1 1 Geometry in Space
CHAPTER and Vectors
7. P(2,1,6),Q(4,7,9),R(8,5,-6)

|PQ|:\/(2—4)2+(1—7)2+(6—9)2 -7
|PR|=\/(2—8)2+(1—5)2+(6+6)2 =14

11.1 Concepts Review

1. coordinates

2. \x+1)2+(y-3)7 +(2-5)’
3. (-1,3,5);4 IQR| = y/(4-8)2 + (7-5)% + (9+6)2 =245
‘ p'ar"ej“' e IPQ +|PR|? = 49+196 = 245 = |QR?, so the
| . triangle formed by joining P, Q, and R is a right
Problem Set 11.1 triangle, since it satisfies the Pythagorean

Theorem.
1. AL, 2,3),B(2,0,1),C(-2,4,5),D(0, 3, 0),
E(-1,-2,-3) 8. a. The distance to the xy-plane is 1 since the
z point is 1 unit below the plane.

b. The distance is
J2-02 +(3-3)2 + (-1-0)2 =5 since
the distance from a point to a line is the
length of the shortest segment joining the

point and the line. Using the point (0, 3, 0)
on the y-axis clearly minimizes the length.

. J(2-02+(3-02+(-1-0) =14

9. Since the faces are parallel to the coordinate
planes, the sides of the box are in the planes
x=2,y=3,2=4,x=6,y=-1,and z =0 and the
vertices are at the points where 3 of these planes
intersect. Thus, the vertices are (2, 3, 4), (2, 3, 0),
(2,-1,4), (2,-1,0), (6, 3,4), (6, 3,0), (6,-1, 4),

and (6, -1, 0)

3. x=0in the yz-plane. x = 0 and y = 0 on the z-axis. 2.-1L.4) t ‘j‘f' 4
4. y=0in the xz-plane. x = 0 and z = 0 on the y-axis. i el E—

(6,1, 4) [ _$(2.3,0)

£

5. a \(6-1)%+(-1-2)2+(0-3)> =43 1072 K34

6.-1.0)& r

& (6.3.00

b. J(2-2)2+(2+2)2+(0+3)2 =5

2 10. Itis parallel to the y-axis; x =2 and z = 3. (If it
C. \/(e + n)2 +(n+ 4)2 + (O - \/5) ~9.399 were parallel to the x-axis, the y-coordinate could
not change, similarly for the z-axis.)

6. P(4,5,3),Q(L, 7, 4), R(2, 4 6)
IPQ|=(4-1)2 +(5-7)2+(3-4)% =14
PR =/(4-2)2 + (5-4)% + (3-6)2 =14

11. & (x=-D%+(y-2)%+(z-3)*=25

b. (x+2)2+(y+3)>+(z+6)> =5

(x—n)2+(y—e)2+(z—\/§)2 =T

IQR|=y(1-2)2 +(7-4)2 + (4-6)2 =14 c.
Since the distances are equal, the triangle formed
by joining P, Q, and R is equilateral.
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12. Since the sphere is tangent to the xy-plane, the point (2, 4, 0) is on the surface of the sphere. Hence, the radius of
the sphere is 5 so the equation is (x —2) + (y —4)2 + (2 -5) = 25.

13. (X2 =12x+36)+ (Y2 +14y +49) + (22 =82 +16) = -1+ 36+ 49 +16
(x=6)2 +(y+7)% +(z-4)? =100
Center: (6, -7, 4); radius 10

14, (X® +2x+1)+(y2 =6y +9) + (2% 102+ 25) = 34 +1+9+ 25
(x+1)2 +(y-3)% +(z-5)2% =1
Center: (-1, 3, 5); radius 1

) 13

15. x2+y2+z —x+2y+4z:z

(xz —x+%j+(y2 +2y+1)+(z2 +4z+4) =%+%+1+4

2
(x—%) +(y+1)2+(z+2)2 :%

Center: (% -1, —Zj; radius \/g ~ 2.92

16. (X? +8X+16) + (Y2 —4y+4) + (22 =227 +121) = 77 +16+ 4 +121

(x+4)% +(y-2)% +(z2-11)° =64
Center: (-4, 2, 11); radius 8

17. x-intercept: y=z=0 = 2x=12,x=6 19. x-intercept: y=z=0 = x=6
y-intercept: x=z=0 = 6y=12,y=2 y-intercept: x=z2=0 = 3y=6,y=2
z-intercept: x=y=0 = 3z=12,z=4 z-intercept: x=y=0 = -z=6,z=-6

20. x-intercept:y=z=0 = -3x=6,x=-2

18. x-intercept: y=z=0 = 3x=24,x=8 y-intercept: X=1= 0= 2y_: 6y=3
y-intercept: y=z=0 = -4y =24,y=-6 z-intercept: x=y =0 = z=6
z-intercept: x=y=0 = 2z=24,2=12
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21. xandy cannot both be zero, so the plane is
parallel to the z-axis.
x-intercept: y=z=0 = x=8

For problems 25-36, L=j: [%]z [%{f 3
o by dr_

dt dt dt

L:fo2 12 +1% 422 dt:joz\/gdt -

[Jét]z — 2.6 ~4.899

y-intercept: x=z=0 = 3y =8, y =g 25.

0, ¥ 1 dy 1dz_ 1
Cdt 4'dt 3'dt 2

S S ORERBESINELE

3
22. xand z cannot both be zero, so the plane is [ %tl = 2\]% ~1.302

parallel to the y-axis.

x-intercept: y=z=0 = 3x=12,x=4 dx 3\/- dy _ dz
- X=vVy= = = 27. — =
z mterceptlx y=0= 4z=12,2=3 dt dt dt
L= (Stjro+16dt= ‘1ot +100dt =
4 u=9t+100
du=9dt
136
136 y
15 oo Judu= 27{ 2}109 <1692

dx 3 dy 3 dz
28, —=—+/t,—=2 t,—=1
2\/_ dt 2\/—

dt
23. This is a sphere with center (0, 0, 0) and radius 3. L= jz“ [%’[]4-[%{]4.1 dt = Jlgt +4dt=
Z u=18t+4
du=18dt

36 .[4

3 76
6 Judu=— [4 ~7.585

40

dx dz
29, —= 2t
dt dt \/_

L= [SVat? +4t+1dt:f0\/(2t+1)2 dt =
8 8
fq (2t+1)dt=[t2+t]0 -72

30, 3):—2t 2\/7 dz _

L= Vat? +12t+ 9t =j1 J@t+3)% dt=

j14(2t+3)dt:[t2+3t]: =28-4=24

31 %:—Zsint, dy ZCostE:B
dt dt dt

L =f”\/4sin2t+4c052t+9 dt=[" Vi3di=
[Vi3t]" =27V13~ 22654
-7
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dx .. d dz 1 dx .. d dz
32. —:—Zsmt,—y:ZCost,—:— 35. —=—25|nt,—y:cost,—:1
dt dt d 20 dt dt dt
L= jg”\/4sin2 t+4cos’t+ o dt= L= jg”«/4sin2 t+cos’t+1 dt =
87 1 1 8z 67 -2
)" 51601dt =[ /1601t | * = [o73sin?t+2dt
%«/1601 ~ 2514 By the Parabolic Rule (n = 10):
i xi  fOa) o - f(x)
g3 B¢ _ 1 dy  dz_ 0 0 14142 1 1.4142
Cdt o dt dt 1 1.88 21711 4 8.6843
. ] 2 377 17425 2 3.4851
L=J [ Ldt=[\[2+( L] ot 3 565 17425 4  6.9702
. 4 754 21711 2 43421
By the Parabolic Rule (n = 10): 5 942 14142 4 56569
. 6 113 21711 2 4.3421
iox fO6) g o f(x) 7 132 17425 4 6.9702
0 1 15000 1 1.5000 8 151 1.7425 2 3.4851
1 15 14720 4 58878 o 19 21711 4 Beses
2 2 14577 2 29155 ' '
3 25 14491 4 57966 10 188 14142 1 314481:;1924
4 3 14434 2 2.8868 approximation 54
5 35 14392 4 57570 i ’ i
6 4 14361 2 2.8723 36. X = cost, = _sint, %2 = cost
7 45 14337 4 57349 dt dt dt
8 5 14318 2 28636 L= Jeos? t+sin?t +cos?t dt =
9 55 14302 4 57208 0
10 6 1.4289 1 1.4289 IZ” cos2t +1dt
approximation  7.2273 0
By the Parabolic Rule (n = 10):
dx dy dz 2 y ( )
34, 2o, oo ot _
dt dt dt i xi  f(x) o o f(x)
— (2 11at210t4 0 0 14142 1 1.4142
L= Vit +_9t at 1 063 12863 4 5.1451
By the Parabolic Rule (n = 10): 2 126 1.0467 2 2.0933
_ 3 1.88 1.0467 4 4.1866
oo TG g g (X)) 4 251 12863 2 25726
0 1 37alr 1 37417 5 314 14142 4 56569
111 43608 4 17.4433 6 377 12863 2 25726
2 12 50421 2 10.0841 7 44 10467 4 41866
3 13 57849 4 231395 8 503 10467 2 20933
4 14 65890 2 13.1779 9 565 12863 4 51451
5 15 74540 4 298161 10 628 14142 1 14142
6 16 83799 2 16.7598 approximation  7.6405
7 17 93664 4 37.4655
6516 108154 52 8 20.8268 37. The center of the sphere is the midpoint of the
10 2 12688 1 12.6886 244 3-1 645 1
approximation  7.7075 ( R j= (1, 1 ?) The radius is
1 53
EJ(—2-4)2 +(3+1)2 +(6-5)2 =g . The
2
equation is (x—l)2 +(y—1)2 +(z —%] :573.
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38.

39.

40.

43.

44,

45,

46.

672

Since the spheres are tangent and have equal
radii, the radius of each sphere is % of the
distance between the centers.

r=%J@&5f+a+$2+Q-®2=a6rme

spheres are (x+3)2 + (y—l)2 +(z- 2)2 =24 and
(x-5)? +(y+3)% +(z-6)% = 24.

The center must be 6 units from each coordinate
plane. Since it is in the first octant, the center is
(6, 6, 6). The equation is

(x—6)% +(y-6)° +(z-6)° = 36.

x +y =12 is parallel to the z-axis. The distance

from (1, 1, 4) to the plane x + y = 12 is the same
as the distance in the xy-plane of (1, 1, 0) to the
line x + y — 12 = 0. That distance is

L+1-12|
(1+1)Y2
(x=1)% +(y =12 +(z-4)? =50.

=54/2. The equation of the sphere is

41,

42,

a. Plane parallel to and two units above the
Xy-plane

b. Plane perpendicular to the xy-plane whose
trace in the xy-plane is the line x = y.

c.  Union of the yz-plane (x = 0) and the
xz-plane (y = 0)

d. Union of the three coordinate planes
e. Cylinder of radius 2, parallel to the z-axis

f.  Top half of the sphere with center (0, 0, 0)
and radius 3

The points of the intersection satisfy both
(x-12+(y+2)? +(z+1)? =10 and 2= 2, s0
(x-1)2 +(y+2)? +(2+1) =10. This simplifies

to (x —1)2 +(y+ 2)2 =1, the equation of a circle
of radius 1. The center is (1, -2, 2).

If P(x, y, z) denotes the moving point, \/(x —1)2 +(y- 2)2 +(z +3)2 = 2\/(x—l)2 +(y- 2)2 +(z —3)2 ,
which simplifies to (x-1)° + (y - 2) + (z—5)? =16, is a sphere with radius 4 and center (1, 2, 5).

If P(x, y, z) denotes the moving point, \/(x —1)2 +(y- 2)2 +(z +3)2 = \/(x - 2)2 + (y—3)2 +(z- 2)2 ,

which simplifies to x + y + 5z = 3/2, a plane.

Note that the volume of a segment of height h in a hemisphere of radius r is nth? {r —(%H

The resulting solid is the union of two segments, one for each sphere. Since the two spheres have the same radius,
each segment will have the same value for h. h is the radius minus half the distance between the centers of the two

spheres.

hzz-%JQ-nz+@—az+a—nz=2-

A

N | w
N |

As in Problem 45, the resulting solid is the union of two segments. Since the radii are not the same, the segments
will have different heights. Let hy be the height of the segment from the first sphere and let h, be the height from

the second sphere. r; = 2 is the radius of the first sphere and r, =3 is the radius of the second sphere .

Solving for the equation of the plane containing the intersection of the spheres (x—l)2 +(y- 2)2 +(z —1)2 -4=0
and (x—2)2 +(y—4)2 +(z—3)2 -9=0, wegetx+2y+22-9=0.

The distance from (1, 2, 1) to the plane is % and the distance from (2, 4, 3) to the plane is %

2 4 7 2
=2-2=2ip,=3--==
m 3 37 3 3
2 2
V=7ti 2—i +1tE 3—E =4n
3 9 3 9
Section 11.1
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47. Plots will vary. We first note that the sign of ¢ will influence the vertical direction an object moves (along the
helix) with increasing time; if c is negative the object will spiral downward, whereas if ¢ is positive it will spiral

upward. The smaller |c| is the “tighter” the spiral will be; that is the space between successive “coils” of the helix
decreases as |c| decreases.

48. Plots will vary. We first note that the sign of a will influence the rotational direction that an object moves (along
the helix) with increasing time; if a is negative the object will rotate in a clockwise direction, whereas if a is

positive rotation will be counterclockwise. The smaller |a| is the narrower the spiral will be; that is the circles
traced out will be of smaller radius as |a| decreases

1 1
11.2 Concepts Review 7. |W|:|U|C05600+|V|C05600:E+E:1
1. magnitude; direction
8. |w|=|u|cos45°+|v|cos45°=%+72= 2
2. they have the same magnitude and direction.
9. u+v=(-1+3,0+4)=(2,4)
u-v=(-1-3,0-4)=(-4,-4)

4.3 lul = V(=12 +(0)? =1 =1
[V[=+(3)*+(4)?* =25 =5

(-3.4)

3. the tail of u; the head of v

Problem Set 11.2

10. u+v=(0+(-3),0+4)

1. u-v=(0-(-3),0-4)=(3,-4)
lul = V() +(0)? =0 =0
V] = /(-3)* +(4)? =25 =5
11. u+v=(12+(-2),12+2)=(10,14)
& u-v=(12-(-2),12-2) = (14,10)
lull = y@2)? + (12)* = V288 =122
IM=V(-2? +(2)? =8 =22
3. 12. u+v={(-0.2)+(-2.1),08+1.3)=(-2.3,2.1)

u-v=((-0.2)-(-2.1),0.8-1.3) =(1.9,-0.5)
. lu = /(-0.2) + (0.8)? = /0.68 ~ 0.825
4 0 V] = V(~2.2)% + (1.3)? = /6.10 ~ 2.47
13. u+v=(-1+3,0+4,0+0)=(2,4,0)
1 11
5 w=_(Utv)=_utov U-v=(-1-3,0-4,0-0) = (-4,-4,0)
. ) ] = V(=D? + (0% +(0)? =1=1

1
o neglvmEgvRt IVl =3 + (@7 + (07 =25 =5

1 1 1
m=v-n=v-—(v-Uu)==V+—U
2 2 2
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14. u+v=(0+(-3),0+3,0+1)=(-331) 18. Let v be the resulting force. Let @be the angle of
<3 3 1> v measured clockwise from south.

—v=(0-(-3),0-3,0-1) |v|cose:60cos30°+80cosso°=3oJ§+4o
_ 2 2 2 _ o
Jul=©? +(0)* +(0)* =+ =0 =10(3/3+4)

IV = V(=3)% + (3)? + )2 =19 ~ 4.359

[v|sin & =80sin 60° - 60sin 30° = 404/3 - 30

15. U+V=(1+(-5),0+0,1+0) = (-4,0,1) =10(4V3-3)
-V =(1-(-5),0-0,1-0)=(6,0,1) |v|2 = |v|2 cos? 6’+|v|2 sin @
Jul =V @? +(0% + ©)? =2 ~1414 =100(3J§+4)2 +100(4\/§—3)2
V| =V(=5)2 + (0)? +(0)? =v/25 =5 = 100(100) = 10,000
|v| = /10,000 =100
16. u+v=(0.3+2.2,0.3+1.3,0.5+(-0.9)) = g — [v[sind  43-3
(2.5,1.6,-0.4) ~|v|coso  33+4
-v=(0.3-22,03-1.3,05-(-0.9)) = — 03-3) .
(-1.9,-1.0,1.4) 3V3+4 '
||u|| = \/(0 3)2+(0.3)? +(0.5)% =/0.43 ~ 0.656 The resultant force has magnitude 100 Ib in the

direction S 23.13° W

[V =+(2.2)% + 1.3 +(-0.9) =734 ~2.709
19. The force of 300 N parallel to the plane has

17. Let @be the angle of w measured clockwise from magnitude 300 sin 30° = 150 N. Thus, a force of
south. 150 N parallel to the plane will just keep the
|[w|cos @ = |u] cos 30°+|v|cos 45° = 2513 + 251/2 weight from sliding.

- 25(\/§+\/§) 20. Let a be the magnitude of the rope that makes an

angle of 27.34°. Let b be the magnitude of the
|w|sin @ =|v|sin 45° —|u|sin 30° = 25v2 - 25 rope that makes an angle of 39.22°.

NG 1. asin 27.34° = b sin 39.22°
= 25( 2 —1) 2.acos 27.34° + b cos 39.22° = 258.5
|W|2 _ |w|2 cos? 9+|w|2 sin2 g Solve 1 for b ami;uzb;tlgt:se in 2.
2 2 ac0s27.34°+a————c0s39.22° = 258.5
=625(J§+J§) +625(\/§—1) sin39.22°
258.5
- _ a= ~178.15
= 625(8-2v2 + 246 005 27.34° + sin 27.34°C0t 39.22°
|W|=\/625(8—2\/§+2\/6) =25\/8—2\/§+2\/6 b:M:QgAO
sin39.22°
~79.34 The magnitudes of the forces exerted by the
tan |w|sm 6 J2-1 ropes making angles of 27.34° and 39.22° are
|w|cos€ \@ﬂ/— 178.15 Ib and 129.40 Ib, respectively.
0 =tan™! (QJ =75° 21. Let @be the angle the plane makes from north,
V3+42 measured clockwise.

w has magnitude 79.34 Ib in the direction 425 sin =45 sin 20°
S7.5°W.

sind = isin 20°

85
(9 .
0 =sin""| —sin20° |~ 2.08°
85

Let x be the speed of airplane with respect to the

ground.

X =45 cos 20° + 425 cos 6 ~ 467

The plane flies in the direction N 2.08° E, flying

467 mi/h with respect to the ground.
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22. Letv be his velocity relative to the surface. Let

23.

24.

25.

be the angle that his velocity relative to the
surface makes with south, measured clockwise.

[v|cos@ = 20, |v|sing =3

[v[? = v[* cos? 6 +|v| sin? 0 = 400+9 = 409
|V =/409 ~ 20.22

_|v|sine 3

tand = =—
|v|cosd 20

0= tan‘li ~ 8.53°
20

His velocity has magnitude 20.22 mi/h in the
direction S 8.53° W.

Let x be the air speed.

e. a(bu)=a((buy,bu,))=(alby,),a(bu,)) =
((ab)uy, (ab)u, ) = (ab)u
f.oau+v)=au +v,Uy +Vv,) =
(a(uy +vy), a(uy +V,)) =
(au, +avy,au, +av, ) =
(auy,au,)+(av,av, ) = au+av
g. (a+b)u=((a+b)uy,(a+b)u,)=
(au, +buy,au, +bu, ) =

(auy,au, ) +(buy,bu, ) = au+bu

h. 2u=(1-up,1-Up ) = (uy, U, ) =u

X €0S 60; =40 i Jau] = |(au,, au, )| = y/(au,)® + (au,)?* =
4
T C0s60° Ja2u? +a2u,? = 2’ (u? +u,?) =

The air speed of the plane is 80 mi/hr

Let x be the air speed. Let @be the angle that the
plane makes with north measured counter-
clockwise.

X cos =837 + 63 cos 11.5°

xsin #=63sin 11.5°

x? = x% cos? @+ x?sin® 0

= (837 +63c0s11.5°)? + (63sin11.5°)?
=704,538 + 105,462 cos 11.5°

X= \/704, 538+105,462c0s11.5° ~ 898.82

26.

e = alfl

Let u=(uy,Up,Uz),V=(V,V,,Vs), and

W= (W, Wy, Wy )

& U+V=(U +Vy, Uy +Vy, Uy +Vg) =
(V) +Uy, Vp + Uy, Vg +Ug) =V +U

b. (U+V)+W =(Uy+Vy, Uy +Vy, Uz +V5)
+ (W, Wy, Wy ) =

((ul +V) + W, (Uy +V,) + Wy, (Ug +V3)+W3> =

tan o — xsingd  63sin11.5°
" xcos@ 837 +63cos11.5° (U + (v + W), U + (Vo + W), Ug + (Vg +Ws)) =
i ° Uy, Uy, Ug YV + Wy, Vo + W, Vg + Wy ) =
taan_l M ~ 0.80° < 102 3>< 1 10 Y2 213 3>
837 +63c0s11.5° u+(v+w)

The plane should fly in the direction N 0.80° W
at an air speed of 898.82 mi/h.

Let u=(uy,uy),v=(v,V,),and w=(w;,w,)

a U+v=(U+V, Uy +V,) =

(v +Up,Vp +Uy ) =V+U

b, (U+V)+W = (Up+Vy, Uy +Vy )+ (W, Wy ) =
((uy +vp) + Wy, (Uy +V,) + Wy )
(U + (v + W), Uy + (v +W,)) =

(Up,Up ) (v + W,V + Wy ) = U+ (V+ W)
. u+0=(u;+0,u, +0)=(uy,uy)=u
u+0=0+u byparta.
d. U+ (-u) = (ug, Uy ) + (U, —Uy ) =
{Uy + (=uy), Uy +(-u,)) =(0,0)=0

C. U+0=(uy+0,u, +0,Us +0) = (Uy,U,,Uz) =U
u+0=0+u byparta.

d. U+ (-u) = (U, Uy, Ug ) +(~Uy, —Up, —Ug) =
{ug + (=Uy), U + (=U,), Ug + (~Ug) ) =
(0,0,0)=0

e. a(bu)=a((buy,buy,buy)) =
<a(bul)7 a(bu,), a(bu3)> =
((ab)u;, (ab)u,, (ab)uy ) = (ab)u

g. (a+b)u=((a+b)u,(a+b)uy,(a+b)us)=
(auy +buy, auy +bu,, auz +bus ) =

(auy, auy, auz ) +(buy, bu,, bug ) = au +bu

h. 1u=(1-up,1-Up,1-Ug) = (Uy, Uy, Ug) = U
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27. Given triangle ABC, let D be the midpoint of AB
and E be the midpoint of BC. u= AB, v=BC,
w=AC, z=DE (placed head to tail from v, to v,,) form a regular

n-gon. From Problem 19, the sum of the vectors
is 0.

. 2
a regular n-gon is -2 Thus the vectors
n

31. The components of the forces along the lines
containing AP, BP, and CP are in equilibrium;

that is,
U+V=w W =W cos o + W cos g
1 1 1 1 W =W cos g+ W cos y
z=§u+§v=5(u+v)=zw W =W cos a+ W cos y

Thus, cos a+ cos =1, cos g+ cos y=1, and

Thus, DE s parallel to AC. cos « + cos y= 1. Solving this system of

28. Given quadrilateral ABCD, let E be the midpoint

. . 1
equations results in cosa =cos 8 =cosy =—.
of AB, F the midpoint of BC, G the midpoint of L “ P 4 2

CD, and H the midpoint of AD. Hence o = = y=60°.

ABC and ACD are triangles. From Problem 17, Therefore, o+ = a+ y= B+ y=120°.

EF and HG are parallel to AC. Thus, EF is

parallel to HG. By similar reasoning using 32. Let A',B',C’ be the points where the weights are
triangles ABD and BCD, EH is parallel to FG. attached. The center of gravity is located
Therefore, EFGH is parallelogram. |AA’|+|BB'|+|CC’|

3 units below the plane of the

triangle. Then, using the hint, the system is in
equilibrium when |AA|+|BB’|+|CC| is
maximum. Hence, it is in equilibrium when
|AP| +|BP| +|CP| is minimum, because the total

length of the string is

29. Let R be the tail of v;. Then | AP|+| AA|+[BP|+|BB'| +|CP|+|CC.
Vi+Va ...+ Vp 33. The components of the forces along the lines
containing AP, BP, and CP are in equilibrium;
=PP,+ PP+ + BR that is,
N 5w cos a + 4w cos = 3w
= RR =0. 3w cos B+ 5w cos y= 4w
3w co0s o+ 4w cos y=5w
30. Consider the following figure of the circle. Thus,

5cosa+4cos f=3
3cos f+5cos y=4
3c0s a+4cos y=5.
Solving this system of equations results in

cosa =§, cos #=0,cosy :g, from which it

follows that sina :g,sinﬁ =1siny :g.

T Therefore, cos(a + ) = —g, cos(ar+7) =0,
The vectors have the same length. Consider the
following figure for adding vectors v; and vj,4. cos(B+y) = —E, S0
5
V.
B i+1 —l( 4)
a+f=c0s | —— [~143.13°, a+y =90°
5 B 5 7
V.

i , B+y= cos_l[—gj ~126.87°.
Then g=n ~ T Note that the interior angle of
n
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34.

35.

36.

This problem can be modeled with three strings
going through A, four strings through B, and five
strings through C, with equal weights attached to
the twelve strings. Then the quantity to be

minimized is 3|AP|+4|BP|+5|CP|.
Written response.

By symmetry, the tension on each wire will be
the same; denote it by ||| where T can be the

tension vector along any of the wires. The
chandelier exerts a force of 100 Ibs. vertically
downward. Each wire exerts a vertical tension of

[ T||sin 45° upward. Since a state of equilibrium
exists,

la]|c-a = 4+9[(0)(-2) + (-5)(3)] = ~15+13

b-b—||b] = (2)(2) + (~3)(-3) ~\/4+9
=13-413

—4a+3b=(-12,4) + (3,-3) =(-9, 1)
b-c=@Q)(0)+)G) =-5

(a+b)-c=(4,-2)-(0,5)
=(4)(0)+(-2)(5) =-10

2c-(3a+4b) =2(0, 5)-((9, —=3)+(4, - 4))

4-|T|sin45* =100 or [T = % ~35.36 - _2 7<g 5)-(13, - 7) = 2[(0)(13) + (5)(-7)]

The tension in each wire is approximately 35.36
Ibs.

By symmetry, the tension on each wire will be
the same; denote it by ||| where T can be the
tension vector along any of the wires. The

chandelier exerts a force of 100 Ibs. vertically
downward. Each wire exerts a vertical tension of

|b]b-a=I+1M@E) + (-)(-D] = 42

Jof? ~c-c=(v0+25) -[©)©)+ G)E)]
-0

ab @OED+E3)@Q) 7

cosé = = -
[ T]|sin 45" upward. Since a state of equilibrium lallb] (\/ﬁ)(\/g) J50
. - 200 7
exists, 3-[|T||sin45° =100 or |[T|=—=~47.14 =-——~-0.9899
Il IM=575 i
The tension in each wire is approximately 47.14 NS
Ibs. °1
11.3 Concepts Review L |b i L1
-3 o\ 3
L. UpVy +UpV, +UgVy; uf|v]cos @ a
2. 0 -3+
3. FeD s = ab  (DOE)+(=2)0) 6
b
" (ABC) Rlbl - (E)e  eb
1
=—— ~-0.4472
NG
Problem Set 11.3 ¥
5_
1. a. 2a-4b=(-4i+6j)+ (-8i + 12j) B
=-12i + 18j i
b. a-b=(-2)(2)+(3)(=3)=-13 Yy 7/ e
c. a-(b+c)=(-2i+3j)-(2i-8j) E
=(=2)(2) + (3)(-8) = -28 -5+

d.  (-2a+3b)-5¢ = 5[(10i —15])- (-5j)]
= 5[(10)(0) + (~15)(-5)] = 375
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¢ cosg. 2P _@AE)+(ENEA) 0 ¢ cosgo 2D _(CD@+E)(6) _-20_

allbl~ (5)(26) 10 Bl (vho)(2i0) 20

1+ 6 =cos 1-1=180°

-3 A a 3 X 4:
b | a :
I T I . Y |
= -5 5%
- b
-5+ :
4 cosg- b _ (BB +(D@0) o
ello] ~ (es)24a1) b (OO0 a
d. cos@= = = =1
:2‘;22 __ 25616 ~-0.9879 lallel — @(2v3) 43
V2665 /2665
y 6=cos11=0
lﬂ: 1_‘
.
_|IUI L1 ; _Ial | I]IU.\_ i b
E | g L L L.
“10F - 3
4. a "
cosg 2D _ 12)(5)+(0)0) 5 a  ab=0)0)+Q)Q)+(-)Q) =1
[l 12)(5) o
60 b. (a+c)b=@j+k)(j+K)
===t =(0)(0)+ )W + @) =4
6 =cos1-1=180° a 1 .
y . S— T B
1o ol 22+ 27 + (-2
- _\6; . J6: 6
o =g ltgi-gk
TV B N |
6 bl a 14 d. (b-c)a=(i—k)(i+2j—K)
B =D +0O))+(-D(-D=2
o o @ 00+@O+()O
b cosp o 2D _(D(8+B)(6) 50 lalllo]l 12 + 22 + (-1)2 V02 +22 +22
' [ o] (5)(10) 50 1 B
0 =cos t-1=180° “J6y2 6
m; f. By Theorem A (5), b-b—||b||2 =0
L vl L 6. 2 ac=(W2)(2)+ N2+ O =0
P b. (a—c)-b =(v2-(-2),v2-2,0- 1)1 -1,1) =
e 2+2)Q) + (V2 -2)(-1) + (-1)(1) = 3
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M- 1 = _cos | 2240
ol J(2y? + (v2)% + 02 (V22,0 b, = COS ( - j_

NG
cos™0=90°
1{@&,0} <£ V2 0>
2 9. The basic formulae are
Y Up Us
_ /2 _ . _ CoS¢, =7+ COSf, =+= COSy, =-—-
4. (0-0a=(3-3.0)1{2.2.0)- TR
)(2)+(-3)~/2)+(0)(0) =0 a  a-(v2420)  Ja|-
bc  DEA+EH@+O@) cosq. =B _ N2 o =4
[olllel (a2 + (-0 +12 J(-2)2 + 22 + 2 T2 "
__3:_£ cosﬂazizﬁ, P =45
NCNCRNE ElE
_8 _ _
f. By Theorem A (5), a-a—alf =0 ra T2 72
7. The basic formula is cosazm b. b:<1*‘1’1> "b”:*/§
COS :"%":%z 0.577, o, =~54.74°
Hab =COS_1 M = b2 -1
: Ja-3 cosﬂb:H:—3 ~-0.577, f, ~125.26°
cos 10 =90° b, 1
CoS ¥, RN 0.577, y, =~54.74°
) :Cos_l(—2ﬁ+2\/§+o} bl V3
a,c
Ly e o o-(22)  ld-
cos0=90 6 2 .
cosa, =—=—-—, o, ~131.81
o cos- (2 2+1) [/
b =
C V349 cosﬂczﬁzé, B, ~48.19°

cost (—?] ~125.26°

c
COS 7, _G 1 7. = 70.53°
c

le| 3
8. The basic formulais cos¢, , = = 10. The basic formulae are
||U||||V|| cos & L cos f3 U COS _
VBB, C S ¥ I
-1 3 3
0., =cos™t =
Tz NECRERE )
a. 333 [la] =1
cost0=90°
Cosa@, =+ = B ~0577, a, ~54.74°
23 23 V3 ||a|| 3
Opo=cost| 3 —3_ 3 | _ B 057, 54.74°
: NG cos f, = H 3" Pa =
3 .
28 X2 20577, y,~54.74
cos -2 <1256 [ ~3 a
Instructor's Resource Manual Section 11.3 679

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



b. b=(1-10) o] =2 16. If(x,y,z) is perpendicular to both (1, -2, -3) and
b 2 . (-3,2,0), then x— 2y —3z =0 and -3x + 2y = 0.
cosap = To[ T % 45 Solving these equations for y and z in terms of x
cos fi, = b, J2 5. ~135° yields y :gx, Z= —%x. Thus, all the vectors
Sl o2t 3 2
b, 0 have the form <x, EX' —§x> where x is a real
CoSyp =r=—7==0, y, =90°
"b" V2 number.
c. c¢=(-2-21) llc| =3 17. A vector equivalent to BA is
u=(1+4,2-53-6) = (5-3,-3).
cosa, :&:—g, a, ~131.87 ( . > _< . >
le| 3 A vector equivalent to BC is
v={(1+4,0-51-6) =(5,-5,-5).
cosp, =2 —_2 g ~13181° < )= )
| 3 cosg =4V _ 5.5+ (-3)(-5) + (-3)(-5)
¢ 1 ] |u[[v]  /25+9+9y25+25+25
cosy, =—-=—, y.~70.53
e 3 o U pmcost <1440
V4375 129’ Jizg T
11. (6,3)(-1,2) = (6)(-1)+(3)(2) =0 - o
Therefore the vectors are orthogonal 18. A vector equivalent to BA is
u=(6-3,3-1,3+1) =(3,2,4).
12 ab=OO)+OED+D0) =0 A vector equivalent to BC is
ac=DED+OED+ D)) =0 v=(-1-3,10-1,-25+1) = (-4,9,-15).
b-c = (M(=1) + (1D +(0)(2) =0 U-v=3(-4)+2-9+4-(-1.5) =0 so u is
Therefore the vectors are mutually orthogonal. . L
perpendicular to v. Thus the angle at B is a right
13. ab = (1)1 + (1)) +(0)(0) =0 angle.
a«c = (1)(0) + (-1)(0) +(0)(2) =0 19, (c,6)+{c,4)=0=¢> ~24=0=
b-c = (1)(0) + (1)(0) + (0)(2) = 0 2 _osms o428
Therefore the vectors are mutually orthogonal. ¢ ===
14. (U+V)'(U—V)=U'U—U'V+V'U—V'V 20. (20i—8j)-(3i+Cj)=0:>60—80=0:>
B 2 2 B _2C = 0 —=>C= O
= |ull* = [v" =0
2 2 21, (Ci+j+k)s(0i+2j+dk)=0=0c+2+d=0=>
Thus, [uf? = Jv{? or Ju] = ot d
15. If xi +yj + zk is perpendicular to —4i + 5j + k and
4i +j, then —-4x + 5y + z =0 and 4x + y = 0 since 22. (a,O,l)-(O,Z,b) =0=b=0
the dot product of perpendicular vectors is 0. (a, 0,1>.<1, c,l) —0=a+1=0
Solving these equations yields y = —4x and
z = 24x. Hence, for any x, Xi — 4xj + 24xK is (0.2,b)+(Lc,1)=0=2c+b=0
perpendicular to the given vectors. Thus: a=-landc=b=0
: . _ /2 2 2
”X' —A+ 24Xk" a \/X +16x" +576x For problems 23-34, the formula to use is
=|x|~/593 _ bea
10 proj,b =| —-|a
This length is 10 when x =+ Norh The vectors [l
10 . 40 . 240
are i— + k and 23. u=(12), v=(2,-1), w=(15)
/593 /593 ) /593 M)+ (2)(-1)
B 10 iy 40 j- 240 K pr0jvu=W(2,—l)=0
V593 693" 593
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24. u=(12), v=(2,-1), w=(15) 34. u=(321), v=(2,0,-1), w=(15-3)

o _(QM+EDE)
projyv=""5 5 (12)= _ @0 +(2)(0) + 1))
1?42
+ proj;u V0 0 (1,0,0) =(3,0,0)
25. u=(12),v=(2,-1), w 15)
prOqu — (1)(1) + (5)(2) <E £> 35. a. projuu — U_l.zl u= (ﬁju =u
55 Jull u-u
26. u=(12 a
o <( 1)(>1)+(6)<(2)> 11< 22 K b prOj—U“:{u ( E)J(‘”):[%]u:u
proj, (w—v) = =222 (1,2) = <E?> (]
27. u=(1,2), v=(2,-1), w=(L5) 3. a  proj, (—u) = [(HZ'UJ(_U)
. (DO)+ ()@ _ u
proj;u = 0% 1 (1)? < >_<0*2> =(_u'uj(—u)=u
u-u
28. u=(12), v=(2,-1), w=(15)
o= DO=@O) oy b, proiy (1) [w})
' 1?+0)32 ' (Rl
29. u=(32,1),v=(20,-1), w=(15-3) =g W=y
32+ ()0)+@)(-1
proju = )(2)21(02(3;1())( )(2,0,-1)= 37. UV = (-1)(=1)+5-1+3(-1) = 3
(2,0,-1) [v="i+1+1=3
uv_3 _n5
30. u=(3,21), v=(2,0,-1), w=(15-3) e
., _ B+ 0)2)+(=DA)
Probu.Y 32 +22 412 (3.21)= 38. u~v=5(—\@)+5(\/§)+2(1)=2
<E£,£> V] =B+5+1=+ii
141414
uv_.2
31 u=(3,21), v=(2,0,-1), w=(15-3) vl i
. 1@3)+ (5)(2) + (-3)(L
proj,w = 2 );z(+)§z)++lg X )< 21)= 39. |u|=(4+9+2%)2=5andz>0,s0
<§ 10 5> z = 2+/3 ~3.4641.
777
40. cosz(46°) +c052(108°) +cos? y=1
=(3,2.1), v=(2,0,-1), w=(1,5,-3) = cosy ~ +0.6496
2 W+V =(3,5,-4) = y~ 49.49° or y ~ 130.51°
proj, (w+v) = () 2(5)(5) - g DY) (3,21)= 41. There are infinitely many such pairs. Note that
8 +2°+1 (-4,2,5)-(1,2,0)= -4+4+0=0, s0
<§§g> u=(1,2,0) is perpendicular to (—4,2,5). For
anyc, (-2,1,¢)-(1,2,0)=-2+2+0=0 so
33. u=(3,21),v=(2,0-1), w=(15-3) v=(-2, 1, ¢) isa candidate.
20+ (2)(0) 4 (DL (-4,2,5)-(-2,1,¢)=8+2+5¢
proj, u = ()()+(3()+()()(001> (0,0,1) 8+2+5c=0 = c=-2,500ne pair is
040"+ 0y u=(1,2,0),v=(-2-2).
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42,

43.

44,

45,

46.

47.

48.

49.

50.

51.

682
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The midpoint is

3+5,2—7’—1+2 _ 4,_31 S0 the
2 2 2 2 2

vector is 4,—5,1 .
2 2

The following do not make sense.
a. Vv-w isnota vector.
b. u-w isnota vector.
The following do not make sense.

c.  |uf is not a vector.
d. u+v isnotascalar.

au+bu =a(uy, up)+b(uy,uy)
=(auy, aup )+ (buy, buy ) = (auy +buy, au, +bu, )

((@+b)ug, (a+b)uy) = (a+b)(uy, up)
=(a+b)u

UsV = UpV; + UV, = ViUy +V,Uy = Vel

c(u-v) =c({ug, up)-(v1, v2))
= C(UpVy +UgpVp) = c(upvy) +c(UzVz)
= (cup)vy + (cup )V, =(cuy, cup)-(vy, vy )

= (¢, uz))-(w, v2) = (cu)-v

u-(v+w) =(uy, u2>~(<v1, Vo) +(wy, Wy ))
= (ug,uz)- (v + W, Vo + W)

=Up (v + W) +Up (Vo +Ws)

= (UpVg +UoVo) + (W +UoWo ) =U-V+U-W

0-u=0u; +0u, =0

u-u—u2+u2—(1/u2+u2)2—||u||2
=U" U =07+ U ) =

r=ka+mb = 7=k(3)+ m(-3) and

-8 =k(-2) + m(4)

3k-3m=7

-2k +4m =-8

Solve the system of equations to get
2 5

k=2,m=-2.
3 3

Section 11.3

52.

53.

54.

55.

56.

r=ka+mb = 6=k(-4) +m(2) and
-7 =K(3) + m(-1)

-4k +2m =6

3k—-m=-7

Solve the system of equations to get
k=-4,m=-5,

a and b cannot both be zero. If a = 0, then the line
ax + by = c is horizontal and n = bj is vertical, so
n is perpendicular to the line. Use a similar
argumentif b=0.If a=0and b=0, then

Pl(%’oj and P, (0, %) are points on the line.
— - C. C.
n-RP; :(a|+bj)-[——|+—1j=—c+c:0
a b
2 2
oo v’ = @sw-@ew)

+(U-Vv)-(u-Vv)=[u-u+2(u-v)+v-v]
Hu-u-2(u-v)+v-vl]=2(u-u)+2(v-v)

2 2
= 2" +2|v
Ju+ v||2 ~|u- v||2 =U+V)-(U+V)
—(Uu=-v)-(u-v)=[u-u+2(u-v)+v-v]
—Hu-u-2(u-v)+v-vl=4(u-v)
s0 u-v=2lusviP - Hu—v?

4 4
Place the cube so that its corners are at the points

(0,0,0),(1,0,0),(0,1,0), (1, 1,0, (0,0, 1),
(1,0,1),(0,1,1),and (1, 1, 1). The main
diagonals are (0, 0, 0) to (1, 1, 1), (1,0, 0) to
(0,1,1),(0,1,0)to (1,0, 1),and (0,0, 1) to

(1, 1, 0). The corresponding vectors are
(1,1,1),(-1,11), (1,-1,1), and (1,1,-1).
Because of symmetry, we need only address one
situation; let’s choose the diagonal from

(0,0,0) to (1,1,2) and the face that lies in the

xy — plane. A vector in the direction of the
diagonal is d =(1,1,1) and a vector normal to the
chosen face is n=(0,0,1). The angle between

the diagonal and the face is the complement of
the angle between d and n ; that is

90° — 0 = 90° —cos* [d—”] -

(ol
P L S o | ﬁ
90° —cos (—\/5 \/i] =90° —cos ( 3 J

~90° —54.74° = 35.26°
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57.

58.

59.

Place the box so that its corners are at the points
(0,0,0), (4,0,0), (0, 6, 0), (4, 6,0), (0,0, 10),
(4,0, 10), (0, 6, 10), and (4, 6, 10). The main
diagonals are (0, 0, 0) to (4, 6, 10), (4, 0, 0) to
(0, 6, 10), (0, 6, 0) to (4, 0, 10), and (0, 0, 10) to
(4, 6, 0). The corresponding vectors are
(4,6,10),(-4,6,10), (4,-6,10), and

(4, 6,—10) .

All of these vectors have length

/16 +36 +100 = +/152. Thus, the smallest angle

6 between any pair, u and v of the diagonals is
found from the largest value of u-v, since

u-v
IIUIIIIVII 152

There are six ways of pairing the four vectors.
The largest value of u-v is 120 which occurs

cosd

62.

63.

64.

65.

66.

67.

D =12j
Work = F- D = (-5)(0) + (8)(12) = 96 joules

D=(@4-0)i+(4-0)j+(0-8k=4+4j-8k
Thus, W =F-D =0(4) + 0(4) — 4(—8) = 32 joules.

D =(9-2)i + (4-1)j + (6 - 3)k = 7i + 3j + 3k
Thus, W = F-D = 3(7) - 6(3) + 7(3) = 24 ft-lbs.

2(x=1)—-4(y-2)+3(z+3)=0
2x—-4y+3z=-15

3(x+2)-2(y+3)-1z—-4)=0
3X-2y-z=-4

(X-D+4(y-2)+4(z-1) =0

4y+4z=13
it X+4y+4z
= (4,6,10)and v = (-4,6,10) . Thus, 68. z+3=0
050 =220 15 o5 - cos 1 < 37,86 z=-3
152 19 19
69. The planes are 2x — 4y + 3z =-15 and

Place the box so that its corners are at the points
0,0,0),(1,0,0),(0,1,0), (1,1,0), (0,0, 1),
(1,0,1),(0,1,1),and (1, 1, 1). The main
diagonals are (0, 0, 0) to (1, 1, 1), (1,0, 0) to

3x =2y —z =-4. The normals to the planes are
= (2,-4,3) and v = (3,-2,-1) . If @is the angle
between the planes,
u-v 6+8-3 11

(0,1,1),(0,1,0)to (2,0, 1),and (0,0,1) to cosé = = = , SO
(1, 1, 0). The corresponding vectors are ||U||||V|| V2914 /406
(1,1,1),(-1,11), (1,-1,1), and (1,1,-1). g—cost L _csore

All of these vectors have length v1+1+1=+/3. V406

Thus, the angle & between any pair, u and v of
the diagonals is found from

u-v
cos@ = .
IIUIIIIVII 3

There are six ways of pairing the four vectors,

but due to symmetry, there are only two cases we
need to consider. In these cases, u-v =1or

u-v=-1. Thus we get that cosH:%or

cosé = —% . Solving for @ gives

6 ~70.53" or 6~109.47°.

70.

71.

72.

An equation of the plane has the form

2x + 4y — z = D. And this equation must satisfy
2(-1)+4(2)-(-3)=D,s0 D =9. Thus an
equation of the planeis 2x + 4y -z =9.

a. Planes parallel to the xy-plane may be
expressed as z =D, so0 z = 2 is an equation of
the plane.

b. Anequation of the plane is
2x+4)-3(y+1)-4(z-2)=0or
2x -3y -4z =-13.

a. Planes parallel to the xy-plane may be
expressed as z =D, so z = 0 is an equation of

Work = F-D = (3i +10j) - (10j) the plane.
=0+ 100 =100 joules
b. An equation of the plane is
60. F =100 sin 70°i — 100 cos 70°j X+ Yy+z =D since the origin is in the

61.

D = 30i

Work =F-D

= (1005sin 70°)(30) + (—100cos 70°)(0)
= 3000 sin 70° =~ 2819 joules

D = 5i + 8
Work = F - D = (6)(5) + (8)(8) = 94 ft-Ib

73.

plane, 0+0+0= D . Thus an equation is
X+y+z=0.

|)+3(-D)+(2)- 7|

~ 2.1106
V1+9+1

Distance =

ﬁ
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74.

75.

76.

77.

78.

79.

80.

81.

82.

684
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The distance is 0 since the point is in the plane.

(|(_3)(2) +2(6)+(3)-9| = 0)

(0,0, 9) ison =3x + 2y + z = 9. The distance from

(0,0,9)to6x—4y—-2z=19is

6(0) -4(0)-2(9)-19] 37
J36+16+4 /56

distance between the planes.

(1,0, 0) is on 5x — 3y — 2z = 5. The distance from
(1,0,0)to-5x+3y+2z=71is
|-5(1)+3(0) +2(0)-7| 12

J25+9+4 \/ﬁ

The equation of the sphere in standard form is
(x+1)2 + (y+3)2 +(z —4)2 =26, so its center is
(-1, -3, 4) and radius is /26. The distance from
the sphere to the plane is the distance from the

center to the plane minus the radius of the sphere
or

|3(—1)+4(—3)+1(4)—15|_ - ~ ~
Jo+16+1 V26 =26 -J26 =0,

so the sphere is tangent to the plane.

~ 4.9443 is the

~1.9467.

The line segment between the points is
perpendicular to the plane and its midpoint,
(2,1, 1), isin the plane. Then
(6-(-2),1-1,-2-4) = (8,0,-6) is
perpendicular to the plane. The equation of the

plane is
8(x-2)+0(y-1)-6(z-1)=0o0r8x-6z=10.

u-v| =|cos&|||u[|v]| < [ul|v|| since |cos6|<1.

2 2 2
lu+ V" =[ul” +2u-v+ V]

2 2
<Jull® +2[u- v +|v]

2 2 2
< Jull” + 2ful v+ v = (ull+[v])
Therefore, ||u + v|| < ||u|| + ||v||

The 3 wires must offset the weight of the object,
thus

(3i + 4j + 15k) + (-8i — 2j + 10k) + (ai + bj + ck)
=0i +0j + 30k

Thus,3-8+a=0,s0a=5;
4-2+b=0,s0b=-2;
15+10+c=30,s0cCc=>5.

Let vq, Vo, ..., Vy, represent the sides of the

polygon connected tail to head in succession
around the polygon.

Then vy +v5 +...4+ Vv, =0 since the polygon is
closed, so
F-vi+F-vo+...+F-vy=F-(V{+Vyo+...+Vp)
=F.-0=0.

Section 11.3

83.

84.

85.

Letx= (X, y, z),s0

(x—a)-(x—b) =

(x—ag, y—ap, z—ag)-(x—by, y—by, z—b3)
= X% — (ag +by)x+ayby + y% —(ay +1y)y + 2zl

+2%2 - (ag +b3)z+aghs
Setting this equal to 0 and completing the squares
yields

2 2 2
(oa2] o) (23
~ o[ @)+ ~b2)? + (35 -3’

A sphere with center (al J2r by . % +by ) % +b3j

2 2
and radius

2@+ (3 - 0p)? + (a5 ~53)? | =T fa-bP

Let P(Xg, Yo, Zg) be any point on
Ax+By+Cz=D,so Axy+Byg+Czy=D.The
distance between the planes is the distance from
P(Xo, Yo, Zg) t0 Ax + By + Cz = E, which is
p-E|

\/A2+BZ+C2 .

|Axg + By +Czg - E|
\/A2+BZ+C2

If a, b, and c are the position vectors of the
vertices labeled A, B, and C, respectively, then
the side BC is represented by the vector ¢ — b.
The position vector of the midpoint of BC is

b +%(c— b) = %(b +c¢). The segment from A to

the midpoint of BC is %(b +c)—a. Thus, the
position vector of P is
a+z[1(b+c)—a} = at+b+c

312 3
If the vertices are (2, 6, 5), (4, -1, 2), and
(6, 1, 2), the corresponding position vectors are
(2,6,5), (4,-1,2),and (6, 1, 2). The position
vector of P is

%(2+4+6, 6-1+1, 5+2+2):%(12, 6,9) =

(4,2,3). Thus Pis (4, 2, 3).
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86. Let A, B, C, and D be the vertices of the

87.

tetrahedron with corresponding position vectors
a, b, ¢, and d. The vector representing the
segment from A to the centroid of the opposite

face, triangle BCD, is %(b+c+d)—a by

Problem 85. Similarly, the segments from B, C,
and D to the opposite faces are

%(a+c+d)—b,%(a+b+d)—c, and

%(a +b+c)—d, respectively. If these segments

meet in one point which has a nice formulation as
some fraction of the way from a vertex to the
centroid of the opposite face, then there is some
number k, such that

a+k[%(b+c+d)—a}:b+k[%(a+c+d)—b}

:c+kE(a+b+d)—c}:d+k[%(a+b+c)—d}.

Thus, a(l—k):ga, so k :%. Hence the

segments joining the vertices to the centroids of
the opposite faces meet in a common point which

is % of the way from a vertex to the
corresponding centroid. With k = % all of the

above formulas simplify to %(a+ b+c+d), the

position vector of the point.

After reflecting from the xy-plane, the ray has
direction ai + bj — ck. After reflecting from the
xz-plane, the ray now has direction ai — bj — ck.
After reflecting from the yz-plane, the ray now
has direction —ai — bj — ck, the opposite of its
original direction. (a<0,b<0,c<0)

11.4 Concepts Review

1.

i j k
2 . |1 -1 2
-1 2 1=‘ i‘l—‘ j:'j+ Jk
1 - 3 - 3
31 -1
=(-2-1)i-(1-3)j+(-1-6)k
=-3i+2j-7Tk= (-3, 2, -7)
Jullv]sine
—(v x u)
parallel

Instructor's Resource Manual

Problem Set 11.4

i j kK
axb=-3 2 -2
-1 2 -4
2 -2, |-3 -2|. |-3 2
= i— j+ k
: G 35
=(-8+4)i-(12-2)j+ (-6 + 2)k
=-4i-10j -4k
b +c=6i+5j-8k,so
i j kK
ax(b+c)=|-3 2 =2
6 5 -8
2 2. |-3 -2|. |-3 2
= i— j+ k
‘5 —8‘ 6 -8 6 5‘

= (=16 + 10)i — (24 + 12)j + (<15 - 12)k
= —6i - 36j - 27k

a-(b+c) =-3(6)+2(5) - 2(~8) =8

i j k
bxc=|-1 2 -4
7 -4
2 -4 |-1 -4 |-1 2
= i— j+ k
3 4 7 -4 7 3

=(-8+12)i—(4+28)j+(-3-14)k
=4i-32j-17K

i j k
ax(bxc)=|-3 2 2
4 -32 -17
2 -2, -3 -2, |-3 2
= i—- j+ k
-32 -17 4 -17 4 -32

= (-34 - 64)i — (51 + 8)j + (96 — 8)k
= —98i — 59j + 88k

i J k

axb={3 3 1

-2 -1 0
34 |3 4. |3 3
= i— j+ k
b il

=(0+1)i-(0+2)j+(-3+6)k=i-2j+3k
=(1-2,3)
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b. b+c=(2-2,-1-3,0-1) 5. u=(3-1,-1-3,2-5) = (2,-4,-3) and

=(-4,-4,-1) v=(4-1,0-31-5) = (3,-3,-4) arein the
i j ok plane.
ax(b+c)=| 3 3 1 ik
-4 -4 - uxv=[2 -4 -3
|3 1|3 4. |® 3, 3 3 4
Sl 'l s 4 :‘—4 —3‘i_‘2 -3‘j+‘2 —4‘k
=(-3+4)i-(-3+4)j+(-12+12)k -3 -4 |3 -4 [3 -3
:i—j:(l,-1,0> =(16-9)i—-(-8+9)j + (-6 +12)k
= (7,-1, 6) is perpendicular to the plane.
i j k
) i;<7,_1,6>:i< L 6>
c. bxc=]-2 -1 0 Ja9+1+36 NN
-2 -3 - are the unit vectors perpendicular to the plane.
-1 0. [-2 O -2 -
=‘ 3 Ji—‘ ) Jj+ ) jk 6. u=(5+11-3,2-0) = (6,-2,2) and
. . =(4+1,-3-3,-1-0) = (5,-6,-1 inth
= (1-0)i-(2-0)j + (6-2)k = (1,2, 4) VI {4+ )=( ) arein the
ane.
a-(bxc)=310)+3(-2)+1(4) =1 P ik
i ok uxv=|6 -2 2
d. ax(bxc)=[3 3 5 6 -1
o £33 H
31 BB o3, I R A
=l 4k 4J 1 :(<21:11é2)|2—6(>—6—10)1+(—36+10)k
= (12 +2)i - (12-1)j + (-6 - 3)k v
_ <14,_11’_9> is perpendllcular to the plane.
+——— (14,16, - 26)
i j K <196 + 256 + 676
3. axb=| 1 2 3 :i<7,8,_13>
2 9 282 /282" 282
are the unit vectors perpendicular to the plane.
2 3. 1 3. 1 2
= i— j+ k o
s e 342 ) "
=(-8-6)i—-(-4+6)j+(2+4)k=-14i-2j + 6k 7. axb=-1 1 -3
is perpendicular to both a and b. All
) ; 4 2 -4
perpendicular vectors will have the form
c(-14i - 2j + 6K) where c is a real number. :1 —3i_—1 _3j+_1 1k
o 2 -4 |4 -4 |4 2
bk = (-4 + 6)i — (4 + 12)j + (=2 - 4)k
4, axb=|-2 5 -2 =2i-16j -6k
3 2 4 Area of parallelogram = |fax b||
|5 72 2 |2 9, =/4+256+36 = 24/74
-2 4 3 4J 3 =2
=(20-4)i—(-8+6)j + (4 -15)k
= 16i + 2j — 11k
All vectors perpendicular to both a and b will
have the form c(16i + 2j — 11k) where c is a real
number.
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i j k
8. axb=[2 2 -
-1 1 4

2 -4 12 -1 |12 2
= i— j+ k
1 -4 -1 -4 |11

=(-8+1)i-(-8-1)j+(2+2)k

=70 +9j + 4k
Avrea of parallelogram = [axb] = v49+81+16
=+/146

9. a=(2-3,4-2,6-1)=(-1 2,5) and
b=(-1-3,2-2,5-1) =(-4,0,4) are adjacent

sides of the triangle. The area of the triangle is
half the area of the parallelogram with a and b as
adjacent sides.

i j k
axb=[-1 2 5
-4 0 4
2 5, |-1 5/, |-1 2
= i— j+ k
0 4 |4 4 |4 0

= (8-0)i— (-4 +20)j + (0 +8)k = (8, -16, 8)
Avrea of triangle = %\/64+ 256+ 64 = %(8\/6)
=46

10. a=(3-1,1-2,5-3)= (2,-1,2) and
b=(4-15-2,6-3) = (3,3,3) are adjacent
sides of the triangle.

i j k
axb=|2 -1 2
3 3 3
-1 2. |12 2. |2 -
= i— j+ k
33 33 |3 3

=(-3-6)i-(6-6)j + (6 +3)k = (-9,0,9)

Avrea of triangle = %"ax b|| = %\/81+8 = ¥
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11.

12.

13.

u=(0-1,3-3,0-2) = (-1,0,-2) and
v=(2-1,4-33-2) = (1, 1,1) arein the plane.

i j kK
uxv=(-1 0 -2
11 1

0 -2, -1 -2[. |-1 0
= i— j+ k
AP
=(0+2)i-(-1+2)j + (-1-0)k = (2,-1,-1)
The plane through (1, 3, 2) with normal
(2,-1,-1) has equation
2x-1)-1Ly-3)-1(z-2)=0or
2X-y—-z2=-3.
u=(0-1,0-11-2) = (-1,-1,-1) and
v=(-2-1,-3-1,0-2) = (-3,-4,-2) areinthe
plane.

i j k
uxv=[-1 -1 -]
-3 4 2
-1 -1 -1 -1. |-1 -]
= i— j+ k
-4 -2 |-3 -2 -3 4

=(2-4)i-(2-3)j +(4-3)k=(-2,11)

The plane through (0, 0, 1) with normal (-2,1,1)
has equation —2(x —0) + 1(y—0) + 1(z— 1) =0or
2x+y+z=1.

u=(0-7,3-0,0-0) = (-7,3,0) and
v=(0-7,0-0,5-0) = (~7,0,5) are in the

plane.
i
uxv=|-7 3 0|=
-7 0
3 0. |-7 0. [-7 3
i— j+ k
0 5 |-7 5 |-7 0

= (15-0)i — (-35- 0)j + (0 + 21)k = (15,35, 21)
The plane through (7, 0, 0) with normal
(15,35,21) has equation 15(x — 7) +35(y — 0) +
21(z-0) =0 or 15x + 35y +21 z = 105.
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14. u=(0-a,b-0,0-0) = (-a,b,0) and 19. (4i +3j-k) x (2i - 5j + 6k) = 13i - 26] - 26k

_ = 13(i - 2j - 2K)
v=(0-a,0-0,c-0) = (-a,0,c) areinthe is normal to the plane. An equation of the plane is
plane. 1x-2)-2(y+3)-2(z-2)=0o0r

i j k X—2y—-2z=4,

=l-a b 0|=
Hxv 20. k=(0,0,1) is normal to the xy-plane and

-a
v =(3,-2,1) is normal to the plane
b 0. |-a 0. [-a b .
i— j+ k 3x—2y+z=4. Anormal vector to the required
0 c |-a c |-a O .
) ) plane must be perpendicular to both the other
= bi - (-ac)j + abk = (bc, ac, ab) normals; thus one possibility is:
The plane through (a, 0, 0) with normal i j Kk
(bc,ac,ab) has equation bc(x — a) + ac(y - 0) + kxv=[0 0 1=(230) Theplane hasan
ab(z—1) =0 or bcx +ac y +abz = abc. 3 -2
15. An equation of the plane is equation of the form: 2x+3y=D. Since the
1(x-2)-1(y-5) +2(z-1)=0or point (0,0,0)is in the plane, 2(0)+3(0) = D;
X-y+2z=-1. thus D = 0 and an equation for the plane is
2x+3y=0.

16. An equation of the plane is
1(x-0) +1(y-0) +1(z-2)=0or 21

. Each vector normal to the plane we seek is
X+y+z=2

parallel to the line of intersection of the given
planes. Also, the cross product of vectors normal
to the given planes will be parallel to both planes,
hence parallel to the line of intersection. Thus,

(4,-3,2) x (3,2,-1) = (-1,10,17) is normal to
the plane we seek. An equation of the plane is
-1(x-6)+10(y-2)+17(z+1)=0or

X+ 10y + 17z =-3.

17. The plane’s normals will be perpendicular to the
normals of the other two planes. Then a normal is

(1,-3,2) x (2,-2,-1) = (7,5, 4). An equation

of the planeis 7(x + 1) +5(y +2) +4(z-3) =0
or 7x+5y+4z=-5.

18. u=(1,11) is normal to the plane x+y+z =2

and v = (1, —1,—1) is normal to the plane 22. a x b is perpendicular to the plane containing a
IV . and b, hence a x b is perpendicular to both a and
X—y—-2=4.Anormal vectorto the required b. (a x b) x cis perpendicular to a x b hence it

plane must be perpendicular to both the other is parallel to the plane containing a and b.
normals; thus one possibility is

i j k
uxv=[l 1 1=(0,2,-2) The plane hasan
1 -1 -1
equation of the form: 2y—2z=D. Since the
point (2,-1,4) is in the plane, 2(-1)-2(4) = D;
thus D = - 10 and an equation for the plane is
2y—-2z=-10 or y-z=-5.

23. Volume=|(2, 3, 4)-((0, 4, -1)x(5,1,3))| =|(2, 3, 4)-(13, -5, - 20)| =|-69] = 69
24. Volume =|(3i — 4]+ 2K) - [(=i + 2j + K) x (3i = 2+ 5k)| =|(3i - 4j+ 2K)- (12i + 8] — 4k)| =| 4| = 4
25. a.  Volume =|u-(vxw)| =[(3, 2 1)-(-3, -1 2)| =|-9|=9

b. Area=|uxv|=[(3, -5 1) =v/9+25+1=+/35
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c. Let @be the angle. Then @is the complement of the smaller angle between uand v x w.

coS(E_9j=Sin9:|u.(vxw)| = S :i,9z40.01°
2 [ulllvxw| — Vo+4+1J9+1+4 14

26. From Theorem C, |a-(bxc)| =|(axb)-c|, which leads to |a- (bxc)|=|c- (axb)|. Again from Theorem C,
|c-(axb)|=|(cxa)-b|=|-(axc)-b|, which leads to |c-(axb)|=|b-(axc)|. Therefore, we have that
la-(bxc)|=|b-(axc)| =|c-(axb)|.

27. Choice (c) does not make sense because (a-b) is a scalar and can't be crossed with a vector. Choice (d) does not
make sense because (axb) is a vector and can't be added to a constant.

28. a x bandc x dwill both be perpendicular to the common plane. Hence a x b and ¢ x d are parallel so
(ax b) x (cx d)=0.

29. Let b and c determine the (triangular) base of the tetrahedron. Then the area of the base is %"b ><c|| which is half of
the area of the parallelogram determined by b and c. Thus,

%(area of base)(height) = %E (area of corresponding parallelogram)(height)}

= %(area of corresponding parallelpiped) = %|a- (bxc)|

30. a= (4+1,-1-2,2-3) = (5-3,-1),
(5+1,6-2,3-3) = (6,4,0),

= (1+11-2,-2-3) = (2,-1,-5)

a
b
C

1 1 1 88
Volume = Z[a: (bxc)| =g|<5* ~3, -1)(-20, 30, -14) =5l17e==

31. Let u=(uy, up, ug) and v=(vy, v, v3) then
UxV = (UpVz —UgVy, UgVy — UV, UpV —UpVy )

2
lux V[* = up?vs? — 2uaUgvavs + UsPVp? +Us?vy? — 2u3Ugvivs + U 2 + Uy 2vp2 — 2upup\pv, +UpPv?

= u12 (v12 + v22 + v32) - u12v12 + u22 (v12 + v22 + v32) - u22v22 + u32 (v12 + v22

+v5°)
—U32V32 - 2U2U3V2V3 - 2U1U3V1V3 - 2U1U2V1V2

2 2 2

2 +v32) - (u12v1 + u22v2 + u32v32 + 2U,UzVoV3 + 2UgU3ViV3 + 2UpUoVeVso )

= (U +up? +us?) (v + vy

2 2

= (U +Up? +Ug?)(Vi2 +Vp? +V52) = (UgVy +UpVy +UgVg)? = ||u||2 ||v||2 —(u-v)?
32. u=(up, Uy, Ug),v=(v, Vp, v3), W=(w, Wp, W3)
U (Vx W) = ((UpV3 —UgVo) + (UpWg —UgWy), (Ugvy —UyVg) + (UgWy — UyWa), (UgVo —UpVy) + (UyWo —UpWy))
=(ux V)+(Uuxw
33. (v+w) x u=—u x (v+w)]
=—f(ux v)+@Uux w)]=—(ux v)-(ux w)
=(vx u)+(wx u)

34. ux v=0 = uandv areparallel. u-v=0= uand v are perpendicular. Thus, either u or v is 0.
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35.

PQ=(-a,b, 0), PR=(-a,0,c),
The area of the triangle is half the area of the
parallelogram with PQ and PR as adjacent
sides, so area

(8PQR) =5 (-2, b, 0} (-2, 0,]

:1 bc, ac, ab :lx/bzc2 +a’c?® +a%p? .
Sl =3

39. The area of the triangle is A:%"ax b|. Thus,
1 2 14 522
A = [axblf =2 (Jaf? o] ~@-?

L2t - L(1a o ini 2\?
e R

il 22 2 12 2\2
_16[4ab @2 +b c)}

36. The area of the triangle is = %(Zazb2 —a*+2a%c? —p* +2p%c% - c*).

1
=(Xo = X1, Yo — VY1, 0)X (X3 —Xq, Y3 — V1, 0)|| =
2"<2 132~ O = s = Of Notethats—a:%(bJrc—a),

1

=0, 0, (X9 — X = y1)— (Yo — ) (X3 — X
2"( (X2 =%)(Y3 = Y1) = (Y2 — Y1) (X3 1)>|| s—b:%(a+c—b), and s—c:%(a+b—c).
= %|(X2 Y3 —XgY2) = (X4Y3 = Xg¥1) + (Y2 = X2 V1)) s(s—a)(s—h)(s—c)

which is half of the absolute value of the
determinant given. (Expand the determinant
along the third column to see the equality.)

:%(aer+c)(b+c—a)(a+c—b)(a+b—c)

= %(Zazb2 —a* +2a%c? -b* + 20%c? —c4)

37. From Problem 35, D? = %(bzc2 +a’c? + azbz) which is the same as was obtained above.
2 2 2 : : : :
40. uxV = (Ugi+Ugj+Uugk)x (Vi+Vyj+vgk
:[ibcj +(£acj +(£ab) =A% +B? +C2. ) (_1 + 2)+ts _)X_( 1 ZJ+_ 3)
2 2 2 = (Uugvy ) (i ) + (ugvo ) (I x §) + (upvg ) (i x K) +

(upv)(Jx i) + (Uavo ) (3% J) + (Upva) (I x K) +
(ugvy)(kxi) + (uavp ) (K x j) + (Uzvz ) (k x K)

= (UpV1)(0) + (upvo ) (K) + (Uyva) (=) +

(Uav1)(=K) + (uv2)(0) + (Uzv3) (i) +

(uzvy)(J) + (U3v2 ) (=) + (u3v3)(0)

n= %(b xc), and p = %(c xa) point outward. = (UpV3 —UgVp)i + (Ugy —UpVg)j+ (LhV —Uavp K

38. Note that the area of the face determined by a
and b is %"ax b||-

Label the tetrahedron so that m = %(a xDb),

The fourth face is determined bya—-cand b —c,
SO

q:%[(b—c)x(a—C)]
:%[(bxa)—(bxc)—(C><a)+(cxc)]
:%[—(axb)—(bxc)—(Cxa)]-

m+n+p+q=%[(a><b)+(b><c)+(c><a)

—(axb)—(bxc)—-(cxa)]=0
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. 3\ .2 .
11.5 Concepts Review 7. tIﬁlrg)1+<ln(t ), t Int,t> does not exist because
; 3
1. avector-valued function of a real variable t'_')r(T)L In(t”) = —co.
2. fand gare continuous atc; f'(t)i+g'(t)j
. 8. lim (et ,l,|t|
3. position 50" It
4. r'(t);r"(t); tangent; concave —{ 1im e—l/t2 lim t lim |t| :<0 _1 0>
t—0" ,taO_ |t| 7ta0' , ,
Problem Set 11.5 2
9. a. The domain of f(t)=ﬁ is
. C_t2a T 2vi _oi i -
= !'_211[2“ il t“_rH(zt)' t"ﬂ}(t Ji=2i-] (—00,4) U (4,0) . The domain of
) T g(t) =+/3-t is(—o0, 3]. The domain of
2. limp2(t=3)%i - 7t°]] h(t) =In[4—t] is (~o0,4)U(4,0) . Thus, the
= lim[2(t - 3)?]i - lim(7t%)j = —-189j domain of ris (oo, 3] or {te R:t <3}.
t—3 t—3
. _fs2] e
. -1 i_t2+2t—3. b. The domain of f(t)—“t ]‘ is (—o0,). The
Dot 2 -1 t-1 } domain of g(t) =+/20-t is (-, 20]. The
i t—1 — (t—l)(t+3) _ domaﬁn of h.(t):3 is (—o0,00). Thus, the
o —(t—l)(t+1) ] — J domain of ris (-, 20] or {t e R :t < 20}.
:Iim[i)i—lim(t+3)j=1i—4j c. The domainof f(t)=cost is (-oo,). The
HUt+L) o1 2 domain of g(t) =sint is also (-o,0). The
. 2 .
A ot2 ~100-28. 73 domain of h(t) =v9-t* is [-3,3]. Thus,
T o t+2 -3} the domain of r is [-3,3], or
teR:-3<t<3}
(22 -10t-28). . (7). {te }
= lim|———|i— lim| —|j
t—>-2 t+2 t>-2{1-3 10. a. The domain of f(t) = In(t— 1) is (1, ). The
domain of g(t) =+20-t is (-o0, 20]. Thus,
= lim (2t-14)i - 2 j= 181 - 2 inof 9(t)- '8 (-e0, 20 Th
t—>-2 5 5 the domain of r is (1, 20] or
{teR:1<t<20}.
5. lim sintcosti_E.JrLk
C 10 t el ! t+1 b. The domain of f(t)=|n(t‘1) is (0,)).
i sintcost). y 7t3 ). The domain of g(t)=tan‘1t iS (—o0,00).
it e Bl o J The domain of h(t) =t is (—o0,). Thus,
‘ the domain of ris (0, ) or {t e R:t > 0}.
t—>o\ t+
” c. The domain of g(t):1/\/1—t2 is (-11).
6. fim|tsint, 7 j_sint The domain of h(t) =1/v9-t? is (-3,3).
toe| 2 o3t (The function fis f(x) =0 which has
~ (tsint). . 73 ). (sint domain (—o0,).) Thus, domain of r is
= lim i— lim j—lim| — |k
tol 2 too 33t |7 towol t (-11).
- |im(L“tji—7j—|im(ﬂj 7]
t—w© t t—w© t
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11. a. f(t)zﬁ is continuous on C. g(t):1/\/1—7 is continuous on (-1,1).
(—=0,4) U (4,0) . g(t) =31 is h(t)zl/x/m is continuous on (-3,3) . (The
continuous on (= oo, 3]. h(t) = In|4—t| function fis f(x) =0 which is continuous on
is continuous on (—co,4) and on (—o0,00).) Thus, r is continuous on (-1,1).
(4,) . Thus, r is continuous on )

(coo, 3] or fteR:t<3}. 13. a.  Dyr(t) =9(3t+4)%i+2te' j+0k

DZr(t) = 54(3t + 4)i + 2(2t2 + et
b. f(t)= thﬂ is continuous on

(—\/m,—\/ﬁ)u(\/ﬁ,\/m) where
n is a non-negative integer.

g(t) =+/20—t is continuous on
(—00,20) or {teR:t<20}. h(t)=3

is continuous on  (—o0,0) . Thus, r is r(t) = (et Lat2et ot )i +(In2)%2'j
continuous on

(_\/m,_\/ﬁ)u(\/E,M) where

b. Dyr(t) =sin 2ti —3sin 3tj + 2tk
thr(t) = 2¢0s 2ti —9cos 3tj+ 2k

14 a r(t)-= (et _otet’ )i +(In2)2tj+k

ey 2o, L1 .
n and k are non-negative integers and b. r'(t) = 2sec” 2t + 1412 ]
k <400 or ) ot
{t eR:t < 20,t? not an integer}. r'(t) = 8tan 2tsec” 2ti - (L1 12)? J
c. f(t)=cost and f(t)=sint are .2 o2
continuous on (—oo,0). 15. r()=-e = r'=e '+t_21
h(t) =+9—t2 is continuous on F)-r(t) =2 —%In (tz)
[-3,3]. Thus, r is continuous on t
- n _ -2t 2 1 4 2
[-3,3]. D.[r(t)-r"(t)]=-2e —L—2~t—2~2t—t—sln(t )}
12. a. f(t) = In(t- 1) is continuous on (1,0). i 4 4In(t2)
. . = —2e7 —_— 7
g(t) =~/20-t is continuous on (-, i3 * t3
20). Thus, r is continuous on (1, 20) or
{teR:1<t< 20} 16. r'(t) =3cos3ti+3sin 3tj
rt)-r't))=0
b. f(t)= In(t‘l) is continuous on D[r(t) - r')]=0

(0,0). g(t)=tan™"t is continuous on L - )
(o0, ). h(t) =t is continuous on 17. h(r(t) =e " vt-li+e " In(2t%)j

. . Bt
(—o0,0) . Thus, r is continuous on (0, D IhOF(D)] = _eT( 6t—7 )i
o)or{teR:t>0}

Ji-1
+e G—sm(zﬁ))j

18. h(t)r(t) = In(3t — 2)sin 2ti + In(3t — 2) coshtj

Dy[h(D)r ()] = {2In(3t ~2)cos2t + 3;"‘ Zt}i

+[|n(3t —2)sinht+ 3C°Sht}j
-2
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19. v(t) =r'(t) =4i+10tj+ 2k 25. v(t) =-sinti+costj+k
a(t) =r"(t) =10j a(t) =—costi-sintj
v(1) = 4i +10j + 2k; a(1) = 10j; v(z)=—j+kia(z)=i; s(n) =1+1=+2 ~1.414
s(1) = /16 +100+ 4 = 2+/30 ~10.954

26. v(t)=2cos2ti—3sin3tj—4sin4tk

20. V(t) =i +2(t—1)_]+3(t—3)2k a(t) =-4sin2ti-9cos 3tj - 16 cos 4t k
a(t) = 2j-+6(t - 3k v@ _ o +3j;a(g] _ 16k
V(0) = i — 2j + 27k: a(0) = 2j - 18k
$(0) = 1+ 4+729 = /734 ~ 27.092 s(gj = J4+9 =13 ~ 3.606
21 i 2t stk
- V() =~ (t2 1)? J+5t 27. v(t) =sec® ti + 3¢ j — 4sin 4tk
94 6t2 a(t) = 2sec? ttanti + 3e'j — 16 cos 4tk

2. 5
at)=—i+———]j+20t°k
t? (t2 1) v(%):2i+3e“’4j;a(gj:4i+3e“/4j+16k;

1. .
v(2) =-=i-—]j+80k;
@=- 9J s&j: 4+9e™2 ~6.877

a(2) :li+§j+160k;

Ca e 2.1/
28. v(t) =—e'i-sinntj+=t"3k
S(2) = l+;_6 6400 = V8:294,737 3
~ 80.002 a(t):—eti—TCCOSTEtj— =43
2/3
22. v(t) = 6% + 72t(6t% - 5)°j+ k V(z)__ez|+2 k:a(2) = —e nj_sifk;
932
a(t) = 30t%i + 72(66t2 = 5)(6t> —5)* -
V(L) = 6i +72j+k; a(1) = 30i + 4392j; 5(2) = e4+29 ~ 7408
s(1) =/36+5184 +1 = /5221 ~ 72.256
29. v(t) = (ntcosnt +sinnt)i
23, v(t) = 2+ 273K s a(t) = 2t - 243k R
C V() = i+g Ja(t) = -3 +(cosnt —ntsinnt) j—e 'k
_ 92/3 o3 a(t) = (2rcos nt — ntsin nt)i
v(2)=4j+——k;a(2) =4j- k 5 ‘
3 + (=2nsinnt —n“tcosnt) j+e K
5(2) - 16+2‘”3 4035 v(2) = 2mi + j—e~?k; a(2) = 2ni - 2n°j+ e 2k
S $(2) =V4n® +1+e™* ~6.364
V@ =4t —kia@) = 4 - apks 30, v(t)=%i+%j+%k
2‘”3 1. 2. 3
s(2) = 16+Tz4.035 a(t):__Zl_t_ZJ_t_Zk

1. . 3. 1. 1. 3
24. v(t) = t%i +5(t-1)° +sinntk v(2)=Jixiroka@) = - i-2i- 7k
2t +15(t — 1)
a(t) = 2ti+15(t —1)“ j+ ncos ntk s(2) = 1+1+9:@=1.871
v(2) = 4i +5j; a(2) = 4i +15j + nk; 4 4 2

5(2) =16 + 25 = /41 ~ 6.403

31. If |v|=C, then ||v||2 =v.v=C Differentiate
implicitly to get D;(v-v)=2v-v'=0. Thus,
v-v'=v-a=0, soais perpendicular tov.
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32. If |r(t)|=C, similar to Problem 31, 39. f'(u)=-sinui+3e®j; g'(t) = 6t
r(t)-r'(t) =0. Conversely, if F'(t)=f'(g(t))g'(t)
r(t)-r'(t) =0, then 2r(t)-r'(t) =0. But
since 2r(t)-r'(t) = D[r(t) - r(t)], this
means that r(t)-r(t) = ||r(t)||2 is a constant, 40. f'(u) = 2ui +sin 2uj; g'(t) = sec’ t
50 |r(t)| is constant. F'(t)=f'(g(t)g'(t)
= 2tantsec ti +sec? tsin(2tant)j

— _6tsin(3t2 — 4)i +18te% 12

2 -
33. s= Io \/12 +cos?t+ (—S|nt)2dt

T t. .
gi+e jdt=|ei-e
:I(JZ 1+C032t+3in2tdtZJ‘OZN/l-i-ldt J‘0( 1) [ J:|0
2 =(e-Di+@-eh)j
=J§j0dt:ﬁ(2—0):2ﬁ
, ey a0 2o
34, s=j \/(cost—tsint)z+(sint+tcost)2+2dt
0 =F(1+t)5/2i—2(1—t)5/2j}
=I§\/t2+3dt 5 5 »
2 8/2. 82
=—i+—1j

:E\/t2+3+gln t+t?+3

3 3
- 7+Eln(2+ﬁ)—zln\/§z4.126

} 5 5
0

43. r(t) =5 cos 6ti + 5 sin 6t]
v(t) =30 sin 6ti + 30 cos 6tj

Use Formula 44 with u =tand a =+/3 for lv(t)|= \/9005in? 6t + 900 cos 6t = 30
I1/t2 +3dt. a(t) =-180 cos 6ti — 180 sin 6tj

44, a. r'(t)=costi-sintj+ (2t -3)k

6
35. 5=, V2at® +4t* + 36 dt 3 _
3 2t—-3<0for t< > so the particle moves

6
=j32 t4 + 6t% +9dt 3
downward for 0<t < >

6 3 6
’ b. [r'(t) =\/0052t+sin2t+(2t_3)2
=2[72+18-(9+9)] =144

=4t? —12t+10
36. 5= Il\/4t2 +36t% +324t4 dt 4t? 12t +10 = 0 has no real-number solutions, so
0 ) the particle never has speed 0, i.e., it never stops
moving.

1
=2t 1+90t2dt:{i(1+90t2)3/2}
0 135

0
1 alo c. t?-3t+2=12 when
=E(91 -1)~6.423 2 -3t-10=(t+2)(t-5)=0, t=—-2,5. Since t >
0, the particle is 12 meters above the ground when

1 t=5.
37. 5=, Jot? +36t% + 324t dt

_ ﬁgmtzdt = [mﬂ =41~ 6.403

1 d. v(5) = cos 5i —sin 5] + 7k
0

1
3. 5=, 343112 1+ 98t12 + 1764t dt

_ jézlﬁtedt ~[3V5t" | ~3J5~6.708

1
0
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45.

The motion of the planet with respect
to the sun can be given by

x=Rpcost, y=Rpsint.

Assume that when t = 0, both the
planet and the moon are on the x-axis.
Since the moon orbits the planet 10
times for every time the planet orbits
the sun, the motion of the moon with

respect to the planet can be given by 46. a.

X =Ry cosl0t, y=R,,sinl0t.

Combining these equations, the motion b.

of the moon with respect to the sun is
given by x =R, cost + Ry, cos10t,

y=Rpsint+ Ry, sin10t.

c.
—1.5

X'(t) = =Ry sint —10Ry, sin10t d.

y'(t) =R, cost +10Ry, cos10t

The moon is motionless with respect to e.

the sun when x'(t) and y'(t) are both
0. f.
Solve x'(t)=0 forsintand y'(t)=0

Rm sin10t,
p

. 10
for cos t to get sint =—

10R
cost = — (; M cos10t .

p 9.

Since sin®t+cos?t =1

2 2
= 1002Rm sin10t +100#cos2 10t
Rp Rp

1

_ 100R

R
Rp =10Ry,. Substitute this into
X'(t)=0 and y'(t) =0 to get
—Rp(sint+sin10t) =0 and
Rp(cost +cos10t) = 0.

. Thus, R3 =100R or

If o<t sg, then to have sin t + sin

10t =0 and cos t + cos 10t = 0 it must
be that

10t= 7 +tort=".
9

Thus, when the radius of the planet’s orbit around
the sun is ten times the radius of the moon’s orbit

around the planet and t =g, the moon is
motionless with respect to the sun.

Years

I I
50 100 x

The moon’s orbit is almost indistinguishable from
acircle.

The sun orbits the earth once each year while the
moon orbits the earth roughly 13 times each year.

[r(0)] =93.24i[ = 93.24 million mi, the sum of
the orbital radii.

93 - 0.24 = 92.76 million mi

No; since the moon orbits the earth 13 times for
each time the earth orbits the sun, the moon could
not be stationary with respect to the sun unless the

radius of its orbit around the earth were %th the

radius of the earth’s orbit around the sun.

v(t) =[-186 7 sin (2 t) —6.24 = sin(26 = t)]i +
[186 7 cos (2xt) +6.24 7 cos (26 7 t)]]

a(t) = [-372n cos(2nt) —162.2472 cos(26mt)]i
+[-372n? sin(2nt) —162.2472 sin(26nt)]j

v(%) = 0i + (1867 — 6.247) j = —192.247j
1 - .
S(Ej =192.24x million milyr

a(%) = (372n° +162.247°)i + 0j = 534.247°i
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47. a.  Winding upward around the right circular cylinder x =sin t, y = cos t as t increases.

b. Same as part a, but winding faster/slower by a factor of 32,

¢. With standard orientation of the axes, the motion is winding to the right around the right circular cylinder x =
sint,z=cost.

d. Spiraling upward, with increasing radius, along the spiral x =tsint, y =t cos t.
48. For this problem, keep in mind that r, 6, u;, and u, are all functions of t and that prime indicates differentiation
with respect to t .
a. up=cosédi+sindj and u, =-sinfi+cosdj. Applying the Chain Rule to u; gives
Uy =(~sin6)8'i +(cos )8’
=6'(-sinfi+cosdj)=0'u,
Similarly, applying the Chain Rule to u, gives
Uy =(—c0s6)8"i +(-sin6)6']
=-0'(cos@i+sindj)=-0'uy

b. v(t)=r'(t)=Dy(ruy)=ru;+r'u
=r'up+ré'u,
a(t)=v'(t)=Dy(r'uy+ro'uy)

=r'up+riup+ro'u; +ré"u +0'r'u,

:(r"— r(@')z)u1+(2r'6"+ re")u,

c. The only force acting on the planet is the gravitational attraction of the sun, which is a force directed along the
line from the sun to the planet. Thus, by Newton’s Second Law,
ma = F = —cuy +0u,

From Newton’s Law of Gravitation
=5
r2

so from part (b)

GMm
ma=— Uy
r2

(10 s s -y
r

Equating the coefficients of the vectors u; and u, gives

_GM

r2

2r'd'r6"=0

r“—r(6?')2 =

d. rxr' is a constant vector by Example 8. Callit D=rxr'. Thus,
D=rxr'=rx(rpu +ré'uy)
=R Ixu;+ré'rxu,
=0+(ré")(rug)xu,
=r26"(uyxuy)

=r?0'k
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e. The speed at t =0 is the distance from the sun times the angular velocity, that is, vy =1y 6'(0) . Thus,
0'(0) =vg / rp. Substituting these into the expression from part (d) gives

(r(0))* 0'0)k =D
(r©)* 2k =D
fo

D= Vo k
Since D is a constant vector (i.e., constant for all t), we conclude that
r’0'k =D = Vo K
r2o' = IoVo
for all t.

f. Letg=r". From(c)

_dr

St

_ddr dg dgdr dq
Tdtdt dt drdt o dr

q=r

er(of =S
r
G0 (%) __em
dr rz B rz
(0 (%) oM
dr r2 r2

da _ 5V GM
dr r3 r2

g. Integrating the result from (f) gives

dqg . r02v§ GM
I qadr—j (_r?’ __rz dr

2,2
l 2 = rOVOZ +G_M+C
2 (=2)r r

2.2
v, 2GM
2__00% , 2V

C
r r '
When t =0, r'(0)=q(0) =0 since the rate of change of distance from the origin is O at the perihelion. Also,

when t=0, r(0)=r.

Thus
2.2
0 % 2M o
ro rO
C=- 2GM +v§
o
Thus,
2.2 2.2 2
q2 :—M+ﬂ+q - _fo% + 2GM _ 2GM +V§ =2GM 11 +V§ 1—rl
r2 r r2 r o ror r2
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1

h. Let p=1/r. Thenr=1/pand r'= 2p'.Thus,
p
2 2
2 2 p' (p)
e
p p

2
Dividing both sides of the equation from (g) by (rze') and using the result from (e) that rg = foVp gives
¢ _ 2GM [E_i}r V2 [1—ﬁ}
2 2 2 2
o} (o) (oL
9> _ 2GM [E_i} va {LEJ
2 2 2 2
(rze') (ovo) \" o) (rv) r

> 26M(1 1 1 1
2 22l T 22
(rze.) v \F To n r

Now substitute the result from above to get

i(p.)z
4 2GM
=55 (p—po)+(p§ -7
—4(6') Volo
p

2.2 2
\'4100) [d_p) :2GM(p_pO)+Vgr02(pg_p2)

2.2 2 2
Voo (dpj — 26M 2[ p ]
OO [ L]~ 26M (p-py)+vf| 1-£;
(01?2 L dt pb
i.  Continuing with the equation from (h), and using the Chain Rule gives

2 2
2.2( dp/dt 2 p
Vo It =2GM (p- +vy|l-——
Oo(deldtJ (P—po) o( ZJ

Po

2 2
d 2GM
(2] g w55 -7)

0
2 2

dp)*_ 5 2GMp GMp§ | | > 2GMp§ [ GMpg

= Po Po + p p+
a0 vé ¥ g %

2 2
(d_p]z_ ) GMp | p_GMpg
do O V2

j. Taking the square root of both sides from part (i) gives

2\2 2\2
dp 0 _GMpy | p_GMpo
do \| 0 2 v

0

From (e) we have r?9' = oVg, SO 6'=r1pvg / r2 > 0. Recall that the planet is at its perihelion at time t =0, so
this is as close as it gets to the sun. Thus, for t near 0, the distance from the sun r must increase with t .

dr dr/dt r' dp _dp/dt —p?r’

Thu =—>0 and from the beginning of (h) r':—i2 p'. Thus, — <0
p

S, —= ’ - -
de do/dt o dé d@/dt dé/dt
The minus sign is the correct sign to take.
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k. Separating variables in this differential equation gives

—dp ~do

2\2 2\2
_GMpy | | GMpg
Po 2 p 2
0 Vo

j 1/\/(pO—GMp§/v(2,)2—(p—GMpé/v&)2 dp=j dé

B )
COSl{ p G'V'Poz/ Vo2
Po —GMpg /vg

J =0+ C2
The initial condition for this differential equation is p= py when t=0. Thus,

a2 2
cos 1| Po==VP0 Vo GMpg /Vg =0(0)+C,
Po —GMpg / Vg
cos’l(l) =0+C,

0=C,

The solution is therefore @ = cos_l[ )
Po —GMpg /vg

p-GMpj /v§ ]
. Finally (1)
_ 2,2
Cosezwpozlvoz
Po —GMpg / Vo
Solving this for p gives p=(pO—GMpcz,/vcz,)(cosa)+GMpS/vg
Recall that p=1/r, so that

P ( Po —GMp? /v§)(cos€)+GMp§ /3

r= 2,2 : 2,2 - °
GMpg /v§ +(p0 ~GMp§ /VO)(COSH) Gl\/; e GI\/; c0s0
foVo foVo
2
IV,
I oVo Lie
_ GM _ o(1+e)
2 l+ecosd
1+ m—1 cosé
GM
rovg . .. .. . .
where e = ———1 is the eccentricity. This is the polar equation of an ellipse.
Instructor's Resource Manual Section 11.5 699

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



11.6 Concepts Review
1. 1+4t;-3-2t;2-t

Xx-1 y+3 z-2
4 -2 -1

2.

3. 2ti-3j+3t%k

x-1 y+3 z-1

4 (2-33); ===

Problem Set 11.6

1. A parallel vector is
v=(4-1,5+2,6-3) = (3,7,3).
x=1+3t,y=-2+7t,z=3+3t

2. A parallel vector is
v=(7-2,-2+1,3+5) = (5, -1,8)
Xx=2+5t,y=-1-t,z=-5+8t

3. A parallel vector is
v=(6-4,2-2, -1-3) = (2,0, —4) or
(1,0, -2).
X=4+ty=2,2z=3-2t

4. A parallel vector is
v=(5-54+3,2+3) =(0,7,5)
X=5y=-3+7tz=-3+5t

5 x=4+3t,y=5+2t,z=6+t
Xx-4 y-5 7-6
3 2 1

6. x=-1-2t,y=3,z=-6+5t

Since the second direction number is 0, the line

does not have symmetric equations.

7. Another parallel vector is (1, 10, 100) .
x=1+ty=1+10t,z=1+ 100t
x-1 y-1 z-1

1 10 100

8. x=-2+T7t,y=2-6t,z=-2+3t
X+2 y-2 z7+2
7 -6 3

9. Set z=0. Solving 4x+3y=1and
10x+6y =10yields x =4,y =-5. Thus
R (4,-5,0) is on the line. Set y =0. Solving
4x—7z=1and 10x—5z =10 yields
13 3

X=—,z=—.Thus R, E0E is on the line.
10 5 10 5

RP, =<E—4,0—(—5),§—0> =<—£,5,§> is a
10 5 10 5

direction vector. Thus,

(27,-50,-6) =—10RP, is also a direction

vector. The symmetric equations are thus

Xx-4 y+5 z

27 50 -6

10. Withx=0,y—-z=2and -2y +z = 3yield
(0, -5, -7).
Withy=0,x-z=2and 3x + z = 3 yield

by

A vector parallel to the line is

25 -2.7)=(2 52 or (1,4,5).
4 4 47 4

11. u=(1,4,-2) andv = (2,-1,-2) are both
perpendicular to the line, sou x v =
(-10,-2,-9) , and hence (10,2,9) is parallel to

the line.
Withy =0, x-2z =13 and 2x — 2z = 5 yield

(—8,0,—%). The symmetric equations are

21
X+8 'y I+%

10 2

12. u=(1,-3,1) and v = (6, -5, 4) are both

perpendicular to the line, sou x v = (-7, 2, 13)

is parallel to the line.
With x =0, -3y + z =-1 and -5y + 4z = 9 yield

02.2)
77

1 2
FE RS,

-7 2 13

13. (1,-5,2) isa vector in the direction of the line.

x-4_y 1-6
1 5 2
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14.

15.

16.

17.

18.

19.

(2,1,-3) x (5,4,-1) = (11,-13,3) isinthe
direction of the line.

X+5 y-7 z7+2

11 -13 3

The point of intersection on the z-axis is (0, 0, 4).
A vector in the direction of the line is

(5-0,-3-0,4—4) = (5,-3,0) . Parametric
equations are x = 5t, y =-3t, z = 4.

(31,-2) x (2,3,-1) = (5-1,7) isin the
direction of the line since the line is
perpendicular to (3,1,-2) and (2,3,-1).
X-2 y+4 z-5

5 1 7

Using t =0and t = 1, two points on the first line

are (-2, 1, 2) and (0, 5, 1). Using t = 0, a point on
the second line is (2, 3, 1). Thus, two nonparallel
vectors in the plane are

(0+2,5-1,1-2) = (2,4,1) and
(2+2,3-1,1-2) = (4,2,-1)

Hence, (2,4,-1) x (4,2,-1) = (-2,-2,-12) isa
normal to the plane, and so is (1, 1, 6). An

equation of the plane is
Ix+2)+1(y-1)+6(z-2)=0o0r
X+y+6z=11.

x—lz y-2 and X=2 _ y-1
-4 3 -1 1
simultaneously to get x = 1, y = 2. From the first

line 1;41:2;24 soz=4and (1, 2, 4) is on the

Solve

first line. This point also satisfies the equations of
the second line, so the lines intersect.

(-4,3,-2) and (-1,1,6) are parallel to the plane
determined by the lines, so

(-4,3,-2) x (-1,1,6) = (20,26,~1) is a normal
to the plane. An equation of the plane is
20(x-1)+26(y-2)-1(z-4)=0or

20x + 26y —z = 68.

Using t = 0, another point in the plane is
(1,-1,4) and (2,3, 1) is parallel to the plane.
Another parallel vector is

(1-1,-1+1,5-4) = (0,0, 1). Thus,

(2,3,1) x (0,0, 1) = (3,-2,0) isanormal to

the plane. An equation of the plane is
3(x-1)-2(y+1)+0(z-5)=00r3x—-2y=5.
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© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of

20.

21.

22.

23.

Using t = 0, one point of the plane is (0, 1, 0).
(2,-11) x (0,1,1) = (-2,-2,2) =-2(1L1,-1) is
perpendicular to the normals of both planes,
hence parallel to their line of intersection.

(3,1, 2) is parallel to the line in the plane we
seek, thus (3,1, 2) x (1,1,-1) = (-3,5,2) isa
normal to the plane. An equation of the plane is
-3(x-0)+5(y-1)+2(z-0)=0o0r
-3x+5y+2z="5.

a. Witht=0 in the first line,x=2-0=2,
y=3+4-0=3,2=2-0=0, s0(2,3,0)is
on the first line.

b. (-14,2) is parallel to the first line, while
(1,0, 2) is parallel to the second line, so
(-1,4,2) x (1,0,2) = (8,4,-4)=4(2,1,-1)
is normal to both. Thus, 7 has equation

2x-2)+1(y-3)-1(z-0)=0o0r
2x +y—1z =17, and contains the first line.

c. Witht=0 in the second line,
=-1+0=-1,y=2,z=-1+2-0=-1, so
Q(-1, 2,-1) is on the second line.

d. From Example 10 of Section 11.3, the
distance from Q to z is
[2-D)+(2)-(-1) -7 _ 6 _

Ja+1+1 J6

Witht=0, (1, =3, -1) is on the first line.
(2,4,-1) x (-2,3,2) = (11,-2,14) is
perpendicular to both lines, so
11(x-1)-2(y+3)+14(z+1)=0o0r

11x — 2y + 14z = 3 is parallel to both lines and
contains the first line.

Witht=0, (4, 1, 0) is on the second line. The
distance from (4, 1,0) to 11x—2y + 14z =3 is
111(4)-2() +14(0)-3| 39

V121+4+196 \/321

J6 ~ 2.449.

~ 2.1768.

rl 2 |=i+3v3j+ 1k, so |1 3v3, 2| isonthe
3 3 3

tangent line.

r'(t) = -2sinti+6costj+k, so

r'(gj = —/3i +3j+k is parallel to the tangent

lineat t= g The symmetric equations of the

x-1 y-3/3 Z-3
NG 3 1

line are

Section 11.6 701

this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



24. The curve is given by r(t) = 2t%i + 4tj + t°k. X :1+ ot
r(1) = 2i + 4j + k, so (2, 4, 1) is on the tangent 2

line.
3 ; 2 A } A y= ﬂ_l’_ ﬁt
r't)=4ti+4j+3t°k, so r'(l) =4i+4j+3k is 2
parallel to the tangent line. The parametric 7247 - 9 t
equations of the line are x = 2 + 4t, y = 4 + 4, 207
z=1+3t This line intersects the xz-plane when y =0,
25. The curve is given by r(t) = 3ti+ 2t2j +1°K. which occurs when 0 = ﬂJM/ﬂ , that is,
r(-1) = -3i + 2j — k, 50 (=3, 2, -1) is on the . 2 .
plane. when t =—-=. For this value of t, x=—=,
F'(t) = 3i + 4t + 5t%K, so r'(=1) = 3i —4j+5k is 2 . ; 2
in the direction of the curve att = -1, hence y=0,and z=——=++7 = 3T . The
normal to the plane. An equation of the plane is a7 47
3(x+3)-4(y-2)+5(z+1)=0o0r point of intersection is therefore
3x—4y + 52 =-22. 1 37
-=,0,—2=|.
3 3 247
2. r@:g”g i, o (g,g, oj is on the
olane 28. & [XOF +[yO) +[z0F
r'(t) = (tcost +sint)i+3j+ (2cost — 2tsint)k so = (sintcost)? +(sin t)% +cos? t
=sin®tcos® t+sin* t+cos’ t
r'(gj =i+3j—mk is in the direction of the —sin? t((:052 t +sin? t)+ cos?t
T =sin®t+cos’t =1
curve at > hence normal to the plane. An Thus, the curve lies on the sphere
equation of the plane is x2+y?+2% =1
whose center is at the origin.
1(x—gj+3(y—3§j—n(z—0)=0 or g
X+3y-72=57x. b. rEJZKEJE i+1j+£k
6 2)\ 2 47 2
27. a. [xOF +[y@®) +[z(t)]? b1 B1 3.
) 2 :T|+ZJ+7K, o) 212 is on
:(Zt)2+(ﬁ) +(\/9—7t—4t2j _
the tangent line.
=424 Tt+9-Tt—4t2 =9 r'et) = (cos2 t —sin? t)i + 2costsintj—sintk
Thus, the curve lies on the sphere D 1. V3.1
x? +y2 + 2% = 9 whose center is at the S0 r’[gj = Ei +7j _Ek is parallel to the
origin. line. The line has equations
3 1 3
b.  r(t)=2ti+7tj+V9-7t—4t* Kk x:T+t,y:Z+J§t,z:——t.
r(L/4) = %i +mj+ 9_7/4-1/4k The Iin:efintersects the xy-plane when z = 0,
1.7 o) t:—3, hence
=Zi+-—j+7k 2
2 2 Y3, Y3 33 1.3 7
ey =2ie Y j 8 IR
24t \JO— 7t — 4t?
v é 9-Tt-4t The point is [#%OJ
r'(/4) =2i+7 j-—=k
1/4) =7 7
The tangent line is therefore
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29.

30.

31.

a. r(t)=2ti+t%j+(1-t?)k. Notice that

X(t)+ y(t) + z(t) = 2t +t% +1-t? = 2t +1.
Since x=2t,wehave Xx+y+z=x+1.,50

this curve lies on the plane with equation
y+z=1.

b. Since r(2)=4i+4j-3k,

r't)=2i+2tj-2tk and

r'(2) = 2i +4j—4k , the equation of the
tangent lineis x=4+2t, y=4+4t,

z =-3-4t. The line intersects the xy-plane

when z =0, that is, when tz—%,which
. 5 .
gives XZE’ y=1,and z=0. The point of

intersection is therefore [g,l,oj .

In Figure 7, d is the magnitude of the scalar

projection of P—Q) on n. pr, T:E)_ F|;Q" n
n
50
—
— PQ-n PQ -n
—’ PQ - n
Pln =——1Inll =
‘ L al

The point (0, 0, 1) is on the plane
4x — 4y + 2z = 2. With P(0, 0, 1), Q(4, -2, 3), and

n:(2,—2,1):%(4,—4, 2),

PQ =(4-0,-2-0,3-1)=(4,
_[(4-22)(2-21)] 14
Va+4+1 3

From Example 10 of Section 11.3,
d 4(4)-4(-2)+2(3)-2| 28 14
V16 +16+4 6 3

-2,2) and

— —
Let PR be the scalar projection of PQ onn.
2 2
’ 2
Then || PQ PR| +d“ so
2
—
2 2 2 |PQ-n
2 —> —>
dc=| PQ PR| =|PQ ——” "2
n

2 — 2 —
PQ ||n||2 —[ PQ -nJ PQ xn

2 B 2
I 3l

by Lagrange’s Identity. Thus,

—
PQ xn

I

a. P(3,-2,1)isontheline, so

PQ =(1-3,04+2 ~4-1)=(-2, 2, -5)
while n = (2,-2,1), so
_[(=2. 2. -5)x(2, -2, 1)]
Ja+4+1

_[-8.-8.0)] _sy2
3

3

~3.771

b. P(1,-1, 0)ison the line, so

—
PQ =(2-1,-1+1,3-0)=(1, 0, 3) while

n=(2,3-6).
_fro3x(23-6) [(-0.12.3)
N4+9+36 7
3‘/7 ~2.185

32. dis the distance between the parallel planes
containing the lines. Since n is perpendicular to
both n; and n,, itis normal to the planes. Thus,

d is the magnitude of the scalar projection of PQ
[PQ-n|
Il

a. P(3,-2,1)ison the first line, Q(-4, -5, 0) is
on the second line, n; =(1, 1, 2), and
ny =(3 4, 5).
PQ=(-4-3,-5+2,0-1)=(-7,-3,-1)
n=(112)x(3 4,5 =(-311)
(-7.-3,-D-(-3, 11| 17

Jo+1+1 V11

on n, which is
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b. P(1,-2,0)ison the first line, Q(0, 1, 0) ison Ay
the second line, ny =(2, 3, -4), and

n, =(3,1 -5).

PQ=(0-1,1+2,0-0)=(-1 3, 0)

n=(2,3 -4)x(3,1, -5)=(-11, -2, -7)
(1,3, 0)-(-11,-2,-7)| 'r

(8]
I

N121+4+49 | |
__° 1 2 x
_\/17_4 0.379
2. r(t)=<t2,l+2t>
v(t) =r'(t) =(2t,2)
11.7 Concepts Review v =(2.2)
- a(t) = v'(t)=(2,0)
1 a(l) =(2,0)

ds
2t 2
2. 1/a; 0 T(t) = ;
Va+4t? \4+at?
5 d_zs.(ﬁjz,( WA
di® "L dt 1412 V1+t?

4.0 T(1):<i,i2>

Problem Set 11.7

1 t
— [t t2 T'(t) =
1. r(t)_<t,t > (1+t2)3/2 (1+ 2)3/2
v(t) =r'(t)=(1,2t)
(1
v(1) =(1,2) T(1)_<2\/§, > 2>
a(t) = v'(t)=(0,2) 1
a@) = (0,2) [r@l=3
o - < 1 2t > Jv)|=2v2
Jira? ira? TO] w2 1
Tyl 2 VO] 2v2 442
o-( %) N
, at 2 T
TM=( - 312" 312 4
(1+4t ) (1+4t2) 1
4 2 5
ro-{ ] |
2 53/2 ' 5312 |
rol=5 e,
V@] =5
el 2 2
[v@| sv5 532
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3. r(t)=(t,2cost,2sint) () _ 5
v(t) =r'(t) = (1, -2sint, 2cost) [T \/7
v(r)=(10,-2) lvo=v29
a(t) = v/(t) = (0,~2cost, —2sint) e ||T(7r)|| 5/329 _ 5
a(z) =(0,2,0) V@] V29 29
1  2sint 2cost
m<f‘ﬁ’£>
1 2
T(""<£’ "£>
, _2cost  2sint
T“"<°’ N ¢5>
o) =02
T(iz)—<0, 5,0>
ol 2 2
||T(;r)||_\/§ 5 r@)= <— 5cost, 55|nt>
Jvi)]|=+5
||T(7T)|| 2/\6 2 v(t)=r'(t) = < —55|nt5005t>
@] T B s

v(z) = <%,o, -5>

ait)=v'(t) = <— -5cost, 55|nt>
a(r) = 50>

T(t) =

20sint 20cost >

<\/400+t \/400+t2 400+ 12

-1y

S T(x) = < >
4. r(t)=(5cost, 2t,5sint) 400+ 72 \/400+7r

v(t) = r'(t) = (-5sint, 2,5cost)

v(7)=(0,2,-5) T(t) = —
a(t) = v'(t) = (-5cost,0,-5sint) 4oo+t
a(r)=(5,0,0
( > —20((400+t )cost—tsint)
T(t)_<_55|nt 2 5005t> 372
29 29 29 (400+17)
T(7)= <0, > —20((400+t2)sint+tcost)
3/2
T = < SCost 55|nt> (400+t2)
9
5
T'(7)={——=
<@ >
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t —4sint  4cost
T(t) =
T = 400 ® < >

R 16+ V16412 V16412
(4007 ) .
T(r)=( —2—,0,——
_20((4OO+7r2)COS7r—7rsin 7[) () <\/16+”2 \/16+”2 >
5\3/2 ’ ) .
(400+7r ) 16 —4(16+t )cost+4tsmt
T'(t) = ;
. 5\3/2 5\3/2
—20((400+7r )S|n7z+7z0057r) (16+t ) (16+t )
\3/2
(400+7r ) —4tcost+4(16+t2)sint

400 20 (16 +t? )3/ 2

3/2° 1/2"°
(400+7r2) (400+7z2) 16 —4(16+7r2)c057r
T'(r) = 32" 32
2 2
. (16+7r ) (16+7z )
2 3/2
(4OO+” ) —4rcosrx
2 2 3/2
) = 400 i 400 = 4007 : (16 +,,2)
(400+77) (400+ 77 ) (400+7°) el 2)2 —
N 16 +4° |16+« +4°
~0.989091 "T’(ﬂ')" _ 3
2 (16+7r2)
v = T
[T 4\/16+7r2+(16+7r2)2
=1l 0195422 -
o) pTvi:
~ 0.801495
2
, Ivol= 4+
4
: K= [T 0.315164
V)]
-4
—6

2
6. r(t)= <t7 2cost, 25int>

v(it)=r'(t) = <%,—Zsint,2cost>

v(z) = <%,o, —2>

ait)=v'(t) = <%,—2 cost, —25int>

a(z) = <%,2,o>
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7. u'(t) =8ti+4j
lu'@)] = 4v/4t? +1
) 2t 1
Tm—”
WOl Va2 v \/4t +1

)55

]

X'(t) =8t y't)=4
X'(t) =8 y'()=0
x(t) = [y~ yXs"’|/2 32 312
[X2+y'2J 64(4t° +1)
B 1
24t? +1)302

K(Ej_;_i
2) 202%% 42
8. r'(t) =t%i+t

@) =tVt® +1

t) t .1 .
T(t) = r, = i+ j

||r o \/t2 +1 P41
TO =
X'(t) = t? y'(t) =t
X'(t) = 2t y'(t) =1

eyl @ s

K(t) = [x’2+y’2]3/2 _t3(t2 11)3/2 _t(tz +1)%/2
K1) = 1 1

187 22

9. Z'(t) = -3sinti+4costj
lz'®t)]| = V9sin? t +16cos t

(Y
O~ o

_ 3sint . 4cost
\/gsin2 t+16cos?t \/95in2 t+16cos?t

T(EJ:—EHij
4 5 5

X'(t) = =3sint y'(t) = 4cost

X"(t) = =3cost y"(t) = —4sint
N1 IX"

P L0 . 12

3/2 3/2
[x’2+y’2] (95in2t+16c052t)
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10.

11.

r'(t) =eli+e'j

[r®)=e'v2
T(t) = rey 1.1 N
WGW NP

T(In2) = \/_ \/15 j

X'(t) = et y'(t) =€l
X"(t) = et y"(t) =€t

eyl
K(t) - |:X'2 .\ y’2:|3/2
KIn2)=0

x:l—tz, y=1—t3
X'(t)=-2t, y'(t)=-3t
X"(t)=-2, y"(t)=-6t

r(t) = ( )|+(1 '[3)j
r(t) = —2ti—3t?

r)  —2ti-3t%j

O ol Jat o
_2() 3(1)2j 2. 3.
Ji NERINE

- L,

()P +(r)?)
‘(—2t)(—6t)—(—2)(—3t2)‘

[(—2t)2 +(—3t2)2 ]3/2

2 2
ha?-e?| g

- 3/2 3/2
(4t2 +9t4) (4t2 +9t4)

When t =1, the curvature is

K= 0 _ 8 ~ 0.128008

(4+9)3/2 133/2
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12. r'(t) = coshti+sinhtj 15.

N
||r'(t)||=\/sinh2t+cosh2t B
r'(t cosht B
0= ’() B 2 2 B
IF®I sinh? t+cosh?t _
+ sinht j L N
-5 50X
\sinh? t +cosh?t Sk
5. 4 .
T(IN3)=—=i+—
(In3) RN/
X'(t) = cosht y'(t) =sinht
X"(t) =sinht y"(t) = cosht
|Xryn _ y!Xrl| 1
x(t) = = ;
3/2 L2 2.\3/2
[x’2+y’2] (sinh“ t+cosh“ t)
x(In3) = ! 21

<£)3/2 :41\/H
9

13. r'(t) = —(cost +sint)e~ti + (cost —sint)el]

()] =+2e™
r'(t) cost+sint. cost-sint.
T(t)= =— i+
Fol- 2 2 " \_
1. 1. C e
T(O):_EIJ’_EJ
X'(t) = —(cost —sint)e™" y’(t) = (cost —sint)e™
X"(t) = (2sint)e™ y"(t) = (~2cost)e™t
K(t)_ |x’y”—y’x" ~ 26_2t - et _|2 | L 11 L1 1 }[‘_r
- 312 3t )
[X,z +V'ZJ 22e™® 2 4
K(0) =~ y'=3x?* —16x+16, y" = 6x 16
V2 B |6x—16]
Lo : o ) , 32
. r'(t) = (cost—tsint)i+ (sint+tcost)j +(3x“ —16x+
14. r'(t) = (cost —tsint)i + (sint +t cost) [1 (3x% —16x +16) }
el o f32
[r'@)]|=vt* +1 At (4,0), k=8_gand R=1.
T(t) = r'(t) _cost—tsinti+sint+tcostj _ 1 8
||r’(t)|| Vt? +1 V2 +1 3 ;,
T@) = cosl-sinl. sinl+cosl. 1

i+ j
V2 V2 !
X'(t) = cost —tsint y'(t) =sint +tcost

X"(t) = -2sint—tcost y"(t) =2cost-tsint

N AV
3/2 2, \3/2 40 7
[x’2+y’2J (t°+1)
3
k() =—¢+=
@ NG
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17. y

" X

1

y'=cosX, y"=-sinXx

~ |sin x|

@+ cos® x)3’2

1
At E,ﬁ VK= V2 :i and R:ﬂ.

4 2 <§)3/2 3\/5 2

2
‘\'I
(z/4,4212)

4
18. ¥
3_
) \‘
Ak
2yy' =1
polgel v 1
2y’ 2y?  4y8
1
p 4y8 _ 2
N 3/2 2 3/2
(1+12j (4y° +1)
4y

At (1,0), K‘:z=2 and R:E.
1 2

y

a
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19.

20.

=20
2yy'-8x=0
X e ) A7 -4x)
y y? y?
4y?-16x> ) )
y? 4(y” -4x%)

At (2,6), k =

¥

28

(l+16x2j3/2 B (y2 +16X2)3/2
2

—80 =i and Rzé.
1000 25 2

(2.6)
Ll10 |

I T

AN

20+

[T T

=20

20+

/\

2yy'-8x=0
X e Ao A7 -4x)
y y? y?
4(y2—4x2)
oV Ayt -ax)
(1+16X2j3/2 (y2+16x2)3/2
y2
At (2, -6), K:ﬂzi and R:E.
1000 25 2
\,
I I |
=20
=28
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21. 23 y
Py
| | | | | |
= 2 2%
—1- 21
y'=-2sin2x, y" = —4cos2x y’ =sec? X, y" = 2sec? xtan x
= [4c0s2x ‘25ec2 X tan x‘
(1+4sin? 2x)3/? k= 4 1312
1+sec™ X)
nl 2 1 (
At(—,—j,xz—:— andR =4, T 4 5.5
6 2 8 4 At (—,1),K:—and R="—"-.
4 55 4
4 v
— ?-—
sy N
J(5 1)
L | | L1 1
"L -7 B 3
22 y -3
Py
24 \
JF
TN :
) 70X B
) - [ T T
-1 [ 4
2 2 -1+
y =-2xe7X y" = (4x% - 2)e™*
_x2 2 1 1
@ -2e7| ¢ |a? o) Y=oy =
o= ‘ _ X 23x 4x3/2
2 2
(l+ 4X2e—2X )3/2 (eZX +4X2)3/2 1
1 2¢2 (€2 +4)%2 e T 2
At [1,—),;;:— and R=—— 2 1 V2 @ax+1)¥?
4x
At (1,1), ;c=i and Rzﬂ.
55 2
'l
6_
L | L1101
-4 16X
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25 ¥ 26 y
5k 51
I | | .| | 1 | | | | .
=30 | EIES -3 3
sk 4k
y = 1 . 2 y’:sechzx y" = —2sech?x tanh x
2/3'7 5/3
3X 9x ‘Zsechzxtanh x‘
2 —
NI 63 (1+sech*x)%/?
K = =
3/2 413 1\312
1. 1 (Ox*° +1) 3 o 12,000
9x*73 At|In2,—-|,x= 32 =
(881) 881./881
3 510 625
At(1,1), x and R=——.
1of 510 3 - 881/881
i 12,000
(1, 1) v
| | | |
—4 12X

-
27. r'(t) =ti+j+t’k
r'(t) =i+ 2tk
r@ 2i+j+4k 2 . 1 . 4
@)= Ir@)| Ja+i+ie NN
. (2):r'(2)-r”(2):(2i+j+4k)-(i+4k) _ 18
T Ir@] V21 Jz_l
||r (2)xr”(2)|| ||(2|+ j+4K)x (|+4k)|| J_ \f
i _a8f 2,15, 4
o r@-aere Jﬂ[ﬁ”ﬁ“mk)_ 1(_& 18, Ekj
B ay (2) - u Vil 21 217 21
= 1[—§i—§j+fkj N P 2k
ul 7 777 J77 T Jﬁ

K(z)zllr’(2)xr”(2)|| \/33 / _ Wit
Ire|f mf 9261 V3087 2147

B(2) = T(2)xN(2) :(\/22_1i+\/_1j+\/zij

6 . 4 4 . 4 . 1
[‘ﬁ"ﬁ”ﬁkj:@"m“mk

N
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28. r(t) = (sin 3t, cos 3t, t)
r'(t) = (3cos3t, —3sin3t, 1)
r'(t) = (-9sin3t, —-9cos3t, 0)
. 3 _38
{2)- 0 it 2,1>:< 2 -2 1)
Vel e

) (gj:r(ﬁl)(‘;(s) B kz 2 >:0
. [gjzur (Sr);gf)(é‘) :‘<2'_2 >¢1<—0_2 "2 >‘¢1—0<§ _#_27%%(9@):9
N[§)=r (5)-2r (5)7(5) :%<_9f,__ 0>:<_§ 1 O>
(EJZHF’(S)””(S) oo 9
RO ) I N

o(3)r{g (e -l 2 )
9) 9 9) \2q10' 210' Yo/ \ 2 72"/ \2Jo’ 2vi0’ Vio
29. r(t)=(7sin 3t, 7 cos 3t, 14t)

r'(t) = (21cos3t, —21sin3t, 14)

r"(t) = (-63sin3t, —63cos3t, 0)

o (5 (21014 1 )
T(?j_u , i T Jaaiiioe 7\/5(—21, 0,14) _<_

=y "(2)(5) (-21014)-(0, -63, 0)
= "

r(3) i3
) [EJ_HF’(Q)XF"(Q‘) li-2n014)<(0-63.0)| _[(@82 0. -1328) as iz
N{3)~ r(z) - 713 713 713
N(gj: r (g);:T((ng)T(g) (0, 63,0)=(0,1,0)
3

)
n r(g)xr"(gj 44113 9
K(Ej i (Nﬁ)s o

B(%):T@xw@ o ) oro-(-o-)
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30. r'it)= ~3cos? tsinti +3sin? t costk
r'(t) = (6005'[sin2 t - 3cos® )i+ (60052 tsint —3sin® t)k

r’(%} =0 so the object is motionless at t; :g

x, T, N, and B do not exist.

31 r(t) :sinhﬁi T

r”(t)— COSh—I
r@) sinhii+j sinhii+j 1. 1.
T = = = =tanh= h=
VOl Fmrran cng s S
) F'(1)-r'(1) (smh1|+J) ( cosh1 ) :lsinhl
T [r'@)| cosh 1 33
. (1)=||r’(1)xr"(1)|| :H(Slnhll+j) ( cosh i )” :H—%cos%k” 1
N Ir'@] cosh1 coshi 3
" _ H hzl
N(1)=w=3Fcosh1i—lsinhl(tanhlnsechljﬂ: coshl—Sln 3 i—tanhlj
ay (1) 3 3 3 3 3 3 3 coshi 3

:sech%i—tanhlj

|r @ xr”(l)| 1COShf 1sechzl
@ cosh3 13 3

k@)=
B(1) = T(1) x N(1)= (tanhli +sech1jjx(sech1i - tanhljj = [—sechz 1 tanh? ljk =k
3 3 3 3 3 3

32. r'(t)= et (7 cos 2t — 2sin 2t)i + et (7sin2t +2cos2t)j+ 7e’k
r'(t) = et (45c0s 2t — 28sin 2t)i + e’ (45sin 2t + 28c0s 2t)j + 49e 'k

T(Ej: r'(z) :e7”’3(—;—x@)i+e7"’3(7‘2/§—1)j+7e7“’3k :[ 7+2fj (Rf 2] ;L
| A R 2102 ) 2302 ) oz

o (2)- r'("é)'r"(’é)_ 4 s

3 fm - Trl/3
‘r(g) e’™/3 /102
e14“’3(49+14J§)i
T Y
r = |xr"| = 141/3 (14 : 147/3
) (3j (3]_ +€713(14- 4943 ) j + 1066 %k -
an| = |= = =2+/53e

_ 2/5406e!*™'® |53 REAYEY

(5] ) 26, 10, o) GG

ay zJ_ 2J— 3 ”r(%) 3 1023e7™ 51
B(Ej :T(E)x N(Ej _ 4244943 +14J§—147j+ 53,
3 3 3 6+/1802 6+/1802 102
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33. r'(t)=-2¢2"i+2e?j+2v2k
r'(t) = 4e 7' + 6%

T(0) = r'0) _-2i+2j+2v2k :—1i+%j+%k

@)  Va+a+s 2
r©)-r(©) (-2i+2i+2v2k)-(4i+4j)

0) = -
Ol i
'@ xr")] _ \ —8/2i +84/2j - 16k‘ 1642 _
0 w2
WO o) i a
_r'0)-ar (OT(0) _4i+4j _ 1. 1.
N0 = 0 PNCRRNCINE
w0 r@xr'o]_16v2 2
Irof 64 4
_ YO YO0 SO S DO PO S
B(O)_T(O)xN(O)—[ 2I+2j+ 5 k] ( 2|+ zjj_ 2|+2 \/Ek

34. () =<Int, 3, t2>

wo-(La2]
" 1
r (t) :<—t—2, O, 2>

@ (334 :<%’3’4>:< 1 6 8 >
Ir')| 1/%+9+16 ~101 V101" V101’ V101

_rore 2 (/1 (-1 __2 (63)__63
T@=T) _JH(<2’3’4>< 4’0’2> 101(8) PN

we-E@eral 2y, 3) o (68
@) +ao1 Jio1l 4 24101
N(z):r"(z)—aT(z)T(z)zleT [< o 2> 63 < 1 6 8 >j

ay (2) /649 "/ a101\V101' V101’ V101

24101 < 189 76 189 152
~ Jea9 \ 101" 202 101 Jes 549 /65,549 /65,549

@) (o) 2 ) 2649
|r'(2)|3 4 J\J101) 1014101
1 6 8 82 189 152 24 8 3
B(2) = T(2)x N(2) = , , x( — , - : = , - :
@=T@xN <\/101 Jio1 \/101> < /65,549 " /65,549 \/65,549> <\/649 /649 \/649>
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1
x2 1

(1+ 1 )3/2 (X2+1)3/2

X

. X
Since0<x<w, K =———.
(x2 +1)3/2
B G\ R e O | |
(x2 +1)3 (x2 +1)5/2
, 1 , 1 , 1 . .
x'=0 when x=—. Since ¥'>0 on | 0,— | and x' <0 on | —, o |, SO x is maximum when
72 72 2
x—i y = Ini——ln—2 The point of maximum curvature is (i _In_zj
NN %2 )
36 y'=cosx, y"=-sinx
|sin x|
K= 2 312
(1+cos” x)
. —‘2:: j cos x(1+ cos? x)3/2 +3|sin x| cos xsin x(1+ cos? x)ll2 2|sin x|cot X(2 +cos? x)
K'= =
a+ cos? x)3 a+ cos? x)5/2

k'=0 when x=-

. k" is not defined when x =-mx, 0. Since «' >0 on (—n,—gju[o, gj and x'<0 on

NS
N

(—%,OJu(g,nj, s0 k has local maxima when x:—g,yz—l and x:g,yzl.

(23 n

The points of maximum curvature are (0,1) and (2 1).

37. y'=sinhx, y"=coshx
3 cosh x
 (L+sinh? x)3/2

' = —2sech®x tanh x
x'=0 whenx=0. Since x¥'>0 on(-w,0)and k' <0 on (0, »), 0 xis maximum when x = 0, y = 1. The point
of maximum curvature is (0,1).

= sech?x
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38. y'=coshx, y”=sinhx

|sinh x|
K=————m—m—
@+ cosh? x)e’/2
, ‘2::: z‘ cosh x(1+ cosh? x)%/2 - 3[sinh x| cosh xsinh x(1+ cosh? x)'/2 2sinh x|coth x(2 - cosh? x)
K'= =
@+ cosh? x)3 @+ cosh? x)5/2

' is not defined when x = 0 and x' =0 when coshx =+/2 or x=i|n(\/§+1). Since x' >0 on
(—oo,—In(\/§+1))u(0,ln(\/§+l)) and x'<0 on (—In(\/z+1),0)u(ln(\/§+1),oo), x has local maxima when

x:—ln(x/EJrl), y=-1and x:ln(\/§+1),y:1_
K(—In(x/z+l)):x(ln(\/§+1)):%

The points of maximum curvature are (— In (\/§+1) , —1) and (In (\/§+1),1).

309, yr — eX, yr/ — eX 41. rl(t) = 3| + 6t_]
o () = 6]
K=——""F"F%+
(1+e2X)32 $=|r’(t)|=3 1+4t2

X 2X3\3/2 3X 2x3\1/2
e"(l+e -3 (1+e
L ) 1+e™") d2s 12t

(1+e2X)3 a'T = —=
dt® 1442

:ex(l_—zezx) ) 2 144t2 36
(1467?12 aN =) -ar =36- 5=
x"=0 when x:—%InZ.SinceK'>0 on an = 6
N =
V1+4t?
1 . 1
_oo’_Ean and x'<0 on —Elnz,oo , SO 1 12 18
Atty==,ar =— and ay =—.
o 1 1 RN T
x is maximum when x :—Eln 2,y :T. The
2 42, r(t)=2ti+]
point of maximum curvature is [—lln 2, ij r'(t) =2i
2 V2 ds
" [r'@)] = v4t? +1
40. y'=—tanx, y"=-sec? X 2
d<s 4t
‘sec2 x‘ ar :dt_ZZ\/z—
K =——— = =|cosX 4" +1
(1+tan X) 16t2 4

2 " 2 2
ay =|r'®)|" -af =4- =
Since —£<x<£,zc:cosx. 4% 11 4% 41
2 2 2

K'=-sinx ay =
Vat? +1

x'=0 whenx=0. Since ' >0 on (—%,0) 4 2
Attty =1 ar =— and ay =—.
. 1 T \/g N \/g
and k' <0 on (0, Ej, x IS maximum when
x =0,y =0. The point of maximum curvature is
(0, 0).
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43.

44,

45,

F(t) = 2i + 2t]
r'(t) = 2j

as i 2
T =[r'®]=2v1+t

a _dzs_ 2t
r=—— =
dt® 1412
2
) 4t 4
af =|r"@)|" -a? =4-—=—
1+t 1+t

2

\/1+t2

Aty =-1ar =—/2 and ay =2.

ay =

r'(t) = —asinti +acostj
r'(t) = —acosti —asintj

SN
E ) -a
d’s
ar Zdt—zzo

a? = |r”(t)|2 —a? =a?

ay =4a

At tlzg,aT =0 and ay =a.

r'(t) = asinhti+acoshtj
r’(t) = acoshti +asinhtj

ds _ ||r’(t)|| = avsinh?t + cosh? t

dt

B d?s _ 2acoshtsinht
T2 T
dt®  \Jsinh2t+cosh?t

af =[r )| of

ar

2 2 ¢ cinh2
:az(cosh2t+sinh2t)—4"’1 cosh” tsinh”t

sinh?t +cosh? t
_ az(coshzt—sinhtz)2

- sinh?t +cosh?t

3 a(coshzt—sinhzt)

N 2
sinh“t+cosh“t

At t; =1In3, cosht =§,sinht =%, and

\sinh? t + cosh? :ﬂ, S0 ar = 40a and
3 341

ay =

w
S
SE
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46.

47,

48.

X(t) =3 V'(t) = 6
X'()=0 y'()=0
& Wy ? =345

d?s
aT :dt_2:

af =[x"()* +y"(®)?1-af =0; ay =0
At t; =0,ay =0anday =0.

r'(t)=i+3j+2tk

F(t) = 2k
i+3j+2tk)-(2k 4t
ar (1) = {3 )2( ) _ :
Vi+9+4t J10+ 4t
4
a)=—1=
T (1) N
IGi+3+2tk) x (2K)|  [6i-2j]
ay (1) = > = >
\/10+4t \/10+4t

_ \36+4 _2\/ 10 2\/ 5
10 + 4t2 10 + 4t2 5.+ 2t?
5
aN(1)=2\E

r(t) = <t, t2, t3>
r(t) = <1, 2, 3t2>
r'(t)=(0, 2, 6t)

(L2t 3%)-(0,2,60) g 190

ar ()= =
V1+ 42 1 ot* V1+ 42 1 ot*

152
RARNTT

Kl, 2, 3% (0, 2, 6t>‘ Ketz, ~6t, 2>‘

V1+4t? 49t V1+4t? 4ot
_\/36t4+36t2 4 _2\/9t4+9t2 1
1+4t% +ot 1+4t% +ot

181
ay(2)=2,—
N (2) 61

Section 11.7 717

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



49. r(t)=<e‘t, 2t, et>; r’(t)=<—e“, 2, et> 52. r'(t)=i+t2j-ti2k,t>o
r'(t) :<e‘t, 0, et>; r(t)-r'(t) = —e 2 + e
@)= Ve +a+e?

[P xr" @) = Kzet, 2, _ ¢t >‘
a2 rarae R Ir o) = [+t m

r(0) =2+ 2k
t

r'(t)-r(t) = 2t3 —t% :%(tB -1)

2t ot I (t)"_H_I __J+2tk
e’ —e
)= 4 16 2 2 [ 7.5
e 4+e
+4+ - _6+—2+4t2 =% 1+4t% 418
aT(O)ZO t t t
2 at 2(¢8
ay(t)=2 —e Hire t) = [T (S
e+ 4472 )=

tizx/t“ IRCIE N I

ay (0) = Z\f V2 ar () =0

i oti 21+ 4t4 418 8, 44
50. r'(t)=2(t-2)i—2j+k NP Lrat 0 /t8+4t 1
r'(t)=2i-2j l\/t a1 VBt

a (t):[2(t—2)|—2tj+k]-(2l—2j)
N e an () - z( 22

A(t—2) + 4t 8t—8
= = 53. y
VB2 -16t+17  8t2-16t+17 oF
8
ar(2)=—= ~
7 (2) Nl
[2(t - 2)i - 2tj + K] % (2i - 2j) > X
. ||
V8t< +-16t +17 —
|2i +2j + 8K| 672
= = 2
V8t? —16t+17  /8t? —16t+17
642 v(t) =(cost, 2cos 2t) , a(t) =(-sint,—4sin 2t)
ay(2) = Nt a(t) = 0 if and only if —sin t = 0 and —4 sin 2t = 0,
which occursifand only if t=0, 7, 27, s0 it
, 9. 2. occurs only at the origin.
5L r()=@-t)i-(+t7)j+k a(t) points to the origin if and only if a(t) = —kr(t)
r'(t) = -2ti - 2tj for some k and r(t) is not 0. This occurs if and
r(t)-r'(t) = —2t(1-t2) + 2t(1+1%) =43 only if t= g 3?“ so it occurs only at (1, 0) and
IF®) = Ja-t3)% + @+13)% +1=+2t* +3 (-1, 0).

@) xr(t)] = |2ti — 2tj - 4tk|

42 + 4t% +16t2

= 2./6t]
3
ar)=— . ar(3)= 36\/E
ot4 13 55

2
an (t) = J% ay (3) = 6,/%
+
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54. v(t) :(—sint+tcost+sint,cost+tsint—cost) 59. Itis given that at (-12, 16), s'(t) =10 ft/s and
=tcosti+tsintj

i i s"(t) =5 ft/s2. From Example 2, x L
a(t) = (-tsint+cost,tcost +sint) 0

_ ()02 -
a ——||v(t)|| ‘t(cos tosin t)l/z‘ Therefore, ap =5 and ay _(Zoj(lo) =5, s0
(since t>0) a=5T +5N. . . .
Let r(t) =(20cost, 20sint) describe the circle.
d?s
b. ar = ( j() 1 _/_ __3 int=2
) r(t) =(-12, 16) = cost c and sint c
a =|a| -a? v(t) =(-20sint, 20cost) , so |v(t)| = 20.
=[t?(sin® t + cos t) + (cos® t +sin® t)] -1 =t? Then T(t) = v(t) — (~sint, cost).
Therefore, ay =t. v
4 3
55. s"(t)=ar =0=>speed =s'(t) =c (a constant) Thus, at (-12, 16), T = <_§ _§> and
2
K(E] =ay=0=>x=0 or Ezo =x=0 N=<§ —i> since N is a unit vector
dt dt 5 5
perpendicular to T and pointing to the concave
56. r(t)=acos wti+bsin atj; side of the curve.
v(t) = —awsin wti+bawcos wtj Therefore,
at) = < aw? cos at, — bew sma)t>:—a)2r(t) a=5 _f,_E +5 E_f =-i-7j.
5 5 5 5
j— V -
(V . V)1/2 ’ 60. Sl(t) =4 and S”(t) =0.
dT _ (v-v)a—(v-a)v e y" _ 2
dt (V.V)3/2 [1+ (yr)2]3/2 (1+4X2)3/2
- Therefore,
= ab? 372 (bcoswti + asin wtj) 2 32
(a”sin“ wt + b coswt) a= (O)T+(4)2 N= N
2 2 2 @in2  \1/2 @+ax?)¥2 0 @+ 4x?)¥2
dT| _ abaw(b” cos” wt+a”sin” wt)
dt (@®sin? ot +b? cos wt)®’? V2
abw 61. Let ymg— R . Then vg =./ugR. Atthe
a?sin? wt + b cos® wt values given,
Tzfn VR =+/(0.4)(32)(400) =+/5120 ~ 71.55 ft/s
-1 (about 49.79 mi/h).

“ “ (@® sin? wt + b2 cos? wt)t/2

R|F|sing |[F|cosé .

x (b cos eti + asin wtj) 62. a. I (from the given
Note that this was done assuming ab > 0; if R . .
ab < 0, drop the negative sign in the numerator. equations, equating m in each.)

Therefore, vg =/Rgtané.

57. v(5) is tangent to the helix at the point where the

particle is 12 meters above the ground. Its path is b. For the values given,
described by v(5) = cos 5i — sin 5j + 7k. Vg = \/(400)(32)“&” 10°) ~ 47.51 ft/s.
58. ay =0 wherever k=0 or % =0. x, the 63. tang=y’
curvature, is 0 at the inflection points, which 1+y2)32 — 1+ tan? 9)*/2 = sec3 ¢
occur at multiples of I However, ﬁio on _ |y"| _ |y”| _ |y a3
2 dt k= 32 |3 =|y"cos” ¢
[ IZJ ‘sec ¢‘
this curve. Therefore, ay =0 at multiples of g
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dT <_sin¢ COS¢>(%) 67. Let

o N 1/2]dg Ry (X) = ag +ayX+ apx” +agx’ +ayx* +agx°.
” ” (sin? ¢ +cos” 9) R(0)=0=> 2, =0
P5’(x):a1+2a2x+3a3x2+4a4x3+5a5x4, S0
?f ( sin g, cos ¢) ) 0 a0
S

d P"(x) =2a, + 6&13x+12a4x2 + 20a5x3, SO
If d—¢>0, N = (-sing, cos¢) and if R/(0)=0=>a, =0.
s
Thus, R5(x) = a3x3 +agxt + a5x5,
94 0,N =(sing, —cos ), so N points to the ) 34 .
ds R (X) = 3agx” +4a4x” +5a5x", and
concave side of the curve in either case. RY(X) = 6agX +12a4x2 N 20a5x3.
65. B=TxN. Left-multiply by T and use D=1 P (M =0 and B- (1) =0 =
Theorem 11.4C =LA 0=0 O
TxB =T><(T>< N)

= (T-N)T—(T-T) N

ag+ay +ag =1

3ag+4a, +5a5 =0

6az +12a, +20a5 =0

=0T-IN The simultaneous solution to these equations is
=-N ag =10,a4 =-15,a5 =6, so

_ 3 4 5
Thus, N=-TxB=BxT. F5 (X) =10x7 ~15x7 +6x".

To derive a result for T in terms of N and B,

begin with N =BxT and left multiply by B: 68. Let L ) 5
BxN=Bx(BxT) Ps(X) = ag + X +apX” +agx” +ayX" +asx’.
=(B-T)B—(B-B)T Then B;(x) must satisfy
—0B-1T R (0)=0; Ry (1)=1; R(0)=0; R =1;
- T R0)=0; BQ) =0

As in Problem 67, the three conditions at 0 imply

Thus, T=-BxN=NxB. ay =a =ay =0. The three conditions at 0 lead

66. Since lim y= I|m y=0=y(0), yis to the system of equations
x>0 az+ay+as =1
continuous.
0 ifx <0 3ag +4a, +5a5 =1
Y=y, . 6ag +12a, + 2025 =0
3x° ifx>0 The solution to this system is
is continuous since az =6, ay =8, a5 =3. Thus, the required
X“;Q y'= I|m y'=0=y(0). polynomial is Ps(x) = 6x° —8x* +3x° .
0 |f x<0
" X —
Y’ {BX ifx>0

is continuous since
lim y"= lim y"=0=y"(0). Thus,

x—0" x—0*

K= _ is continuous also. If x = 0then

1+ y’2)3/ 2
y’ and « are continuous as elementary functions.

"
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69. Let the polar coordinate equation of the curve be
r = f(&). Then the curve is parameterized by x = r cos dand y =r sin 6.

X'=-=rsin@+r'cosé y'=rcos@+r'sing
X"=-rcosé —2r'sin@+r"cosd y"=-rsin@+2r'cosé+r"sin@
By Theorem A, the curvature is

|X! "_ / rr|
K=, Pz

‘x +y

B |(—rsin O +r'cos@)(-rsind+2r'cosd+r"sind) —(rcosd +r'sin@)(-rcosd —2r'sin + r”cos¢9)|

[(-rsin@+r'cos6)? +(rcosf +r'sin6) > 2
‘r2+2r’2—rr”
- (r2+12)3/2
70. r'=-4sin@,r"=-4cosd 74, r'=3e% r"=9e%
‘16005 0 +32sin 0 +16cos? @ 32 1 At9=1, r:e3,r’:3e3, and r" =9e3.
(16cos? 0 +16sin29)3/2 64 2 e®+18e% -0e% (0 1
s - -
71, r'=-sind,r" =-cosd (e +9e%)*'2  10J106°  10e®
At#=0,r=2,r'=0,and r"=- 75. r'=4cosé,r" =-4sind
_|4+0+2] 6 3 -
4+0)°%2 8 4 Ate:?r:g’rzo’r -
72. r'=1r"=0 M _3
At@=1,r=1,r' =1 and r"=0. (64-+0)¥2 512 16
1+2-0
:| 3/2| _ 3 76. r' =665 1" 3665
@+1) 2.2 120 | 75120 _on 120
‘e + 72620 _36e ‘ 376120
73. r'=-4sind,r" = -4cos6 -
r siné, r cos (6127 + 366120372 37./37¢18¢
Atezg,r=4,r’=—4, and r"=0. 1 (LJ_ 1 (1}
_ [16+32-0] 3 ACRIR A

(16+16)3’2 128f N

: 2
77 r=+cos20 : r'=— sin 20 pr_ _ Cos 20+1

Jeos26' (cos26)/2

cos 26 + 2sin? 20 + cos? 26+1 3
cos 26 cos 24 c0s 20
K= 3z
sin” 26 1
(c052¢9+ c0529) (coszg

= 3(\/00520) =3r

78. r(t) = f(t)i + g(t)j, where x = f(t) and y = g(t); v(t) =r'(t)

(t) _ V(t) _ XI i + y/ j _ X”(Xlz + y/2) _ X((X/XI!J’_ y/yll) y (X 2) y!(X X + y/y/l)
V()| \/x'2+y'2 \/x’2+y’2 (X2 +y'2)32 (x 2, y2)302

. (x"y = x'y )y (y X' =yx )X . (Xy"-yX") i
T'(t) = (=yi+x7])
(X’2 4 y,2)3/2 (sz i y'2)3/2 ( ,2 y,2)3/2

|X ' -yw| e [Xy-yx] o TO Xy -y

T'(t =27 \VX

|| ( )" y!2)3/2 + y /2 y 12 = "r (t)" (X/2 + y/2)3/2
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79. 84. r'(t)=agi+byj+cok
’ r't)=0
' Thus, r'(t)xr"(t) =0 and since
2 a ||r (t)xr (t)||
Fof
To show that 7 =0, note that the curve is

80.

Maximum curvature ~ 0.7606,
minimum curvature ~ 0.1248

BBl

—(B B)=2B- B _,
ds

Thus, (l—B is perpendicular to B.
s

85.

confined to a plane. This means that the curve is
two-dimensional and thus 7=0.

r(t)=6cos xti+6sin ztj, +2tk, t>0

Let (6cosnt)? + (6sinnt)? + (2t)% =100.

Then 36(cos? nit +sin? mt) + 4t? =100;

4% = 64; t=4.

r(4) = 6i + 8Kk, so the fly will hit the sphere at the
point (6, 0, 8).

81 d_B:g(TxN) _AT TN r'(t) = —6nsin niti + 6rcos tj + 2K, so the fly will

ds ds ds ds have traveled

4 .
Since N = ” ” ?jT N =0, so Z_B = TX(:TN' _[0 \/(—6nsm nt)2 + (67 cos rct)2 + (2)2dt
s S s
4
= [ 36n® +4dt
dB dN dN 0
Thus T-—=T:| Tx— |=(TxT)-—=0, so 7 2
ds ds ds =36n° +4(4-0) =8V9n” +1~75.8214
(:j—B is perpendicularto T. 34
S 86. r(t)= <1o cost, 10sint, (2—jt>
82. N is perpendicularto T,and B=T x Nis . T .
4B Using the result of Example 1 with a = 10 and
perpendicular to both T and N. Thus, since — 34 .
ds ¢ =—, the length of one complete turn is

is perpendicular to both T and B, it is parallel to Zm

N, and hence there is some number z(s) such that , (34 2

dB 2m, [(10)° + [—j angstroms

- —7(s)N. 2n

s
=10"84/40072 +34% cm. Therefore, the total

83. Letax + by + cz +d =0 be the equation of the length of the helix is

plane containing the curve. Since T and N lie in
ai +bj+ck

\/a2+b2+c2

constant vector and Z—B =0,50 7(s) =0, since N
s

the plane B ==+ Thus, Bis a

will not necessarily be 0 everywhere.

(2.9)(10%)(1078)v4007? + 342 ~207.1794 cm.
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11.8 Concepts Review 5. (x=4)2%+(y+2)°% =7

) . Circular cylinder
1. traces; cross sections .

2. cylinders; z-axis
3. ellipsoid
4. elliptic paraboloid

Problem Set 11.8

1. 6.
2 2 2
7. XY g
2 441 196 36
' Ellipsoid
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2 2 2 2 2
9. 2=, VIR S |
8 2 4 4 1
Elliptic paraboloid Hyperboloid of two sheets

= £

r
=
[
[
L
[
I

r

10. Circular cone

15 y=—+—
y 4 9

Elliptic Paraboloid

11. Cylinder
16.
X
12. Plane
17.
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18. Cylinder 25. All central hyperboloids of two sheets are
z symmetric with respect to (a) the origin, (b)
the z-axis, and (c) the yz-plane.

26. a. 1,2,4,5,6,7,8,10,12, 13, 14, 15, 16, 18
b. 1,2,6,7,8,9,10, 14, 16, 19, 20

27. Aty =Kk, the revolution generates a circle of

radius x = \/% = \/% . Thus, the cross section in

the plane y = k is the circle x2 +2° :g or

I
I
I
I
I
X |

19. Hemisphere

2x% +22z° =k. The equation of the surface is
y= 2x2 +22°.

28. Atz =K, the revolution generates a circle of

radius y = % = g Thus, the cross section in the

X plane
2
20. One sheet of a hyperboloid of two sheets. z =k is the circle x° + y2 = kT or
4x% +4y? = k2. The equation of the surface is

22 = 4x? +4y2.

-

29. Aty =Kk, the revolution generates a circle of

radius x:\/ —%yz :\/3—§k2. Thus, the

cross section in the plane y = k is the circle

AT rTT

2,2 o 3.2 a2 42 a2
21. a. Replacing x by —x results in an equivalent X“+2° =3 4k or 12-4x" -4z% =3k". The

equation. equation of the surface is 4x? +3y? + 422 =12,

b. Replacing x by —x and y by —y results in

. . 30. At x =Kk, the revolution generates a circle of
an equivalent equation.

ius ve [2x2_a= [A2_
c. Replacing x by —x,y by —y,and z with radius y—\/sx 4—\/3k 4. Thus, the

-z, results in an equivalent equation. cross section in the plane x =k is the circle
2 2 4.2 2 a2 2
22. a. Replacing y by —y results in an equivalent y©+z =§k —4 or 12+3y” +3z° =4k*". The
equation.

equation of the surface is 4x% =12 +3y2 +32°.

b. Replacing x with —x and z with —z

results in an equivalent equation. L 2 2
q q 31. When z =4 the equation is 4 = XT+y? or

c. Replacing y by -y and z with —z results s 2

in an equivalent equation. 1= —+y—, so a® =36,b% =16, and
16 36

23. All central ellipsoids are symmetric with ¢ =a% -b% =20, hence ¢ =+2+/5. The major
respect to (a) the origin, (b) the x-axis, and axis of the ellipse is on the y-axis so the foci are
the (c) xy-plane.

at (0, +2V5, 4).

24. All central hyperboloids of one sheet are
symmetric with respect to (a) the origin, (b)
the y-axis, and (c) the xy-plane.
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32.

33.

34.

35.
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When x = 4, the equation is z :%+y? or

y2 =9(z—4):4~%(z—4), hence p:% The

vertex is at (4, 0, 4) so the focus is

s

2 yz 2
When z = h, the equation is St S5t =1 or
a“ b® ¢
2 2 2 B2
x_2+y_2:c 2h which is equivalent to
a“ b c
2 2 2 2
Y 1 whichis 2+ =1
a2(c2-h?) = b2(c2-h?) A2 BZ
C2 02

with A=2JeZ _h? and B = 2v/cZ —h?. Thus,
C C
the area is

o 3G 12 ) (27 i |- 22
c c C

The equation of the elliptical cross section is

X2 y2

az(h—z)+b2(h—z)
Therefore, AV ~ n(aﬁ)(bﬁ)m

= mab(h — z)Az , using the area formula
mentioned in Problem 33.

=1, foreachzin [0, h).

h
2
Therefore, V = _[; nab(h-2)dz = nab{hz —%}

0
2 2
:nab[[h—h?J—Olz "agh . which is the

height times one half the area of the base (z = 0),

(ah)(bvh) = rabh

Equating the expressions fory, 4— X2 =x% + 22

x2 22
orl= 7+7 which is the equation of an

ellipse in the xz-plane with major diameter of
24 = 4 and minor diameter 2+/2.

Section 11.8

36.

37.

38.

y = x intersects the cylinder when x =y = 2. Thus,
the vertices of the triangle are (0, 0, 0), (2, 2, 1),
and (2, 2, 4). The area of the triangle with sides

represented by (2,2, 1) and (2, 2, 4) is

%||(2, 2,1)x(2, 2, 4)| :%IKG,—& o)

~L{e2)-342.

(t cost)2 + (tsint)2 —t2

=t?(cos’t +sin’t)—t> =t> —t> = 0,

hence every point on the spiral is on the cone.
For r = 3t cos ti + t sin tj + tk, every point
satisfies x° +9y2 -9z2 =0 so the spiral lies on
the elliptical cone.

It is clear that x = y at each point on the curve.
Thus, the curve lies in the plane x = y. Since

z=t%= y2, the curve is the intersection of the

plane x =y with the parabolic cylinder z = y2.

Let the line y = x in the xy-plane be the u-axis,

then the curve determined by r is in the uz-plane.
The u-coordinate of a point on the curve, (y, v, )
is the signed distance of the point (y, y, 0) from

the origin, i.e., u=+/2y. Thus, u? =2y? =2z
or u? = 4[%) z. This is a parabola in the

uz-plane with vertex at u = 0, z = 0 and focus at

u=0, z =%. The focus is at (0, 0, %j
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11.9 Concepts Review 4 a  x=8sin| % \cos| | =242
. . 6 4
1. circular cylinder; sphere
. T . s
=8sin| — [sin| — |=2+2
2. plane; cone y [6) [4) V2
s
2 _y2, 42 z=8cos| — |=4+/3
3. pf=r+z (6) V3
4. X% +y? 22:42, SO
Y b. x=4sin(3—njcos£ﬁjzx/§
x2+y2+22—4z+4:4 or 4 3
x> +y?+(z-2)% = 4. y= 4sin(%ﬂjsin (gj =6
Problem Set 11.9 7 — dcos %TEJ:_Z\/E
1. Cylindrical to Spherical:
p= r?+2° 5 a p= x> +y2+7°
COS¢:; =J4+12+16 =42
2.2
r-+z -
_ tanezlzz—ﬁ:—«/é and (x, y) is in the
Spherical to Cylindrical: 5
r=psing 4th quadrant so 9:?.
Z=pCoS¢
z 4 \/E i
= COSp=—=—==— S0 ¢p=—.
0=0 ¢ p 42 2 =5
T T . 5t =w
= zz Spherical: | 442, =, =
2. a. (p0,¢9) (ﬁ,Z,J P [ 3 4}
b. Note: (—2 ,2):[2,%,2} b p=v2+2+12=4
- tan9:£=—1 and (x, y) is in the 2nd
(p191¢):(2\/§y_1_j - 2
4 4 3
quadrant so 6'=T.
T
3. a x=6cos|—|=3v3
(6} 3 cos¢:&=£ so Z.
4 2 6
. T
y_GSm(Ej_3 Spherical: (4, 3—“ Ej
4 6
z2=-2
An 6. & r=a+4=2/2
b. x:4cos(—j=—2 2 s
3 tanezzzl,x>0,y>0,soezz.z=3
y=4sin(ﬂj=—2\/§
. 3 b. r=+48+16=8
z=-
4 1
tand=-——==-—, x>0,y<0,s0
CNEINE]
ﬁzﬁ.z:B
6
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7. r=5 11. r=3cos 4
Cylinder Circular cylinder

by

X

12. r=2sin26
4-leaved cylinder

T 13. p=3cos
9. p== p ¢ ,
) 3 9
Cone AR e Bt
oy

Sphere

10. ==
6

Plane
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15. r?+72%=9 23. (rP+2%)+ 2% =4 p? + pPcos’ g = 4;
x2+y2+z2 =9 2 4
=
Sphere 1+cos” ¢

24, p2 =2,0C0S ¢, r?+2% =2z;r2 =22-7%;

r=\/22—z2

25. rcos @+rsin 9=4; r = 4

sin@+cosé

26. psin ¢cos @+ psin gsin 0+ pcos g=1,;

16. r?cos’@+z°=4 p= 1
W2472-4 sin g(sin @ + cos @) + cos ¢

Circular cylinder

217. (x2+y2+22)—22:9; pz—pzcosz¢:9;
p2(1—0052 9)=9; p2 sin® $=9
psing=3

28. r2=2rsing; x> +y?=2y; X +(y-1%=1

29. r?cos20 =z, rz(cos2 6 —sin? 0) =z,

(r 0036')2 —(rsin 6’)2 =z x2- y2 =2

17.
30. psin ¢=1 (spherical); r = 1 (cylindrical);

2,2 _ :
18. r?cos? @ -r?sin? @ = 25; r? cos 26 = 25; X" +y" =1 (Cartesian)

2 _ 2900 _
r* =25sec” 01 =5secd 31, z=2x%+2y? =2(x* + y?) (Cartesian); z = 2r?

19 24472 10 (cylindrical)

32. 2x° +2y2 -72=2 (Cartesian); 2272 =2

2,22 2 _ap 42 2 02 4 _10-
20. (X +y“+2°)+3z° =10; p“ +3p“ cos” ¢ =10; (cylindrical)

, 10
1+3cos? ¢

21. (X +y*+12%)-32° = 0; p* ~3p? cos” § = 0,

cos? @ :% (pole is not lost); cos? ¢ :% (or

sin2¢=§ or tan? $=2)

22. p?[sin? pcos? @ —sin? psin? 0 —cos? g] =1;
p?[sin? gcos® 0 —sin? gsin? @ —1+sin® g] =1,
p?[sin? gcos? @ —1+sin? g(1-sin? 6)] =1;
p?[sin? gcos? @ —1+sin? gcos? ] =1;

1
2sin® gcos? 01

pZ[Zsin2 ¢0052 0-1=1, p2 =
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33. For St. Paul:
p =3960,
0=360°-93.1° = 266.9° ~ 4.6583 rad

$=90° - 45° = 45° = % rad
x = 3960sin %cos 4.6583 ~ —151.4
y = 39605in%sin 4.6583 ~ —2796.0

7 = 3960 cos% ~ 2800.1

For Oslo:

p=3960, 6=10.5° ~ 0.1833 rad,

¢=90°-59.6° = 30.4° ~ 0.5306 rad

x = 3960 sin 0.5306 cos 0.1833 ~ 1970.4

y = 3960 sin 0.5306 sin 0.1833 ~ 365.3

z=3960 cos 0.5306 ~ 3415.5

As in Example 7,

sy~ (-151.4)(1970.4) + (-2796.0)(365.3) + (2800.1)(3415.5)

39602
so ¥ = 1.0173 and the great-circle distance is d ~ 3960(1.0173) ~ 4029 mi

~
~

co ~ 0.5257

34. For New York:
p=3960, =360° - 74° = 286° ~ 4.9916 rad
¢=90°-40.4° = 49.6° ~ 0.8657 rad
X = 3960 sin 0.8657 cos 4.9916 ~ 831.1
y = 3960 sin 0.8657 sin 4.9916 ~ —2898.9
z = 3960 cos 0.8657 ~ 2566.5
For Greenwich:
p=3960, =0, p=90°-51.3° = 38.7° ~ 0.6754 rad
X = 3960 sin 0.6754 cos 0 ~ 2475.8
y=0
z =3960 cos 0.6754 ~ 3090.6
_ (831.1)(2475.8) +(-2898.9)(0) + (2566.5)(3090.6)

39602
so ¥ ~ 0.8802 and the great-circle distance is d ~ 3960(0.8802) ~ 3485 mi

cosy ~ 0.6370

35. From Problem 33, the coordinates of St. Paul are P(-151.4, —2796.0, 2800.1).
For Turin:

=3960, 9= 7.4° ~ 0.1292 rad, ¢ :% rad
x =3960sin %cos 0.1292 ~ 2776.8

y= 39605in%sin 0.1292 ~ 360.8

z = 3960 cos% ~ 2800.1

co ~ 0.4088

s ~ C15LA)(2776.8) + (-2796.0)(360.8) + (2800.1)(2800.)

39602
S0 ¥ ~ 1.1497 and the great-circle distance is d ~ 3960(1.1497) ~ 4553 mi
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36. The circle inscribed on the earth at 45° parallel (¢ = 45°) has radius 3960005%. The longitudinal angle between
St. Paul and Turin is 93.1° + 7.4° = 100.5° ~ 1.7541 rad
Thus, the distance along the 45° parallel is [3960 cos%] (1.7541) ~ 4912 mi

37. Let St. Paul be at P (-151.4, —2796.0, 2800.1) and Turin be at P,(2776.8, 360.8, 2800.1) and O be the center of

_— —
the earth. Let £ be the angle between the z-axis and the plane determined by O, B, and P,. OR x OP, isnormal

- —> —> -
to the plane. The angle between the z-axis and OP, x OP, is complementary to £. Hence

_— —>

OF?LX OPZ ]k

ﬂ:g—cos’1 zg—cos‘l[
OR, x OP, K|

7.709x10°
1.431x10’

J: 0.5689 .

The distance between the North Pole and the St. Paul-Turin great-circle is 3960(0.5689) ~ 2253 mi

38. x = pjsingjcosd;, yi = pjsing sing;, zj = pjcosg; fori=1,2.
d? = (ppsing, cos 6, —plsinyilcosé'l)2 +(py sing, sin@, — py singy sin 91)2
+(py OS¢ — py COS )
= p% sin? ¢2(cosz &, +sin? 6,) +p12 sin? gzil(cos2 6 +sin? &) +,022 cos? & +p12 cos? h
2,010 SiN @ Sin ¢, (COS & COS G, +Sin Gy SinG,) — 2 p1 p, COS Py COS by
= p22 sin? & +p12 sin? o+ p22 cos? & +p12 cos? & — 21 Sin gy sing,[cos(6, —6,)]
—2 010 COS ¢ COS ¢y
= ,ozz(sin2 & +cos? @) +pf(sin2 h +cos? &)+ 20 p2[-cos(0) — ;) sin g Sin gy, —COS P COS ¢y |
= plz +,022 + 2 p1po[—C0S(6, — 65)sin ¢ sin g, — oS ¢ COS ¢y ]
= plz -2p107 +p22 + 20, p5[1—cos(6) — 6, )sin ¢, Sin ¢, — COS Py COS ¢y ]
= (p1= p2)° +2p1,[1- COS(6) - 0,) sin gy 5in 5 — COS ¢ COS ]
Hence, d ={(p, —p2)2 + 201 p7[1—cos(é) — ) sin ¢ sin g, —Ccos ¢, cos¢2]}1/2

— —
39. Let P be (&, 6, ¢) and P, be (ay, 0, ¢,). If yis the angle between OF, and OP, then the great-circle
distance between P and P, isay. |OR|=|OP,|=a while the straight-line distance between R and P, is (from
Problem 38) d% = (a- a)2 +2a2[1—cos(01 —8,)sin ¢ sin ¢ — COS P COS ¢ |
= 2a2{1—[cos(91 —08,)sin g Sin g, +COS @ COS Py 1}
Using the Law Of Cosines on the triangle ORP,,
d%2 =a%+a’-2a? cosy = 2a2(1—0057/).
Thus, yis the central angle and cos y = cos(6; — 6, )sin ¢, Sin ¢, + COS ¢ COS @5 .
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40. The longitude/latitude system (e, p) is related to a spherical coordinate system (o, 6, @) by the following relations:
p = 3960; the trigonometric function values of « and @ are identical but

-7 £ a< rratherthan0 < < 27, and ﬂzg—qﬁ S0 sin #=cos ¢and cos B=sin ¢.

From Problem 39, the great-circle distance between (3960, 8;, ¢) and (3960, 6,, ¢,) is 3960ywhere 0<y <7
and cosy = cos(6) —6,)sin ¢ sin g, + oS¢ CoS@, = CoS(eyq —rp)COS By COS fy +5in By sin fo.

41. a. New York (-74°, 40.4°); Greenwich (0°, 51.3°)

cosy = cos(—74° —0°) cos(40.4°) cos(51.3°) +sin(40.4°) sin(51.3°) ~ 0.637
Then y ~ 0.880 rad, so d ~ 3960(0.8801) ~ 3485 mi.

b. St Paul (-93.1°, 45°); Turin (7.4°, 45°)
cos = c08(—93.1° — 7.4°) cos (45°) cos (45°) + sin (45°) sin (45°) ~ 0.4089
Then y = 1.495 rad, so d ~ 3960(1.1495) ~ 4552 mi.

c. South Pole (7.4°, -90°); Turin (7.4°, 45°)
Note that any value of « can be used for the poles.

cos y=cos 0° cos (-90°) cos (45°) + sin (-90°)sin (45°) = —%
thus y =135° = %ﬁ rad, so d = 3960(%) ~ 9331 mi. d. New York (-74°, 40.4°); Cape

Town (18.4°, -33.9°)
COoSy = €0S (—74° — 18.4°) cos (40.4°) cos (-33.9°) + sin (40.4°) sin (-33.9°) ~ —0.3880
Then y = 1.9693 rad, so d ~ 3960(1.9693) ~ 7798 mi.

e. For these points ¢q =100° and a, =-80° while g = S, =0, hence
cos y=c0s 180° and y= x rad,sod =3960 7 ~ 12,441 mi.

42. p=2asin ¢is independent of @so the cross section in each half-plane, 8=k, is a circle tangent to the origin and
with radius 2a. Thus, the graph of p = 2a sin ¢ is the surface of revolution generated by revolving about the z-axis
a circle of radius 2a and tangent to the z-axis at the origin.

11.10 Chapter Review 6. False: Itisnormal to the plane.

Concepts Test 7. True: Let tzé.

1. True: The coordinates are defined in terms of
distances from the coordinate planes in _ N . a b ¢
such a way that they are unique. 8. True: Direction cosines are M M M

2. False: The equationis (x— 2)2 + y2 +2%=-5, 9

] ] . True:  (2i—-3j)-(6i+4j)=0 if and only if the
so the solution set is the empty set.

vectors are perpendicular.

3. True:  See Section 11.2. 10. True: Since u and v are unit vectors,

4. False: See previous problem. It represents a oS0 = u-v _ UV
plane if A and B are not both zero. ||u||||v|| '
5. False: The distance between (0, 0, 3) and
(0, 0, -3) (a point from each plane) is 6,
so the distance between the planes is
less than or equal to 6 units.

11. False: The dot product for three vectors
(a-b)-c is not defined.
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12. True: ||uv|| :||u||||v|||cose| < ||u||||v|| since 26. True:  The vectors are both parallel and
perpendicular, so one or both must
|cosg| <1. be 0.
13. True:  If |u-v||=|u]|v]. then |cos8|=1 since 27. True:  |(2ix2j)-(jxi)|=4|(k)- (k)|
Ju-v||=]lull[[v]|cos 8. Thus, u is a scalar =4k -k)=4
multiple of v. If u is a scalar multiple of . .
2 28. False: Letu=v=i,w=]j.
v, fJu v =fu-kuf| = kul| Then (u x v) x w=0 x w=0; but
= Jullku = Jul - U (Vo w) =i k=,
1 29. True:  Since (by, by, b) is normal to the
14. False: Ifu=-iand v :Ei +7j, then plane.
UtV = — 1 i V3. and 30. False: Each line can be represented by
) TJ parametric equations, but lines with any
Jul = [v]|=u+v]=1 zero direction number cannot be
' represented by symmetric equations.
. 10— =l _ (vl = "
15. True:  (U+V) 2(u vi Jul*=|v|~ =0 31 True: ||r xr'| 0= x|
50 ul” =[[v[]" or [ul =[] I
=|r'[[|r"|sin& = 0. Thus, either r’ and
16. True: |u+ v||2 =(U+V)-(U+V) r" are parallel or either r’ or r" is0,
2 2 which implies that the path is a straight
= ull” + V)" +2u-v line.
17. True: Theorem 11.5A 32. True:  An ellipse bends the sharpest at points
on the major axis.
18. True:  Dy[F(t)-F(t)]
—F(t)-F'(t)+ F(t)-F'(t) 33. False: xdepends only on the shape of the
_2F)-F) curve.
34, True: x'=3 y'=2
. 2 " ”
19, True: | fulu = Julful = ol X=0 y'=0
|X!yn _ yrxﬂ|
20. False: The dot product of a scalar and a vector Thus, x 372 =
is not defined. [x’z + y’zJ
21 Truer - fuxv]=[-vou] =[-gffvxy] 35. False: x'=-2sint y' = 2cost
=[vxu] X" = —2cost y" =-2sint
22. True:  (kv)xv =k(vxVv)=K(0)=0 Thus, % - zy Z’;"JZ 4_1
X +y s 8 2
23. False: Obviously not true if u = v. (More
generally, it is only true when u and v
are also perpendicular.)
24. False: It multiplies v by a; it multiplies the
length of v by |a].
25. True: ||u XV" = ||u||||v||sin 0 =tané
-v) |ulv|cose
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36.

37.

38.

39.

40.

41.

42,

43.
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True:

False:

True:

False:

False:

False:

True:

True

"t) .
T@t) = r, :
[0
SN (ORI
roP
1
n t ;
MR
T(t)-T'(t)

] ||r%t>||r’(°'[ “or "

||r Ol
r(t )}
ol (t>||
__ro-re ro-ro
Irof  Jrof

Consider uniform circular motion:
|dv/dt|=0 but |v|=aw.

"

K :y—:
[+ y’2]3/2
If y"=k then y'=kx+C and
__ k "

not constant.

For example, if u =iand v = j, then
u-v=0.

For example, if r(t) = cost?i +sint2j,
then r’(t):—2tsint2i+2tcost2j, o)
[r@)]|=1 but ||r'(t)]| = 2t.

If v-v =constant, differentiate both
sidestoget v-v'+v-v' =2v-v'=0, SO
v-v' =0.

If r(t)=acoswti+asinwtj+ctk , then
r'(t) = —awsinwti+awcoswt j+ck so
T(t) = r’(t)/||r'(t)||

—awsin wti+awcoswt j+ck

a2w2 + 02

—aw® coswti—aw? sin wt

Vaa)z +02

points directly to the z-axis. Therefore
N(t) = T'(t) /| T'(t)| points directly to the
z-axis.

T'(t) = which

Section 11.10

44,

45,

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.
56.
57.

False:

True:

True:

False:

False:

True:

False:

True:

True:

False:

True:

False:
False:

False:

Suppose v(t) = cos ti + sin tj, then
[v(®)| =1 but a(t) = -sin ti + cos tj
which is non-zero.

T depends only upon the shape of the
curve, hence N and B also.

If v is perpendicular to a, then T is also
perpendicular to a, so

d (dsj ar =T-a=0. Thus
dt\ dt

speed = % is a constant.

If r(t) =acosti + asin tj + ctk then v is
perpendicular to a, but the path of
motion is a circular helix, not a circle.

The circular helix (see Problem 27) has
constant curvature.

The curves are identical, although the
motion of an object moving along the
curves would be different.

Atanytime O<t<1, r(t) =r,(t)

The parameterization affects only the
rate at which the curve is traced out.

If a curve lies in a plane, then T and N
will lie in the plane, so T x N =B will
be a unit vector normal to the plane.

For r(t) = costi +sin tj, ||r(t)| =1, but
r'(t) % 0.

The plane passes through the origin so
its intersection with the sphere is a great
circle. The radius of the circle is 1, so is

1
curvature is i =1.

The graph of p = 0 is the origin.
It is a parabolic cylinder.

The origin, p = 0, has infinitely many
spherical coordinates, since any value of
dand ¢ can be used.
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Sample Test Problems

b cosgo A+ 7

1. The center of the sphere is the midpoint ~—0.5369

(_2+4, 3+1, 3J“':’):(l, 2, 4) of the diameter. y

2 2 2
The radius is 1 =/(L+2)2 + (2-3)2 + (4 3)? B
=9+1+1=+11.The equation of the sphere is —
(x-D%+(y-2)°+(z-4)* =11 I I O O

2. (x? —6x+9)+(y> +2y+1) +(z° -8z +16) —
=9+1+16; (x-3)°+(y+1)2+(z-4)*> =26
Center: (3, -1, 4); radius: J26 -5

MO+OD _ 5 _ 59806
J49+025+1 26

3. a. 3(2,-5)-2(1,1)=(6,-15)—(2,2) = (4,-17) e cosf=

b. (2,-5)-(L1)=2+(5)=-3 Ly
. (2,-5)-((11)+(-6,0))=(2,—5)-(-5,1) 2r
=-10 + (-5) =15 —
— 0
d. (4(2 -5)+5(1,1))-3(-6, 0) —_—
— (13, -15)-(~18, 0) =234 + 0 =234 e
e. /36+0(-6,0):(1~1) = 6(~6+0) =36 - a 10
f. (-6,0)-(-6,0)-~/36+0 i
=(36+0)-6=30 5. a. a+b+c=2i+j+4k
_BE)+@@ _ 5 b. bec=(0)3)+D)(-1)+(-2)(4)=-9
4. a. cosd Badisie Yo 0.3363
i j ok
S ¢ bxcol0 1 -2-2i 6j_3
3 -1 4
a-(bxc) = (—i+j+2k)-(2i—6j-3k)
=2-6-6=-14

d. b-c isascalar, and a crossed with a scalar
W doesn’t exist.

— e. |la—b|=]-i+0j+4kK]|
e 12402 +42 = 17

f.  From part (c), bxc=2i-6j—3Kk so

loxc|=v2®+6%+3% =49 =7.
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6 a cosde 0+5-3 8. a. (-5,-55) =-5(11-1)
bl (343)(Vi0) .
~0.121716 (2-18) x{0.5,2) = (6,-2.10)
0 =cos™0.121716 ~ 83.009° ¢ (2-11)-(-7.1-5) =20
b. cosd= 12040 d. (2,-11) x (-7,1,-5) = (4,3,-5)
bl (V6)(+1)
~0.67200 9. ¢(3,3-1) x (-1,-2,4) =c(10,-11,-3) forany c
6 = cos 1 0.67200 ~ 47.608° inR.
7. 10. Two vectors determined by the points are
(-1,7,-3) and (3,—1,-3). Then
(-1,7,-3) x (3,-1,-3) =-4(6,3,5) and
(6,3, 5) are normal to the plane.
+(6,3,5)  +(6,3,5) :
Yy = are the unit vectors
— J36+9+25 /70 ey
normal to the plane.
11. a. y=7,since y must be a constant.
b. x=-b,since itis parallel to the yz-plane.
c. z=-2,since itis parallel to the xy-plane.
a. [a|=v4+1+4=3; 4 s 45 since it can b ;
. 3x -4y +z=-45, since it can be expresse
[b|=v25+1+9 = J35 as 3x — 4y + z = D and D must satisfy
3(-5) = 4(7) + (-2) = D, so D = —45.
b. i=gi—lj+zk, direction cosines _ - /g _ ;
(] 3 3 3 12. a. (4+11-51+7) = (5,-4,8) is along the
o 1 2 line, hence normal to the plane, which has
5, -3 and 2. equation (x—2, y+4, z+5)-(5,-4,8)=0.
5. 1 . 3 L
j———k , direction b. 5(x-2)-4(y+4)+8(z+5)=0o0r
||b|| BN RN RN 5x— 4y + 87 = —14
cosines > ! 3 Cc
J35 35’ 35 ‘
C. gi—ljjuzk
3 3 3
a-b 10-1-6
d. cosé= =
lalllell 335
s
r J35
0 = cos ™t —— ~1.4010 ~ 80.27°
\/_
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13. If the planes are perpendicular, their normals will 10. <5, -4, _3> is a vector in the direction of the line,
also be perpendicular. Thus

0=(15C)-(4 -1,1)=4-5+C,
soC=1

and (2,-2,1) is a position vector to the line.
Then a vector equation of the line is r(t)
=(2,-2,1) +t(5,-4,-3).

14. Two vectors in the same plane are (3,-2,-3) and

(3,7,0). Their cross product, 3(7,-3,9),, is 20. t X y z

normal to the plane. An equation of the plane is 5 5 2 _8/3

7(x-2)-3(y—-3)+9(z+1)=00r

X=3y+92=-4. 1 -1 1/2 ~1/3
15. A vector in the direction of the line is (8,1,-8). 0 0 0 0

Parametric equations are

X=-2+8t,y=1+t,z=5-8t. 1 1 1/2 1/3
16. Inthe yz-plane, x = 0. Solve -2y + 4z = 14 and 2y 2 2 2 8/3

—5z =-30, obtaining y = 25 and z = 16.

In the xz-plane, y = 0. Solve x + 4z = 14 and 3

—x — 5z =-30, obtaining x = -50 and
z = 16. Therefore, the points are
(0, 25, 16) and (-50, 0, 16).

17. (0, 25, 16) and (-50, 0, 16) are on the line, so
(50, 25, 0) = 25(2, 1, 0) is in the direction of
the line. Parametric equations are x = 0 + 2t,
y=25+1t,z=16 + Ot or x = 2t,
y=25+t,z=16.

A A A A

~
EoS s
18. (3,5,2) is normal to the plane, so is in the t (2,2, _E)
direction of the line. Symmetric equations of the " L
. x-4 y-5 z-8 ’ [
line are = = . r

5 2

2L r=(Lt ), r'@) =12 4) and
r(2) = <2, 2, g> Symmetric equations for the

8
_ _o z-8
tangent line are > 2_Y=2_"73 Normal
1 2 4

plane is 1(x—2)+2(y—2)+4(z —gj =0 or
3x + 6y + 12z = 50.
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22. r(t)= (tcost, tsint, 2t); . J-|n2< >dt
. . . o
r'(t) = (~tsint+cost, tcost +sint, 2);

In2
r'(t) = (~tcost—2sint,—tsint+2cost, 0) _ R(%jem , _e—t>:|

0

(3G 5 ) o) (22

2'2
r,[ﬁj \/n2+20_
2

2 d. Dytr(t)]=tr't)+r(t)
T(Ejz r'(g) _ (-m, 2, 4) :t<2e2t’_e—t>+<82t’e—t>
2 Hr(%) Va2 +20 _ <e2‘ (2t+1), e (1—t)>
23. r'(t) =e'(cost+sint, —sint+cost, 1) e. Dy[r(3t+10)]=[r'Gt+10)](3)
[r'@)]| = v/3e' _ 3<2e6t+20, _ e—3t—10>
Length is .[15\/§etdt = [\/§et }f _ <666t+20, _3e—3t—10>

=/3(e® —e) ~ 252.3509.
f. Dlr(t) r'(t)] = Df2e* —e 7]

25. Let the wind vector be 5
= (100cos30°,100sin 30°) 21 a. r()= <— - 6t> r') = <—t - 6>
= (504/3,50).
) ) b.  r'(t) =(cost, - 2sin 2t);
Let p=(py, p2) be the plane’s air velocity
vector r'(t) = (-sint, - 4cos 2t)

We want w + p = 450 j =(0,450) .

(5073, 50) +(py, py) = (0, 450)

= 50+/3+ p; = 0,50+ p, = 450

= p, =-504/3, p, =400

Therefore, p= <—50«/§, 400>. The angle g

c. r'(t)

<sec2 t, —4t3>;

r'(t) = <Zsec2 ttant, —12t2>

28. v(t) = <e‘, _et, 2>

formed with the vertical satisfies a(t) = <et, et o> v(In2) = <2, _E, 2>
400 2
cosf = ; B~ 12.22° Thus,
IIDIIIIJII V167,500 a(In2) = <2, 1 o>
the heading is N12.22°W. The air speed is 2
|p| = /167,500 ~ 409.27 mi/h. c(inz)_lvin2)xain2)]_[(-1 4 2)
v(in2)P ( NS )3
26. r(t)= <e2t et >; r'(t) = <2e2t - e‘t> 4
8 gl 2 _ 87
a. lim <e2t , e‘t> = <Iim et lim e‘t> =(1,1) 333/2 35937 /11979
t—0 t—0 t—0 ~
~0.1934
b. M r'(0) = <2, _1>
h»O
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29. v(t) :<1, 2, 3t2>;a(t) ~(0, 2, 6t) 33. Circular parflboloid

L

v =(1 2 3)
V- Vi
a(1) =(0, 2, 6)
v-a 0+4+18 22 - y
af =——=———=——~5.880; — .
M e Ve
_[vxa] _[(6. -6, 2)
v V14
X
_2A19 a5
V14 34. Plane

30. Circular cylinder

ZA

35.

31. Sphere

36. Hyperboloid of one sheet

i |

Py |
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c. 2x —(x2 + y2 + 22) =1
2,02 sin? ¢5cos2 9—p2 =1

2. v

25in? ¢0052 0-1

d. x°+ y2 =7z
p2 sin? ¢0052 0+ p2 sin? ¢5sin2 6= pcosg
p2 sin? ¢(0052 6 +sin? 0) = pcosg;
psin? ¢ = cos¢; p=cot gcsc ¢

(Note that when we divided through by p in part

c and d we did not lose the pole since it is also a
solution of the resulting equations.)

set.

42. Cartesian coordinates are (2\/5 242, 4\/5) and
(\/5, 6, —2\/5) . Distance

b. (x*+y?)+3y? =16 1/2

i 2 2
16 2+(2v2-6)" +(43+242) } ~ 9.8650.
r2+3rzsin26'=16, r2 =—— -
1+3sin”0 43. (2,0, 0) is a point of the first plane. The distance
) between the planes is
c. r°=9z 22)-30)+v30)-9 s -
d. r?+4z°=10 V4+9+3 N
20, a W+y2+72=9 44. (2,-4,1) and (3,2,-5) are normal to the
respective planes. The acute angle between the
2.2 _ two planes is the same as the acute angle &
b. x*+z2°=4
between the normal vectors.
- 6-8-5
c. r2(c0329—5|n20)+22:1; COSQZQZL’
V21438 /798
x2 - y2 +22 =1
S0 8 ~ 1.3204 rad ~ 75.65°
2_ 4 _
Aloa pi=dp=2 45. If speed =% =c, aconstant, then
b. x>+y2+z°-222=0; d2s ds 2 ) d%s
) 9 o ) 9 a=—p (—j kN =cxN 5|nce—2=0.
p°—2p°cos” p=0; p°(1-2cos”¢)=0; dt dt dt
) ) 1 - T is in the direction of v, while N is
1-2cos” ¢=0; cos” ¢ = > ¢ = i perpendicular to T and hence to v also. Thus,

3 a=c’kN is perpendicular to v.
p="

Any of the following (as well as others)
would be acceptable:

740 Section 11.10 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



Review and Preview

1. x2+y2+22=64
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3. z=x2+4y2

4,
5. a. i2x3=6x2 6. a. isin2x=20052x
dx dx
d_3 2 d .
b. —5x° =15x b. —sinl7t =17 cosl17t
dx dt
C. ikx3=3kx2 C. isinatzacosat
dx dt
d. 9o 3a¢ d. Lsinbt = bcosbt
dx dt
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, 3 2
7 a disin 94 — 20824 14. f'(x)=4x>-54x" +226x - 288
a =2(2x-9)(x2 -9x+16)
d .
— = +
b. i sinl7a=17cosl7a £'(x)=0 when x :% or X — g_g/ﬁ (using
the quadratic formula).
c isinta=tcosta 9-17
" da In[2,6], f'(x) =0 when x = ,* 2.438
9 y .
d Y cinsa scossa orx=_=45.1"() =12x? ~108x+ 226. Since
f"(2.438) > 0, a local minimum occurs at
d _
8. a. aeml = 4e* _9 ;/1_7 Since f "(4.5) <0, a local
d maximum occurs at x = 4.5.
b. _e—7x+4 _ _7e—7x+4 _
dx f(2=f(®)=0,f 9 ;/1_7 =-4, and
c ieaXer _ qe®b f (4.5) =14.0625. Thus, the minimum value
" odx of f on[2,6]is —4 and the maximum value of
f on[2,6] is 14.0625.
d. ietx+s :tetx+s
dx 15. S =2zr%+2zrh
1 Since the volume is to be 8 cubic feet, we have
9. f(x)=— is both continuous and V=8
X -1 2
differentiable at x = 2 since rational functions zr*h=8
are continuous and differentiable at every real h— 8
number in their domain. rl
] ) ) Substituting for h in our surface area equation
10. f(x)=tanx is not continuous at x = /2 since gives us
f (z/2) is undefined. S—omr?s 27”( 82 j o2, 16
- - - 7Z-r r
11. f(x)=|x—4| is continuous at x =4 since Thus, we can write S as a function of r:
lim [x—4| = f(4) =0. fis not differentiable at 2,16
X_>4| |=1(4) S(r)=2zr +T
Xx=4.
_ 16. The area of two of the sides of the box will be
12. As x approaches 0 from the right, 1/ x approaches 1-h. Two other sides will have area w-h. The
+0,50 sin(1/x) oscillates between —1 and 1 area of the base is |-w. Thus, the total cost, C,
and lim f(x) does not exist. Since the limit at of the box will be C = 2Ih +2wh + 3lw, where C
x—0 o _ . . 27 54 54
x =0 does not exist, f is not continuous at x=0. is in dollars. Since h = m C= —+T+3lw.
Consequently, f is not differentiable at x=0. w w
13. f'(x)= 3—3(x—1)2; f'(x)=0when x=0,2;

f"(x) =-6(x-1); Since f"(2)=-6,a local
maximum occurs at x =2. Since f(0)=-1,
f(2)=5,and f(4)=-15, the maximum value

of f on [0, 4] is 5 while the minimum value is
-15.
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