x + 20) =sin 20, the 22. r=3sin30 (three-leaved rose)

graph is symmetric about the origin. The other
symmetry tests fail.

Since sin(—360) = —sin(36) , the graph is
symmetric about the y-axis. The other symmetry
tests fail.
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23. r=6sin26 (four-leaved rose)
Since
sin(2(r — ) =sin(2x - 26) No symmetry. All three tests fail.

=sin(-26) = —sin(260)

5
and sin(—-26) = —sin(20) , the graph is symmetric
about both axes and the origin. L
5k 5
-5

28. r=20,02=0 (spiral of Archimedes)
No symmetry. All three tests fail.

5k 20

27. r= %9, 6 >0 (spiral of Archimedes)

24. r=4cos20 (four-leaved rose)
Since cos(—260) = cos 26 and
cos(2(z —@)) = cos(2x — 20) = cos(—20) = cos 26
the graph is symmetric about both axes and the
origin.

=20

20

29. r=e?,0>0 (logarithmic spiral)
No symmetry. All three tests fail.
20

™. Y T T A
—4) 16

25. r=7cos560 (five-leaved rose)
Since cos(—56) = cos5@ , the graph is symmetric 180
about the x-axis. The other symmetry tests fail.

10

]/lllll

30. r=e2,0>0 (logarithmic spiral)
No symmetry. All three tests fail.
30

-10 10

[, L 1 1
0 -10 KJ 40
26. r=3sin50 (five-leaved rose) 0
Since sin(-560) = —sin5@ , the graph is 9
symmetric about the y-axis. The other symmetry 31. r=—,6>0 (reciprocal spiral)
tests fail. 0 _
s No symmetry. All three tests fail.

:—/_

G

) \
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32. r= —%, 6 >0 (reciprocal spiral)

No symmetry. All three tests fail.

—

33. r=6, r=4+4cosd
10

10~
6=4+4cosd

34. r=1-cosé,r=1+cosé

n

1-cos@d =1+cosd
coséd =0

(5)e2)

(0, 0) is also a solution since both graphs include
the pole.

35. r=3J3c0s6,r=3sind

33 cos@ = 3sin g

tan6=\/§
p=",9-2"
3 3
38 n|_[ 33 4r
2 '3] | 23

(0, 0) is also a solution since both graphs include
the pole.

36. r=57r

=10 10

-10

5. °
1-2cosé
cosd =0

0=C0=3 [52) (53"
2 2 2 2

Note that r = -5 is equivalentto r = 5.

3 5
1-2cosé
cosd =1
6=0; (-5,0)
37. r=6sing,r =L_
1+2sin@

8
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38.

39.

6
1+2siné
12sin° 9 +6sin@—6=0
6(2sin@-1)(sin@+1) =0

6sing =

sinH:%,sinH:—l

2,9:5_7579:3_”
6 6 2

SRS G

r2 = 4c0s20,r = 24/2sin@

0=

2
400529:(2\/§sin9)
4-8sin® 0 =8sin% 6

sin2c9:1:5in9:ir1
4 2

(0, 0) is also a solution since both graphs includes
the pole.

Consider r = cos%&.

ol =

® -

The grapﬁuis clearly symmetric with respect to
the y-axis.
Substitute (r, &) by (-r, -6).

-r= cos(—lej = 00519
2 2

r:—cosle
2

Substitute (r, &) by (r, 7 — )

r= cosl(n—ﬁ) = coslncoslﬁjtsinlrcsinl
2 2 2 2 2
:sinlﬁ
2
r:ﬂnle
2

40. Consider the following figure.

/‘,1

b 3]

/ oa

P

_a _
cosd
rcosd =a-bcosd
X=a-bcosd
Xr =ar —brcosé
(x—a)r =—bx
(x—a)?r? =b?x?
(x—a)?(x* +y?) = b?x?
LS 2

r=

= —X
2
(x-a)
ifb>a
HE
il v
il ¢
H 1
H A}
1
r 1 _
Pa “ e ".‘3-
—b- ' r (a+h)
(-b-a) 1 ’ a
LI
i
nr
if b<a
i
1 1
N 1
H )
H 1
1
r‘ L. -
o L
(“ B
1 ' Y
(a-h) 1 'l {a+h)
|
1

12
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41. y

(-a, 0) (a, 0)*

|PF| =\/(a—rc059)2 +(rsing)?

:x/r2+a2—2arcosa

PF'| = (a+rc056?)2+(rsin6?)2
PF=

:\/r2+a2+2arcos6’
|p|:||p|:’|:\/(r2+az)2—4azr2 cos? 0 = a®
(r*+2a%r? +a*)-4a’r? cos? 9 = a*

r* —4a%r?cos? 0 +2a°r? =0

2,.2 2 2 —
re(r-—2a“(2cos“0-1) =0

r? —2a®(2cos’>9-1)=0

r? = 2a®(1+cos 20 -1)

r? = 2a’ cos 20
This is the equation of a lemniscate.

42. Consider the following figure.
"

B
0
2a
At
P
.

0 X

Then tan6=i=L0_
BA 2acoséd-rsing

sing rcoso

cos@® 2acosd—rsind
2asin@cosé —rsin? @ = r cos? 6

rcos? 0+ rsin? @ = 2asin 6cos O
r=asin26
This is a polar equation for a four-leaved rose.

646 Section 10.6

43.

X2 —y? =1
r2cos? 6 -r2sin26 =1
r? = L
cos 20
1

\/C0s 260

dxy =1

4r cos@sin@ =1

r2 :—.1
2sin 26

oz o

~J2sin20

y=3x+2
rsin =3rcos 0+ 2
r(sin 8—3cos 6) =2
2
r=———m—
singd-3cosé

r=+

3x2 +4y=2
3r2cos? @ +4rsin@ =2
(30052 6')r2 +(4sin@)r-2=0

"o —4sin¢9J_r\/165in2 0 +24c0s° @
6cos 0
e —Zsinei\/4sin2 60 +6c0s% 0
3cos? 0

X2 + 2%+ y2 —-4y-25=0
r? +2rcos@ —4rsin@-25=0
r? +(2cos@—-4sind)r-25=0

| -2c0s0+4sin0+ J(2cos@ - 4sin )2 +100

2
r =—cosH+25in94_r\/(cos¢9—23in¢9)2 +25
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44, 0
49, r=1+3cos E

The curve repeats itself after period p if
f(0+p)="1(6).
. T .
8(o . a. = -=
cos[ ( ;p)j=cos(%+ﬂj 50. a. The graphof r 1+sm(0 3) is the

. . T
rotation of the graph of r=1+sin 8 by —
WeneedE:Zﬁ. grep y 3

counter-clockwise about the pole. The graph

45. a. VI of r=1+sin (€+gj is the rotation of the
b. 1 . T .
graph of r =1 + sin fby 3 clockwise about
c. Vil the pole.
d.
b. r=1-sind=1+sin(6- x)
e. V The graph of r = 1 + sin @is the rotation of
the graph of r = 1 —sin &by 7 about the
.ol p0|e_
g. Vi -
C. r:1+c05¢9=1+sin[9+—j
h. IV 2

The graph of r = 1 + sin @is the rotation of
46. the graph of r = 1 + cos &by g counter-

clockwise about the pole.

d. The graph of r = f(é) is the rotation of the
graph of r = f(6- ) by a clockwise about
the pole.

51. a. The graph for ¢ =0 is the graph for ¢ = 0
rotated by ¢ counterclockwise about the
pole.

47,

b. Asn increases, the number of “leaves”
increases.

c. If |a|>[o|, the graph will not pass through
the pole and will not “loop.” If |b| <|a|, the

graph will pass through the pole and will
have 2n “loops” (n small “loops” and n large
“loops”). If |a| =|b|, the graph passes
through the pole and will have n “loops.” If
ab =0,n>1and¢ =0, the graph will be

48.

symmetric about 6 = Zk, where k =0,n-1.
n

Instructor's Resource Manual Section 10.7 647

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



52. The number of loops is 2n.

53. The spiral will unwind clockwise for ¢ < 0. The
spiral will unwind counter-clockwise for ¢ > 0.

54, Thisisforc=4r.

The spiral will wind in the counter-clockwise

direction.
55. a. Il

b. IV

c. 1

d 1

e. Vi

f. Vv

10.7 Concepts Review

1. Lr2g
2

1.8 2
2. Eja[f(e)] do

1¢2n 2
3. Ejo (2+2c0s0)*do

4. 1(6)=0

Problem Set 10.7

1. r=a,a>0

a

(1Y ..
N

2
Azl.[ "a2d6 = na?
2Jo

648 Section 10.7

2. r=2acos 6 a>0

2al-

—a u 3a

—2ar

A=1jn(2acosa)2d9 = 2a2_[ﬂcos2 0deo
2J0 0

T
_ azj: (1+c0s26)d6 = a’ {0+%sin 20} = na’
0

3. r=2+cos @

5

lIIJ(IIJ_

1
-5 5

5

_l 2n 2
A_EIO (2+cos0)*do
1¢2n 2
:—I (4+4cos@ +cos” g)do
2Jo
2
zlj i 4+4c05¢9+£(1+00529) de
2Jo 2

2
:lj n[g+4cos¢9+lcos26’jd¢9
270 (2 2

2n
=£[g¢9+4sin0+lsin29} :gn
2|12 4 0 2

4, r=5+4cos @

T

T

-10

_1 2n 2
A_Ejo (5+4c0s0)°do

2
:%IOR(25+400056+16c052 0)do

2
_ %jo "[25 + 40c0s 0+ 8(1+ cos 20)]d 0

2
=%j0”(33+ 40cos @ +8¢0s 20)d6

= %[339+405in 6+ 4sin 2013™ =33
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5 r=3-3sind 7. r=a(l+cos 6

2 2a

8

_1 2n . 2
A—EIO (3-3sin0)?do

_1 2n 2
A_EIO [a(l+cosO)]>do

1 2n . .9
== (9-18sind+9sin“ #)do 2,
ZIO :"’17J'0n(1+2cosﬁ+cos2 0)de

:ljoz [9 185|n6?+ (1 cosZ@)}dH a2 -2n 1
=— 1+2cosé+=(1+cos260) |d&
270 2

2
:—I ﬂ(——18sm¢9—gc0526'jd6? a2 .21(3 1
) =?J0n(§+20059+500529jd9
T
:%{2—276+180059—gsin29} =2—27n a2l3 1 n g2
4 . —8 | 2p 0sing+=sin20| =
2|2 4 o 2
6. o
— 8. r2=6cos20
st
L INCL | J_A_L%J_A_L.
_ ™ 5 -5 1 5
) -
_1 2n . 2 B
A—EJO (3+3sin0)? do sk
1 en/ nl4
2 _ _
:%jon(9+185in6+95in26)d6 A_2-E e 6cos29de_6j_n/4 c0s20d6
) = 3sin 2014, =
:ljon{9+185in¢9+g(1—0052¢9)}d9 in 200274 =
9. r?=9sin20
:1‘[ 2z 183|n9——00529 do
200 (2 2 ’C
2n -
:1[29—180050—gsin29}
2| 2 4 0
27 -5 E i— >
=—n
2 N
o
/ /
A=2.1j” 2 9sin20d6 = 9] ? sin20do
0
= —[— cos20]5'2 =9
Instructor's Resource Manual Section 10.7 649

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



10. r? =acos26
2Jal~

SIS S e

2Jar

/4 /4
A=2~l " acos20dfd=a " cos20d6
2J-nl4 -nl4

= —[sm 201"4, = a

11. r=3-4sin @

8
. .13
3-4sin =0, & =sin Z

12
A=2. ;j“ - 4sin0)2do

/2
jn _13(9 24sin 6 +16sin? 6)d6

/2
= 1519~ 24sin 0+ 8(1- c020)1d0

sin

12
7_5_13(17 24sin 6 —8cos20)do

sin

=[176 + 24c0s 6 - 4sin 20];;313
4

=[176 + 24 cos - 8sin Gcose];:fl

1 s 7)o

a2 o0
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12. r=2-4cosd@

2-4c0s 0=0, azg

/
A=2.1j“ *(2-4c0s6)2d6
270

/3

=jg (4—160056’+1600529)d¢9
/3

:jo [4-16C0s6 +8(1+cos 20)]do
/3

=j (12-16cos 0 +8c0s 20)d O

=[120-165in 9 + 4sin 207"

=4n—6+/3

13. r=2-3cos @
5_

-7 3

5

2-3c0s =0, 0= cos‘lg

A= 2.%'[;5_12(2—3c059)2d0

jﬁ 12 (4-12c0s6 +9cos® H)do

cos

j: _12[4 12cos0+— (1+00529)}d9

jn (——12cos€+200529)d9

12
cos™ 3

T

{Ee—lzsin 9+gsin 29}
2 4 cost2
3

T
= [%—125in9+%sin Hcose}

-1
Ccos 3

o S
2 |2 3 3/ 2l 3/\3
:17_“_% —12+3[

2
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14, r=3cos260 18. r=3sind,r=1+sin@

2 s+

| | |
111|®1111_
0 4 5

-5

2+

5k

A= 2.3]’“’4(3@35 20)°d0 = 9J'”’4c052 20d6 Solve for the @ -coordinate of the first
270 0 intersection point.
. SR
zgj'g/ %(1+cos4¢9)d6' 3sin@ =1+sino
of 1 4 g Sing:%
=—[9+—sin49} =T
2”4 s 8 9-T
6
15. r=4co0s3¢ 12, . .
Azz-ljn [(3sin@)? — (1+5sin0)?1do
5 2n/6

/
= ["%(8sin? 6 - 25in 6 -1)do
n/6
/
-[" ?(3—4c0s20 - 2sin6)d6
n/6

=[30-2sin20+2cosO")% =

=5

19. r=2, r? =8cos26

/6 /6 L
A=6-1j" (4cos30)*d0 =48[ "~ cos® 300 L
2J0 0 »
/6 1. n/6
=24J0 (1+00569)d6':24{6’+gsm69} =4r
0
16. r =2sin36 i:
&+ :
B Solve for the @ -coordinate of the first
- intersection point.
/ 4 =8cos 20
=5 5 1
c0s20 =—
B 2
— T
-5k 20:5
o Lymis . 24, /3. 2 9=£
A_S-EJO (25in30) de_ejo sin?36d6 5
nl3 _, Llenie
zgjo (1-cos60)do A=4 210 (8c0s 20 — 4)d6
/3 : n/6
=2[4sin 260 — 46
:3[9—lsin60} =n [ . I
0 —43-2
3
2 2
17. A=1j ”100d9—3j "49d6 =51n
2Jo 2Jo
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20. r=3-6sin@ 22. r=2+2sin@,r=2+2cos@
10 st

-10 L | 1

Let A be the area inside the large loop and let

1len ) 2
A, be the area inside the small loop. AZEL,Q[(2+25'n9) —(2+2c0s0)"]d0
., Llynie ) 1len . .2 2
A =2 2Lr/2(3 6sing)“do :Ejn/2(85m6+4sm 6 -8c0s6 —4cos® 6)do
n/6 . ) 1en .
=] _,,(9-36sind +36sin” 0)do ==[" (8sin0-8cos0 - 4cos20)do
n/2 2n/2
/6 .
:I_n/2(27_365'n6_1800529)d9 =%[—80059—8$in6’—23in 201", =8
_ )6 273
=[276+36cos6 -9sin20]" |, =18m+ > 2. a (0)=2c0s0, 1(0)=—2sin0
Ay =2-ljn/2(3—65in9)2d9 . (2cos@)cosd +(-2sin)sin g
2°n/6 —(2c0s8)sin 6 + (-2sin §) cos @
2 273 2 .2
=[276+36c0s@ -9sin20]7)§ =9In———— _2c0s"0-2sin" ¢ _ cos20
2 —4cos@sing —sin 26
A=A — Ay =91+27+/3 L
L 2
Atd=—m=—t=—
21. r=3+3co0sd,r=3+3sind 3 _§ V3
10
C b. f(@)=1+sing, f'(#)=cosd
r _ (1+sinf)cosd +(cosH)sin g
—(1+sin#)sin @ + (cos @) cos g
_ Ccos@+2sinfcosd  cosd+sin 20
cos? @—sin®@—sing €0s20-sind
i 1,43
272
Solve for the @ -coordinate of the intersection At 925' m= 1 B3 =-1
point. 272
3+3cosf =3+3sind
tang =1 c. f(@)=sin20, f'(0)=2cos260
T = (sin20) cos @ + (2cos 26)sin 9
4 —(sin 20)sin @ + (2 cos 26) cos &
/4 .
A:ij“ [(3+3c0s0)? — (3+3sin0)?]de Atg==
270 3
_Lmia 2 9 ~18sin 6 — 9sin? V3\(1 3
_ZIO (18cos @ +9cos” O —18sin & —9sin” 9)d@ - (7)(§)+(_1)(7) __@_ 3
/4 . B T 5 5
:%jg (18cos@ —18sin @ +9c0s 20)d@ —(@)(%)H—D(%) R
1 9 /4
:—[185in49+18cos¢9+—sin29}
2 2 0
27
—oJ2 -2~
4
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d.  f(@)=4-3cosd, f'(0) =3sind
m e (4—3cosd)cosd +(3sind)sind
—(4—-3cosd)sin g +(3sing) cosd
_40059—300529+35in29
~ —4sin@+6sindcosd
_ 4cosd—3cos20
~ —4sin 6 +3sin 20

b. misundefined when sind(1+2coséd) =0

and 2cos?0+cosf@—-1#0.

wal32)(s%)

There is no vertical tangent at 8 = = since

At 9=%' ;mm(e):o (see part (a)).
4(%)_3(_%) % 7 25. f(@)=1-2sing, f'(0) =-2cosd
m—_4( 3)+3(\/§) e —ﬁ _ (1-2sin@)cos@ +(—2cosd)sing

~ —(1-2sin®)sin @+ (—2cosH) cos O
cos@ —4sindcos@
—sin@+2sin®9-2cos? @
cosé(Ll—4sind)

—sin@+2sin® 6 —2cos? 0
_ cos@ +cos? @ —sin? B 2c0s? 0 +cosd -1 m =0when cos &(1-4sin & =0
—sin@—-2sin@dcosd®  —sinf(l+2cosH) cosd=0, or 1-4sind=0

0-"0-"" g_sint[L]~025
2 2 4

1 0=n—sinl[1]~289
cosez?cosez—l 4

i 3n . q(1 1
0=y 0= when ((3)-21(3)=2 o[ (3))-3

0=m, f(0)=0, so &=n is the tangent line. ¢ [n—sin‘l GD :%

33(-Jos (e pe)as

24. f(8)=a(l+cosd), f'(#)=-asinbd =
a(l+cos#)cosd+(—asind)sing
—a(1+cos@)sin @ + (—asind)cos o =

a. m=0when 2cos®@+cosd—1=0
(2cos@-1)(cosé +1) =0.

2
b
26. Recall from Chapter 5 that L=ja [%) +(z—¥

x=rcosd = f(@)cosd,y=rsingd = f(8)sing

:_2: f'(@)cosO - f(e)sine,g—é: f'(@)sin@ + f(6)cosd

2
j dt for x andy functionsoftanda <t < b.

L= If J(f’(ﬁ)cosﬁ— f(0)sin@)? +(f'(0)sind+ f (0)cosH)® do

= [P \[H@F Gin 0-+cos? 0) +[ £ (0)] (sin? 0 +cos? 0)do = [ [ 1@ +[ @) do
27. f(@)=a(l+cosd), f'(9)=-asind

2 2
L=j02“\/[a(1+cose)]2 +[-asin6]2do :aj‘ozn\/2+20056?d0 = 2a[ " /1+‘;°S€de=2aj0“

T 21
=2a jncosgde—jzncosgdﬁ =2a 25in€ - 23ing =8a
0 2 n 2 2 2

cosg do
2

0 b
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28, f(0)=e?'2, f(9)=1e02

2
_ (2 0292 |1 602 2[5 g 2B g 012
L=], \/[e ] J{Ee } do = fze do =" e do =[Be } =\/5(e" ~1) ~ 4951

29. Ifniseven, there are 2n leaves.

n/2n /2
A=2n —I (acosn&) de_nazj cos?n@dé =na Zjn " Mde
n/2n n/2n 2
n/2n
:na2[19+8m2n6} :lazn
2 4n —n/2n
If nis odd, there are n leaves.
2 2 . n/2n
12 /2
A:n&rT " (acosn&)zdezﬂjn " cos?node _na 19+sm2n6 =1a2n
2J-n/2n 2 J-m/2n 2 12 an —x/2n 4
30. r=secd—2cosd 31. a. Sketch the graph.

2_

b3 =

2
Solve for the & -coordinate whenr = 0.
secd—-2cos@ =0 Solve for the & -coordinate of the intersection.

2asin@ =2bcosd

c05249:1 b b
2 tang =—: H:tanl(—j
a a
cosf =+— b
2 Let 4y —tan? [—j
a
g=2T +3"
4 4

o . /2
A:%jo(’(zasme)zdm%j; (2bcos6)%de
Notice that the loop is produced for Tep<t, p n/ZO

4 4 :ZaZJ °sin26d9+2b2j cos?0do
1¢n/d 0 0,
A== j (secH 200549) dé 0 /2
2 =a? [ " (1-cos20)d0+b? [ (1+cos20)d0

0

14
=1In (se020 4+ 4¢os? 0)do g /2
2 —az[e sinZH} 0 bz[ sinze}”
__1 n/4 2 B 2 2
=3 _nM(sec 6-2+2c0s260)do [
1 71:/4 =a%0y +b? ——9 sm2¢9
=E[tan6 20+sm2€] 0 0
I T I BT | —a26'0+b2(——¢90j a +b2)sm6’00036?0
2 2 2 2
—a’tant +b2( j ab.
a
Note that since tand = — cose =
a Va? +b?
and sinezL.
\/a2+b2
654 Section 10.7 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



b. Let my be the slope of r =2asing. 32. The area swept from time ty to t; is
2asingcosé +2acosdsin

A= "W Lr2gp.

" 2asindsin6+2ac0s0cosd o(ty) 2
2sin@cosd By the Fundamental Theorem of Calculus,
cos? 6 —sin’ @ d—Azlrzd—e.
de 2 dt
AtH:tanl(Ej,ml:ZZLbz. dA Kk
a a‘-b So — =— where k is the constant angular
At 6 =0 (the pole), m =0. dt  2m
Let m, be the slope of r =2bcosé . momentum.
dA . k
2bcos@cosd —2bsinGsin @ Therefore, — isaconstantso A=—(t; —tp) .
my dt 2m

B —2bcos@sin@—2bsin&cosd
B cos? 0 —sin® 0
-2sin@cos@

Equal areas will be swept out in equal time.

2 .2
At 0= tan_l(g} m, - 2 b
a 2ab
At 6 =g (the pole), m, is undefined.
Therefore the two circles intersect at right

angles.

33. The edge of the pond is described by the equation r = 2acosé .
Solve for intersection points of the circles r = ak and r =2acosé .
ak = 2acosé

cosé = 5 0 =cos™t [Ej
2 2
Let A be the grazing area.
A=Lrka)? +2-1j"’2 [(ka)? - (2acos 6)2]d@ =1k2a2n+a2j”'2 (k% = 4cos? 0)do
2 2 cos'l(%) 2 cos‘l(%)

/2

_1 K
Cos (2)

_ Y 2.2 | _2ml2 2 o Y22 2T 2 ovg e
_Ek a‘n+a chosfl(%) ((k“ —2)—2cos26)do _Ek a‘n+a [(k 2)6 sm26]
/2

,l K
o4

2 2
=£kzazn+a2 E—n—kzcos‘1 5 +2c0s 7t 5 +u
2 2 2 2 2

2
=a? [(k2 ~r+(2-k?)cost (g}u]

- %k2a2n+ a2 [kza— 26— 2sin ecoseJ

2
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34. |PT|=ka—-ga; ¢ goesfromO to k.
k
10k , . 1] 1 3
A== ka—g¢a) d¢g=—| ——(ka—ga
5 Jo (ka-ga)’dg 2[ = ¢)}0
:1a2k3

The grazing area is

2 .3
—n(ka) +2A=a’ K +k :
2 3

35. The untethered goat has a grazing area of na’.
From Problem 34, the tethered goat has a grazing

nk? k3
area of a2 T+—

3
2 nk? k3
ma- =a | —+—
2 3
nk? k3
n=——""—
2 3

2k® +3nk2 — 61 =0

Using a numerical method or graphing calculator,
k ~ 1.26. The length of the rope is approximately
1.26a.

36. f(8)=2+cosd, f'(0)=-sind

L= 2j$‘\/[2+cose]2 +[-sin 0] do

=2J€J5+4cos6’ do ~ 13.36
f(8)=2+4cosd, f'(0) =-4sing

L= ng \/[2+4cos¢9]2 +[—4sin 49]2 do

4] 514005040 ~ 2673

/3 . /3 .
37. A=3-1j” (4sm39)2de:24j” sin®30d6
2Jo 0

/
- 12 ¥ (1-cos60)do

sin 66}”/3

0
f () = 4sin 36, '(9) =12c0s30

:12[9— =4n

L= 3]5"3\/(4sin 360) + (12c0s36)2 d6

/3 )
= 3]; \/165|n2 30 +144c0s% 30 d6

/3
=12j(’)t V1+8c0s230do ~ 26.73

656 Section 10.8

14 .
38. A:4-%j§ 8c0s20d0 = 2[4sin 2034 =8

£(0) = /Boos 20, /() = —25n 20

\/ cos 260
L 4J- \/ 85|n 20 40
0s 260
J‘TL'/4
VcosZ
14
=82 [ ———=—dh ~14.83
[

39. r=4sin(3§j,0$9é4n

f(0)= 45m(3§j f’(€)=6003(%J
L= J.:n\/[%in(%gﬂz +[6005(3?‘9ﬂ2 4o
:I \/165"1 ( j+36005 [Sdee

j 16+ 20C0s (jjdezesm

10.8 Chapter Review
Concepts Test
1. False: [Ifa=0,thegraphisaline.

2. True:  The defining condition of a parabola is
|PF|=|PL]. Since the axis of a parabola
is perpendicular to the directrix and the
distance from the vertex to the directrix
is equal to the distance to the focus, the

vertex is midway between the focus and
the directrix.

3. False:  The defining condition of an ellipse is
|PF|=e|PL| where 0 <e < 1. Hence the

distance from the vertex to a directrix is
a greater than the distance to a focus.

4, True: See Problem 33 in Section 10.1.
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10.

11.

12.

13.

14.

15.

16.

True:

True:

True:

False:

False:

True:

True:

False:

False:

True:

True:

True:

The asymptotes for both hyperbolas are

yzigx.
a

2 :
C :J‘On\/az sin?t+b? cos? t dt;

2 ]
27th = J'Oﬁ\/b2 sint+b? cos?t dt

2 )
<C <.[On\/a2 sin?t+a%cos?t dt = 2na

As e approaches 0, the ellipse becomes
more circular.

The equation can be rewritten as

X2 yz
T+? =1 which is a vertical ellipse

with foci on the y-axis.

The equation x2 - y2 =0 represents the
two lines y =+x.

(y? —4x+1)%2 =0 implies
y2 —4x+1=0 which is an equation for
a parabola.

If k > 0, the equation is a horizontal
hyperbola; if k < 0, the equation is a
vertical hyperbola.

If k <0, there is no graph.

If b > a, the distance is 2vb% —a?.

2
Ify=0, % =—2 which is not possible.

Since light from one focus reflects to the
other focus, light emanating from a
point between a focus and the nearest
vertex will reflect beyond the other
focus.

8 402
2 2

b=+16-1=+/15. The length of the
minor diameter is 2b = /60 .

a=
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

True:

False:

False:

True:

False:

False:

False:

True:

False:

True:

False:

The equation is equivalent to
C)? D)? c? p?
X+—| +|y+—| ==F+—+—.
2 2 4

Thus, the graph is a circle if
2 p2
-F+—+—>0, apointif
4 4
2 2
-F +CT+DT =0, or the empty set if

2 2
-F?2 +—+D—<0.
4 4

The equation is equivalent to
C)? D2 c? p?
2l X+—| +|y+—| =-F+—+—.
4 2 4
Thus, the graph can be a point if
c? D2

-F+—+—=0.
8 4

The limiting forms of two parallel lines
and the empty set cannot be formed in
such a manner.

By definition, these curves are conic
sections, which can be expressed by an
equation of the form

Ax2+Cy2+Dx+Ex+F =0.

For example, xy = 1 is a hyperbola with
coordinates only in the first and third
quadrants.

For example, the graph of
X2 + 3xy + y2 =1 is a hyperbola that
passes through the four points.

For example, x=0,y=t,and x =0,
y = -t both represent the line x = 0.

Eliminating the parameter gives
X =2y.

For example, the graph of

x =12,y =t does not represent y as a
function of x. y =++/x , but

h(x) = ++/x is not a function.

Whent=1,x=0,andy=0.

For example, if x =t5, yzt3 then

d%y
y=xs0 —5-=0, but =
dx? (1)
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28.

29.

30.

31.

32.

33.

34.

True:

True:

True:

False:

True:

True:

True:

For example, the graph of the four-
leaved rose has two tangent lines at
the origin.

The graph of r = 4 cos @is a circle of
radius 2 centered at (2, 0). The graph

r= 4005(9 —gj is the graph of

r =4 cos @ rotated %

counter-clockwise about the pole.

(r, ) can be expressed as (r, @+ 2z n)
for any integer n.

For example, if f(6)=cosé@ and
g(#) =sin @, solving the two equations
simultaneously does not give the pole

(which is (og] for f (9) and (0, 0)
forg(@)).

Since f is odd f(-8) = —f(6). Thus, if we
replace (r, &) by (-r, —6), the equation —r
=f(-6) is—r =—f(6) or r = f(6).
Therefore, the graph is symmetric about
the y-axis.

Since f is even f(-6) = f(6). Thus, if we
replace (r, 6) by (r, —6), the equation

r = f(-6) is r = f(4). Therefore, the graph
is symmetric about the x-axis.

The graph has 3 leaves and the area is
exactly one quarter of the circle r = 4.
(See Problem 15 of Section 12.8.)

Sample Test Problems

1.

658

a. X2—4y2:0;y:i§

(5) Two intersecting lines

2 2
b. x2—4y?—00L> - __1
0.01 0.0025

(9) A hyperbola
C. -4=0;x=%2

(4) Two parallel lines

(3) A single line
e. x2+4y?=0;(0,0)

(2) A single point

Section 10.8

f. x%2+ay? =xx?

2
1
(=3 y2 |
1 1
4 16
(8) An ellipse

—x+£+4y2 :1;
4 4

1

2+x+1+4y2 =—;
4 4

(x+3) v

1 1

4 16
(8) An ellipse

g. X2 +4y2 =—X; X
2
+y——1

h. x%+ 4y2 =-1
(1) No graph

i (x2 +4y—1)2 =0; x? +4y-1=0
(7) A parabola

. 2 2 2 2 2 1

Jo X HAY =—X"+L X" +y :Z

(6) A circle
2. y2 —-6x=0; y2 =6X; y2 = 4(§jx
Horizontal parabola; opens to the right; p :g

Focus is at G O) and vertex is at (0, 0).

.“
5 —

N I I A |
-5 5

5k
2 2

3. ox2+4y?-36-02 1Y 1
49

Vertical ellipse; a=3,b=2, c=+/5
Foci are at (O, i\/g) and vertices are at (0, £3).

5_

5 KJ 5

S5
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2 2 2 2

4. 25x% -36y2+900=0; 7 - X _1 7. ox?+25y2 —205-0;2 1Y 1
25 36 25 9

Foci are at (4, 0) and vertices are at (£5, 0).

=

Foci are at (0, iﬁ) and vertices are at (0, +5).
10

10

/
’
’
’
/
T T
\
N
.\
N
AY

hY
hY

hY

-10

'
4
s’
,
=

IIIK:I\III
N~

T T AT T

A
Y
S
Y
I
4
4
s
4
s

-10
—-10

8. 9x%+9y2-225=0;x% +y? =25
5. X249y =0;x% = -9y x2 :_4(%jy Circle;r=5
10

Vertical parabola; opens downward; p =%

Focus at (0,—gj and vertex at (0, 0). L1 |(-m| Ll

=10 10+

5

—-10

5

212

_;|||| IIII:[;_‘_ 9. r 5_ _ (2)()
2+2siné 1+(1)cos(49—%)

e =1, parabola

Focus is at (0, 0) and vertex is at (O, %j (in

2 2
6. x2—4y>-16=0; X ¥ 4 Cartesian coordinates).

16 4 5
Horizontal hyperbola;a=4,b=2, c= 25
Foci are at (iZ\/g , 0) and vertices are at (¢4, 0).

T 11

AT TN L

¥
10— =5 | 5
|\\‘r- _»r"| L -F
~10 ’,r’ _““\\;ﬂ-"
L b 3(1
B 10. r(2+cos¢9)=3;r=—<2)
- 1+3cosd
-10
e= 1 ellipse
2 y
At 0=0,r=1 Atfd=m,r=3. .
a=—1+3:2,c=ea=1
Center is at (-1, 0) (in Cartesian coordinates).
Foci are (0, 0) and (-2, 0) and vertices are at (1,
0) and (-3, 0) (all in Cartesian coordinates).
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2 OV o .
(x=3)" + y+§ =9; circle

- v
Py
SF
11. Horizontal ellipse; center at (0, 0), a = 4, a
e=S-2 022 b-Vi6-4-2/3 o
2 ayz 20. 4x?+9y% —24x-36y+36=0
1612 4(x% ~6x+9)+9(y? ~ 4y + 4) =36+ 36.+ 36

_ 4(x-3)2 +9(y-2)%> =36
12. Vertical parabola; opens downward; p =3

X2 =-12y (X_3)2 +(y—2)2 =1; ellipse
9 4
13. Horizontal parabola; st
y? =ax, (3)2 =a(-1),a=-9 p
y2 =-9x
2 53
14. Vertical hyperbola; a=3, c = ae = 5, B
b=+/25-9 =4, center at (0, 0) ~
2 i sk
9 16

21, X° +8Xx+6y+28=0

15. Horizontal hyperbola, a = 2, (x2 +8X+16) = —6y —28+16

a
x=12y,-=2,b=1 (x+4)2 = -6(y +2); parabola

2 2 ¥
X ¥ 4 ar
4 1 I I B N B B B

14 6

16. Vertical parabola; opens downward; p =1
(x=3)° =-4(y-3)

17. Horizontal ellipse; 2a=10,a=5,c=4-1=3,

b=+425-9=4 -16
_1\2 22
(ng) +(y162) -1 22. 3x2-10y? +36x—20y +68=0

3(x? +12x +36) —10(y? + 2y +1) = 68 +108-10
3(x+6)? —10(y +1)% = 30
(x+6)*  (y+1)?

18. Vertical hyperbola; 2a =6, a =3, ¢ = ae = 10,

b =+100-9 =+/91, center at (2, 3)

(y-3? (x-2)? =1; hyperbola
_ =1 10
9 91 .
10F
19. 4x% +4y? —24x+36y+81=0 -
4(x? —6x+9)+4(y2 +9y+%j =-81+36+81 _;Nw;,r{j .
2 9) ™
4(x—=3) +4| y+—| =36 -
2 —10f
660 Section 10.8 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



J2 y
=—(u- 26. t==
23. X 5 (u=v) 4
V2 y2
_N¢& X==— 0ry° =4x
y 5 (u+v) 4 y
.‘-
l(u—v)2+§(u—v)(u+v)+l(u+v)2=10 101~
2 2 2 L
Euz—lvzzlo D
2 2 | | N I N A N A |
5 1 -2 18X
r=—,s=-= -
2 2 n
2 2 L
us v
— ——=1; hyperbola -0~
4 20 yP
a=2, b:2\/g,C=\/4+2022\/6 27. Sint:x+2,COSt=y—_1

The distance between foci is 4\/5.
(x+2? (=97 _,

24, TX° +8xy+y® =9 16 9
.‘I
cot29:E 5
4 N
005249:§ 5
5 WY
=7 | 3 X
1+3 2 /
CoSl =4— =— L
2 5 L
5+
1-2 )
sing = 75:% 2
5 28. XT:seczt, yZ:tanZt
6 =sin"! —~0.4636
\/E x? 2
__y =1
x—i(2u—v) 4
5 st
y—i(u+2v) -
V5 -
1| | I T |
Z(2u —v)2 +§(2u —v)(u +2v)+1(u+2v)2 =9 -2 L 8
5 5 5 -
9u? -v? =9 i
2 VP ~F
u _321; hyperbola
29. %:6t2_4,ﬂ:1+izﬂ
1 dt dt t+1 t+1
25. tzg(x—Z) ﬂ: % _ 42
1 dx  6t2—4 (t+1)(6t2-4)
y=3(-2 dy 1
y Att=0,x=7,y=0,and X ==,
sk dx 2
- Tangent line: y:—%(x—7) orx+2y-7=0
TR e Normal line:y = 2(x —7) or 2x -y — 14 = 0.
-5+
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33 r=6cosd
30, B gt W _1g

dt Tdt 2 st
1.t —
dy_ 2% _ 1o -
dX _3e_t 6 /‘\
(I I I I | L1
Att=0,x=3, yzi, and ¥ __1 -2 8
2 dx 6 A
. 1 1 _
Tangent line: y_E:_E(X_S) orx+6y-6=0 oL

. 1
Normal line: y——==6(x-3) or
y 2 ( ) 34. r:—_5

12x -2y -35=0. sing

31. One approach is to use the arc length B
formula B
I I | | -

b 2 2 9
L:J [%J +(d_yj dt:‘[ %.;_ﬂ dt =
dt dt 4 4
a 0
_5 5

9 37 : B
%jﬁ dt=\/§{t4} =272 aF
0 0

Another way is to note that when 35. r=cos20
t=0,(x,y)=(@2),when t=9,

(x,¥)=(28,29),and y =x+1, whichisa

straight line. Thus the curve length is simply the

distance between the points (1,2) and (28,29) |

=]
|

|
3
b3 =

or/(28-1)2 + (29-2)? = 2742

32. %:—sint+sint+tcost =tcost

dy L 36. rzi
E—cost—cosutsmt—tsmt 030

2 . 2
L:jon\/(tcost)2+(tsmt)2 dtzjontdt 5

2n
= {ltz} =2

0 N I N N |

10

L fi IIII_ 37'r:4

—-10

662 Section 10.8 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or
by any means, without permission in writing from the publisher.



38. r=5-5c0s0 43. r® =16sin20

r =+4+/sin 20

39. r=4-3cosf s

T

44. r=-60,020

(S o

'/ -10

5+

40. r=2-3cosd \ _10F

- 45. r? —6r(cos@+sin@)+9=0
x2+y2—6x—6y+9=0

(X? =6X+9)+(y2 =6y +9)=-9+9+9
(x=3)% +(y-3)* =9

— ¥
-5 8
41. 6= gn
3
5 -
B | | | 1
- 2 B ] X
B -2t
I I | L1111
-5 5 2
- 46. rccos260=9
B r2cos?6—r2sin20=9
-5 x> —y? =9
2 2
42, r=4sin30 LA )
9 9
5 B y
5+
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47. f(0)=3+3cosd, f'(#) =-3sind
- (3+3c0s@d)cosd + (—3sinG)sin @
—(3+3cosd)sin g+ (—3sinH)cos I

B cos 6 +cos? 6 —sin? 0 _ cosf +cos20

—sin@—2cosfsind  —sin@—sin20

s s
cos 5 + COS 3

49, Azz.lj”(S—scose)zde
2Jo
= 25.[(;E (1-2cosd+ cos? 8)dég
=25jn(§—20089+100529jd9
012 2

T
= 25[§9—2sin9+£sin 29} :75—7t

50. Azz-ij“’2
2

o [(5sin 0)% — (2+sin e)z}da

/2
= [ - (24sin® 0 - 4sin g - 4)do
/6
/2 .
:In (8—12c0s26 —4sinH)da
/6

- ni2 8
=[80-6sin20+4coso]” < :§n+\/§
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2 2

XY X y_y':o
400 100 200 50

X 2
=2 y'=-Z at (16,6
y 2y y'=-3 (16, 6)

Tangent line: y—6= —%(x—16)

When x = 14, y:—g(14_16)+6:£_
3 3
k=22
3
52 a. 1l b. IV
c. | d. 1
53. a. | b. IV
c. Ml d. 1

Review and Preview Problems

1. x=2t, y=t-3; 1<t<4
AY
3

|
-3 9

o
X
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3. x=2cost, y=2sint; 0<t<2x
AY
3_

-3

3L

4. x=2sint, y=-2cost; 0<t<2r
AY
3_

5 x=t,y=tan2t; -Z<t<Z
4 4

AY
6

I N . I ) N I
-3 -3 X

—6

6. x=cosht, y=sinht; -4<t<4
AY
30

IIIIIIIIIIII;
-30 30 x

-30

7. Xx=h-cos@
y=h-sinéd

Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form or

by any means, without permission in writing from the publisher.

8.

x=h-cos@
y=h-sing

For problems 9-12, L= j: [?)z{"l)z dt

10.

11.

12.

13.

t dt

dx dy 9
—=1 ===+t
dt 2\/_

dt
4 81 41
L= 1/1+ftdt= ~N4+8ltdt=
J.O 4 02 u=4+81t
du=81dt
1 (328 2 1 T4
@L \/UdU:§—162|:UA:|4 =
3
i[(328)5 —8} ~ 24.4129
243
Ay,
dt dt

L= [+ 4dt = [Jgt]f — 45 ~8.94

d—)t( =-2asin2t, Y =2acos2t

L :[(;%x/4a2 sin? 2t + 4a® cos? 2t dt =

[722[alVL dt = 2[a][ ]2 = x|

ax_ sech’t, % = —secht tanhtt

dt
L= j(f\/sech"'t +sech?ttanh?t dt =

j(f(sech t)vsech’t +tanh?t dt =

4 1 sinh?t
sech t),|——+—— dt =
Jo ) cosh?t cosh?t

cosh?t
cosh? t

4
[Ztan‘1 gt ]O =2tan"te* —2tante® ~1.534

j(f(sech t) dt = j;sech tdt=

Let (x,2x+1) represent any point on the line

y = 2x+1; then the square of its distance from
(0,3)is d(x) = x +[(2x+1)-3]* =5x* —8x+ 4
Now d’(x) =10x—8so that d'(0.8) =0 ; further,

d”(x) =10 > 0 so that the absolute minimum of

the (square of the) distance occurs at the point
(0.8,2.6) where the distance is

Jd(0.8) =4/5(0.8) —8(0.8) + 4 = /0.8 ~ 0.894
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14. Results will vary. The only limitation on x> y?
{a;,a,,by,b, } is that the t value that makes 18. 79 " 1
x =1must also make y=-1 and the t value that
makes x =3 must also make y=3 . Let
t =0vyield (1,-1) and let t =1yield (3,3) ; then
1=a,(0)+b, -1=a,(0)+b,
3= M)+b 3=a,D+bh,
Fromthisweget b, =1, b, =-1,a =2, a, =4;

thus one parametric representation is
x=2t+1, y=4t-1. Using other tvalues to
yield (1, -1) and (3, 3) will give other
representations.

15. s(t)=t2—6t+8 19.

a. v(t)=s'(t)=2t-6
ait)=v'(t)=2

b. The object is moving forward (in positive x-
direction) when v(t) >0 or t>3.

16. a(t)=2
a. v(t) = [a(t)dt = 2t +v(0) ; since the object is
initially at rest, v(0) =0so v(t) =2t.
s(t) = [v(t)dt =t +5(0) ; since s(0) =20,
=0 (©) (©) 2. -y =4
s(t)=t*+20 AY
6 —
b. s(t)=100=t?+20=100=>t =/80 ~ 8.944 -
The object will reach position 100 after about L
8.944 time units. -
17. 8x=y? -6 N X
y L
12 B
6L
21 r=2
I AR AY
-6 6 x 3l
-12
-3
sl
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22. 9==
6

Y

|
w
w

23. r=4sind

-3
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