Derivatives for Functions of
CHAPTER Two or More Variables

12.1 Concepts Review 4. a 6
1. real-valued function of two real variables b. 12
2. level curve; contour map c. 2
3. concentric circles d. (3cos6)’? +1.44~3.1372

4. parallel lines
5. F(tcost, sec? t)= t% cos” tsec’ t = t2, cos t=0

Problem Set 12.1 6. F(f(t). g(t)=F(nt?, et?)

1. a 5 =exp(Int?)+(€"'?)? =t +el,t 20
b. 0 .
7. z=6is aplane.
c. 6 z
d. a®+a’
e. 2x%, x#0
f.  Undefined
The natural domain is the set of all (X, y) such
that y is nonnegative.
2. a. 4
17
17
c. —
16

d. 1+a2,a¢0

e. X+ X, X=0
f.  Undefined *
The natural domain is the set of all (X, y) such 9. x+2y+z=6isaplane.

that X is nonzero.

3. a. sin(27)=0

b. 4sin(£j =2
6

c. 16sin[£]=16
2

d. =’ sin(n?) ~ —4.2469
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10. z=6-xisa parabolic cylinder.

12 Z40Y L2 1 750 is a hemi-ellipsoid.
416 16
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15. z=exp[-(x> + V)]

5

(15

y

19. x2:zy,y¢0;x2:ky,y¢0

)

7
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2
21, 7 =§—+12,k =1,2,4
X +Yy

k=1: y2 =lor y==I1;
two parallel lines
k=2: 2x% +2y% =x* +1

2 2
X—+y—= 1; ellipse
2
k=4: 4x% +4y? =x* +1
2 2
XT+yT=1; ellipse
3 4

b=
hf—
thl—

=
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24,

25.

26.

217.

28.

29.

16

(=27 +(y+3° ==%

-12

a. San Francisco and St. Louis had a
temperature between 70 and 80 degrees
Fahrenheit.

b.  Drive northwest to get to cooler
temperatures, and drive southeast to get
warmer temperatures.

c.  Since the level curve for 70 runs southwest
to northeast, you could drive southwest or
northeast and stay at about the same
temperature.

a. The lowest barometric pressure, 1000
millibars and under, occurred in the region
of the Great Lakes, specifically near
Wisconsin. The highest barometric
pressure, 1025 millibars and over, occurred
on the east coast, from Massachusetts to
South Carolina.

b.  Driving northwest would take you to lower
barometric pressure, and driving southeast
would take you to higher barometric
pressure.

c.  Since near St. Louis the level curves run
southwest to northeast, you could drive
southwest or northeast and stay at about the
same barometric pressure.

X% + y2 +22>16 ; the set of all points on and

outside the sphere of radius 4 that is centered at
the origin

The set of all points inside (the part containing
the z-axis) and on the hyperboloid of one sheet;

Xy oz

9 9 9

X2 y2 2

—+-—+—<1; points inside and on the
9 16 1

ellipsoid
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30. Points inside (the part containing the z-axis) or on

X2 y2 )
the hyperboloid of one sheet, — +-——-—=1,
9 9 16

excluding points on the coordinate planes

31. Since the argument to the natural logarithm
function must be positive, we must have
x> +y2 +22 > 0. This is true for all (x,y,2)

except (X,Y,2)=(0,0,0). The domain consists
all points in R3 except the origin.

32. Since the argument to the natural logarithm
function must be positive, we must have xy >0 .

This occurs when the ordered pair (X, y) is in the

first quadrant or the third quadrant of the
Xy-plane. There is no restriction on z. Thus, the

domain consists of all points (X, Y,z) such that

and y are both positive or both negative.

33, X2+ y2 +22 = k, k> 0; set of all spheres
centered at the origin

34. 100X +16y> +252% =k, k> 0;

X2 y2 2
tte T =1; set of all ellipsoids centered
100 16 25

at origin such that their axes have ratio

o

2 y Z2
35. Tt T = k; the elliptic cone
6 4
2 y2 Z2
—+-—=— and all hyperboloids (one and two
9 9 16

sheets) with z-axis for axis such that a:b:c is

Do

2 2 2
36. Xy .z k ; the elliptical cone
T 1
9 4
y2 Z2 X2
53 = e and all hyperboloids (one and two
sheets) with x-axis for axis such that a:b:c is

1) 1 or2:3:6
2

Instructor's Resource Manual

NS}

X
Tk
4

37. 4x>-9y? =k, kinR; =———2 =1, ifk #0;

<
\o\x| o

planes y = i% (for k = 0) and all hyperbolic
cylinders parallel to the z-axis such that the ratio
a:bis (%j : [%) or 3:2 (where a is associated
with the x-term)

2,.2..2
38. XYV Kk k>0

x2+y2+22:1nk

concentric circles centered at the origin.

39. a.  All (w,x,y,z) except (0,0,0,0), which

would cause division by 0.

b.  All (X,Xp,...,X,) in n-space.

C. Al (X, X,mu0s Xy

X12+x% +---+Xr2] <1; other values of

) that satisfy

(X1, Xg,-.., Xy ) would lead to the square

root of a negative number.

40. 1fz=0,thenx=0or X =+/3y.

41. a. AC is the least steep path and BC is the most
steep path between A and C since the level
curves are farthest apart along AC and
closest together along BC.

b. |AC| ~/(5750) +(3000)* ~ 6490 ft

|BC| > /(580)% +(3000)* ~ 3060 ft

C
1
1
3,000
1

|
* B
5,750 580

Ae

42. Completing the squares on X and y yields the
equivalent equation

f(X,y)+25.25=(x-0.5)> +3(y+2)?, an
elliptic paraboloid.
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43. 2x—y?)exp(-x> —y?)

(™

=

o

[y

‘ | )

2

2 -2 -1

T\
~@

@)

2

[y

“ 1 P o sin Xsin y
JAIIN PN
%3 _..,;‘.".3?3‘0;0;;‘:}}3‘-\._, I+ X7 +y~)
"\‘:\:‘:;'-_.;:Jliii#«_oy‘e\‘\\\\;;;g.:,;.: P -
SOTHRNT, 7 \\l f/ <
-7 I ‘ W -1 .'(
G QD
DS e
S —
22 (0] — —
———\
=\~
sin(x? +y?) 1 //) '|H| (\\
X2 +y? - /*"l\\\J/
=2 \ _ /I |[ I\ — /
-2 -1 0 1 2
12.2 Concepts Review
1. tPm [(f (g +h, yoh)i F (0, ¥0)] ; partial
—0
derivative of f with respect to X
2. 5;1
o f
45, JYOx
4, 0
Problem Set 12.2
Lo f(x y)=82x-y); fy(x, y) =—4(2x-y)’
2. fy(x, y)=6(4x—y)"%;
fy(x, y)=-3y(4x—y»)"?
748 Section 12.2 Instructor's Resource Manual
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(D00 —y*)(y) X2 +y? 14, fy(s,0)=-2set 5 £ (s, 1) = 2t S

3. fy(x, y)=
" (xy)* 2y
oY) = (xy)(—2y)—(x2 _ yZ)(x) 15, Fx(X, y)=2cosXxcosy; Fy(X, y) =-2sinXsiny
A 2
(xy)
o +v) 16. f.(r, 8) =9r2 cos26; fy(r, 6) = —6r° sin 26
-T2
Xy 17 f(x, y) =4xy> —3x2y°;

w2 2.4
4. fy(x,y)=e*cosy; fy(x, y)=—siny fry (% y) =12xy" ~15x7y

fy(x.y) = 6xy* —5x°y*;

5. f,(x, y)=eYcosx; f,(x, y)=eYsinx (% ) = 123y — 152y
6. fy(x.y)= [—%)(3% +y3) (6% 18, f(x, y)=50¢ +y)*(3x2);
= 2x(3x2 +yH) 3, fy (X ) =60 (¢ +y*)’ 2y)
£y (x, y)=[l)(3x2+y2)4”3(2y) =120x2y( + y2)?
’ fy (% ¥) = 50¢ + 2y 2y);
- (%ze wy) (X, ¥) =40y0C + Y2 (310

=120x> y(x3 + yz)3
7. 6 y) =x( -y
(% y) = y(x? —y2y 12 19, f,(x, y)=6e>*cosy; fry (X, ¥) = —6e**siny
fy(x, y)= —3e*Xsiny; fux (X, Y) = —6e>%siny
8. fy(u,v)=ve"; f,(u,v)=ue"
20, fu(x y)=y(a+x*y*)

9. gx(x V) =-ye gy (x, y)=-xe foy (% V) = (1= x2y2)(1+x2y?) 2
xy A =
10. fg(s, t)=2s(s> ~t3) fe6 y) = x(1+x7y?) 7
(s, t) = —2t(s? —t2)! fy (X ¥) = (1= X2 y?)(1+x7y*) 72
11 f (X, y) =41+ (@x-7y)*T; 21, Fy (% y)= (xy)(2)f(2>2<fy)(y) _ 2yz2 _Lz;
fy(x y) =70 +(@x-7y)°T" ) X
F 3, -1
12. Fy(w Z)—W; 1 +sin”! w ’
LW 2z z OYED-@x-y)(x) _-2x* 2
1—(%) Fy(X, y)= 3 =53 :*_2;
(xy) X7y X
w 1
=L _ tsin! (—j FyG3-2)=—
1 (w 2 2
V- (Y)
w2 22. Fy(x y) = 2x+ )¢ +xy+y?)
F _(W Z)_W; _ﬂ —_(—7) 2
z=W2)= 2 Y Fe(-1,4) ==~ 0.1538
w _(w
17( z ) 1 ( z ) ) 2]
Fy(X, y) =(X+2y)(X" +Xy+y7)
18, fe(x y)=-2xysin(x +y?); Fy (1, 4)= = 05385
f (% ¥) = -2y sin( + y2) +cos(x® + y?) 13
Instructor's Resource Manual Section 12.2 749
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23.

24.

25.

26.

27.

28.

29.

30.
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f (% y) =y (¢ +yHh
4
f(V5.-2)= ~ o7~ 0.1905

fy(x, y)=2xy(x +yH s

fy(v5.-2) = % ~-0.4259

f (X, y)=e” sinh x;
f, (-1, 1) = esinh(~1) ~ ~3.1945
fy(x, y)= e¥ cosh x;
f, (-1, 1) = ecosh(-1) ~ 4.1945

2 2
X"y

Let 2= f(X, y)=—+2—.
e (X, y) o "2

fy(x, )=
The slope is fy(3,2)=1.

Let z=f(x, y)=(1/3)(36-9x> —4y*)'2.

4 _
fy (X, y)=(—§j y(36-9x2 —y*)!/2

The slope is fy (1, —2) = ~ 0.8040.

kN/T

z=1(xy) :Gj@xz +9y2 —36)1/2

9x
209%% +9y% —36)/2
f (2, 1)=3

fX (Xv y) =

z=f(x, y):(%)(mxz)”z.

(X, y){—%)x(m—xz)”

F (2, 3) = ———~—0.7217

43

V(r, h) =2mrh;
V,(6,10) = 1207 ~ 376.99 in.2

Ty(X, y) = 3y2; Ty(3,2) =12 degrees per ft

Section 12.2

31

32.

33.

34.

35.

36.

37.

KT
PV, T)=Tr

>

k
pr(V,T)=\7

Rr (100, 300) = % Ib/in.2 per degree

VIR, (V, T)]+T[R (V, T)]
=V(-kTV2)+T(kv =0

kT k\(V kT PV
ViTp =| = [ S =2 o TV
e [ VZJ(PJ(J PV PV

fo(X y)=3x2y =y f (X, y) = 6xy;
fy (6 y) =X =3xy%; fiy (X, y)=—6xy
Therefore, fyy (X, y)+ fyy (X, y)=0.

fe(X, ) =2x(x +y*) s

f (X, Y) =20 =y +y?) !
fy(x, y) =2y +y*) 7

fyy (X, ) =20 =y +y*) ™!

Fy(x, y) = 15x4y4 —6x2y2;
Fyy (X, y) = 60x4y3 —12x2y;
Fyyy (%, ) =180x*y? —12x°

fy (X, ¥) = [-sin(2x* - y?)](4x)

= —4xsin(2x> — y?)

Fux (%, ¥) = (~4x)[cos(2x” — y*)](4%)
+[sin(2x% — y2)](—4)

Fry (%, Y) = ~16X°[-sin(2x* — y*)](-2y)
—4[cos(2x” — y?)](-2y)

=-32x%ysin(2x* — y?)+8ycos(2x> — y?)

. Ak
. —5y3
3
b, ayz
JYOx
4
C. ﬂ3y
oY Ox

Instructor's Resource Manual



38.

39.

40.

41.

42.

43.

44,

a. fyyy

b, fyyxx

C. fyyxxx

a.  fu(X,y,z)=6xy—yz

b. fy(xy, z)=3x2 —xz+2y22;
fy(0,1,2)=8

C. Usingtheresultina, fy (X, Yy, z)=6x-z
a. 12x2(x3 + y2 + z)3

b. fy(xy,2)= 8y +y? +2)%;
fy(0,1,1) =64

c. f,(x,y,2)= 4(x3 + y2 + 2)3;

f2(X Y, 2)=12(x* +y* +2)°

fy (X, y,X) = —yze Y2 —y(xy —2°)"!

-1/2
weno )2

-1/2
e )

If £(x, y)=x*+xy> +12, f,(x, y) =3xy?;
fy (1, —2) =12. Therefore, along the tangent line
Ay =1=> Az =12, so (0,1,12) is a tangent
vector (since Ax = 0). Then parametric equations
x=1
of the tangent line are { y = -2+t ;. Then the
Z=5+12t

point of xy-plane at which the bee hits is
(1,0,29) [since y=0=t=2=>x=1,2=29].

The largest rectangle that can be contained in the
circle is a square of diameter length 20. The edge

of such a square has length 10x/§, So its area is
200. Therefore, the domain of A is

{(x, y):0< X2+ y2 <400}, and the range is
(0, 200].

Instructor's Resource Manual

45. Domain: (Case X <Y)

The lengths of the sides are then X, y — X, and

1 —y. The sum of the lengths of any two sides
must be greater than the length of the remaining
side, leading to three inequalities:

x+(y—x)>1—y:y>%
(=0 (1-y)>x = x<

x+(1—y)>y—x:y<x+%

~
I —— Y

——————
~

The case for y < X yields similar inequalities
(x and y interchanged). The graph of Dp, the

domain of A is given above. In set notation it is

1 1 1
Da = X, X< =, —, V< X+—=
A {( y) <2 y>2 y 2}

u{(x y)~x>l y<l x<y+l}
T 2)

Range: The area is greater than zero but can be
arbitrarily close to zero since one side can be
arbitrarily small and the other two sides are
bounded above. It seems that the area would be
largest when the triangle is equilateral. An

equilateral triangle with sides equal to % has

area ﬁ Hence the range of A is (O, ﬁ} (In

36 36
Sections 8 and 9 of this chapter methods will be
presented which will make it easy to prove that
the largest value of A will occur when the triangle
is equilateral.)

. a u=cos (X) cos (ct):

Uy =—sin(X)cos(ct) ; Uy = —Ccos(X)sin(ct)
Uyy = —cos(X)cos(Ct)

U = —c? cos(X) cos(Ct)

Therefore, CzuXX = Ug.

u=e” cosh(ct):

u, = e* cosh(ct), u; = ce* sinh(ct)

Uy = e cosh(ct), uy = c?e* cosh(ct)

Therefore, CZUXX = Ug.
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b. u=eLsin(x): 48. a. sin(x+Yy?)
Uy = e % cosx
Uyy = —e %sinx
U = —ce® sinx
Therefore, CUyy = U;.

2
—1/2e—x /4ct .

u=t
2 X
—1/2 ,—x*/4ct
u, =t7"'“e -
X ( 2ctj b.
(x* —2ct) e
U =——— > N / SRR T
XX (452 ex2 Jacty \{\‘&‘:@,‘i{:ii;‘;;::‘:;‘%‘:"“:“\‘ 5
QNSRRI g-9°
( X2 ) Ct) 2 !IY"’“"’?"I};“““Q“
o S
(4ct5/2ex2/4ct) ¥ .0« 7
Therefore, CUyy = U;. 22
47. a. Moving parallel to the y-axis from the point C.

(1, 1) to the nearest level curve and

. Az .
approximating A_y’ we obtain

4-5
fo(l, 1) = -4
y(d D 1.25-1

b. Moving parallel to the X-axis from the point
(-4, 2) to the nearest level curve and

... Az . d.
approximating —, we obtain
AX
42a 102
-25-(4) 3
C. Moving parallel to the x-axis from the point
(=5, -2) to the nearest level curve and
. Az .
approximately —, we obtain
AX
fy (4, _5)zi:g. 49. a. fy(X,y,Z)
25-09) 5 e FOGYHAY. D - F(XY,2)
Ay—0 A
d. Moving parallel to the y-axis from the point = y
(0, -2) to the nearest level curve and
Az b. f,(xy,2)
approximating A_y we obtain i f(X,Y,2+A2)— (X, Y,2)
Az—0 Az
fy (0, 2) z_lgo;l = g
— —(2) c.  Gy(w,xy,z)
~ fim CW.X+AXY,2)-G(W,X,Y,2)
AX—0 AX
752 Section 12.2 Instructor’'s Resource Manual
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d. i&(x, y,Z,t)
oz

— lim A Y, 2+ AZ,1) - A(X,Y,2,t)
Az—0 Az

e, —2S(by,by.by,.. b)) =

ob,
S(by,by,by +Ab,,...,b,)
= lim —-S(by,by,0,,...,00)
Aby -0 Ab2

50. a. i(sinw sinX cos y cos z)
ow

=CosW sin X cos Y cosz

0 wyz
b. &[xln(wxyz)] =X- e

+1-In(wxyz)
=1+In(wxyz)

c. A(XV,z,1)
(1+xyzt)cos x—t(cos X) xyz
(1+xyzt)2
Ccos X

(1+ xyzt)2

12.3 Concepts Review
1. 3; (X, y) approaches (1, 2).

fox, y)=1(1,2)

2. lim
(%, y)—>(1, 2)

3. contained in S

4. an interior point of S; boundary points

Problem Set 12.3
1. -18

2. 3

3. lim [X cos’ Xy —sin [ﬁﬂ
(X, ¥)=>(2, m) 3

=2cos> 2n—sin(2?“j =2—§z 1.1340

Instructor's Resource Manual

10.

11.

12.

13.

14.

The limit does not exist because of Theorem A.
The function is a rational function, but the limit
of the denominator is 0, while the limit of the
numerator is -1.

2 2
lim tan(zx +2y )
(X, ¥)=(0,0) (x“+y°)
: 2 2
P = SR
(X, Y)=>(0.0) (x“+y“) cos(x”+Yy~)

=M1 =1

The limit does not exist since the function is not
defined anywhere along the line y = x. That is,
there is no neighborhood of the origin in which
the function is defined everywhere except
possibly at the origin.

< +yH(x* - y?)

lim
(x. ¥)=(0,0) x> +y?
= lim  (xX*-y?)=0
(X, Y)=(0. 0)

Changing to polar coordinates,

. Xy . _rcos@-rsinf
lim = lim
()00 Jy2 g2 10 r

=limrcos@-sinf =0
r—0

If (x,y) approaches (0, 0) along the line y = X,

2
lim ﬁ = lim —2 = 400
(%x)=(0,0) (x* +x7)*  (x.x)—(0,0) 4x
Thus, the limit does not exist.
Use polar coordinates.
7/3 7/3 7/3
X r cos@
> = ( > ) =r'3 (cosl9)7/3
X“+y r

713 L
r'?(cos@)”” —0 as r -0, so the limit is 0.

Changing to polar coordinates,
r? cos? 0—r%sin’ 0

lim r? cos@sin @- 3

r—0 r

= lim r2 cos @sin @cos 26 = 0
r—0
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

754

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.

r* cos? @sin’ 0
Y = 3
rccos“@+r-sin" @

2 cos® @sin” 0
=f 2, 2.4
cos“@+r-sin” @
If cos@ =0, then f(x,y)=0. If cosd =0,

hen this converges to 0 as r — 0. Thus the
limit is 0.

As (x,y) approaches (0,0) along x =y,

4
lim y =—. Along the x-axis,
(xx)—(0,0) y* 4 y* 2
however, lim i =0. Thus, the limit does
(x0)-(0,0)
not exist.

f (X, y) is continuous for all (X, y) since

for all (X, y), X2 +y? +1=0.

f(X,y) is continuous for all (X, y) since

for all (x,y), X2+ y2 +1>0.

Require 1-x% - y2 > 0; X% + y2 <1. Sis the
interior of the unit circle centered at the origin.

Require 1+ x+y >0;y >—x—1. S is the set
of all (X, y) above the liney = —x—1.

Require y— x% % 0. S is the entire plane except

the parabola y = x2.

The only points at which f might be
discontinuous occur when xy = 0.

lim sin(Xxy)
(X, y)—>(a,0) Xy
ain R, and then
fim SO 4 0 by forallbin R.
(X, y)—(0,b) Xy
Therefore, f is continuous on the entire plane.

=1= f(a, 0) for all nonzero

Requirex—y+1 > 0;y < x+ 1. Sis the region
below and on the liney =x + 1.

Require 4 — X% — y2 > 0; %% + y2 <4. Sis the
interior of the circle of radius 2 centered at the
origin.

f(X,V,2) is continuous for all (x,Y,2) # (0, 0,0)

since for all (x,y,z)#(0,0,0), x2+y2+22>0.

Section 12.3

26.

217.

28.

29.

Require 4 — X2 — y2 —22> 0;
X2 + y2 +2% <4. Sis the space in the interior

of the sphere centered at the origin with radius 2.

The boundary consists of the points that form the
outer edge of the rectangle. The set is closed.

| | | |
2 4 £

The boundary consists of the points of the circle
shown. The set is open.

9
5

~
\

-T

The boundary consists of the circle and the
origin. The set is neither open (since, for
example, (1, 0) is not an interior point), nor

closed (since (0, 0) is not in the set).

Y
2=

D
AV T
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30. The boundary consists of the points on the line
X =1 along with the points on the line x = 4. The

set is neither closed nor open.
¥
51

I
—
|

I
Ln
Lh

=

31. The boundary consists of the graph of
y= sin(lj along with the part of the y-axis for
X

which y < 1. The set is open.

¥

32. The boundary is the set itself along with the
origin. The set is neither open (since none of its
points are interior points) nor closed (since the

origin is not in the set).
.“
I

X
2 2
33, XY _(KH2YX2Y) o ey 2y)
x—2y X-2y

If x=2y, x+2y=2x.Take g(X)=2x.

34. Let L and M be the latter two limits.
[f(X ¥)+9(x Y)]-[L+M]|

<[f(x y) - L+ (x, y)—M|s§+§

for (X, y) in some &-neighborhood of (a, b).
Therefore,

lim [f(x, y)+9(X, y)]=L+M.
(X, y)—(a, b)

Instructor's Resource Manual
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35.

36.

37.

38.

39.

Along the x-axis (y = 0): lim 0.

% 90,0 X2 +0

Along y =x:
2 1
lim —= im —=—.
(% ¥)=(0,0)2x= (%, ¥)=>(0,002 2
Hence, the limit does not exist because for some
points near the origin f(X, y) is getting closer to 0,

. . 1
but for others it is getting closer to 3

Alongy=0: lim
Xx=>0 x40

x2+x3 I+x 1

lim = lim —=—.
x>0x2 £ x> x>0 2 2

=0. Alongy =x:

. x? (mx) . mx>
X=>0 X" +(mx)”  x=>0x" +m“x
. mx
= lim =0
x>0 x% 4 m?
IR o R S
b. lim———=Ilm—=lim—=—
x—0 x4 +()(2)2 x—>02x% x>02 2
2
X .
C. 1 y does not exist.
(X ¥)—=(0,0) X" +y
f is discontinuous at each overhang. More

interesting, f is discontinuous along the
Continental Divide.

a. {(xy,2):x*+y*=1,zin[l, 2]} [For
X2+ y2 <1, the particle hits the hemisphere
and then slides to the origin (or bounds
toward the origin); for X%+ y2 =1, it
bounces up; for X%+ y2 > 1, it falls straight
down.]

b. {(x,v,2): X% + y2 =1,z2=1} (As one moves
at a level of z =1 from the rim of the bowl
toward any position away from the bowl
there is a change from seeing all of the
interior of the bowl to seeing none of it.)

c. {(%Y,2):z=1}[f(X,y, z) is undefined
(infinite) at (X, Y, 1).]

d. ¢ (Small changes in points of the domain
result in small changes in the shortest path
from the points to the origin.)
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40. fis continuous on an open set D and B, is in D implies that there is neighborhood of By with radius r on which f

is continuous. f is continuous at By = lim f(P)= f(Py). Now let &= f(P,) which is positive. Then there is a §
P—Py

such that 0 < < r and | f(p)-f( P0)| < f(Ry) if P is in the oneighborhood of R,. Therefore,
—f(Ry) < f(p)— f(Ry) < f(Py), so0<f(p) (using the left-hand inequality) in that Sneighborhood of F,.

X +yHV2 41 ify =0

41 a. f(x, y)=
ooty {|x1| ify=0

}. Check discontinuities where y = 0.

Asy=0, (X2 + y2 )1/2 +1= |x| +1, so f is continuous if |X| +1= |X - 1|. Squaring each side and simplifying

yields |X| =—X, so fis continuous for x < 0. That is, f is discontinuous along the positive X-axis.

b. LetP=(u,v)and Q=(x,Y).
|OP| + |OQ| if P and Q are not on same ray from the origin and neither is the origin
f(uv,xy)= . .
|PQ| otherwise

This means that in the first case one travels from P to the origin and then to Q; in the second case one travels
directly from P to Q without passing through the origin, so f is discontinuous on the set

{(u, v, X, y):(u, v) =k(x, y) for some k > 0,(u, v) = 0,(x, y) = 0}.

hy(h?-y?) ~0 ,
2.2 _
42. a. (0, y)=lim| —*Y Cim YYDy
h—0 h h—0 h2 + y2
xh(xz—hz) _ 5 5
2.2 _
b fy(x, 0)= lim | =N ~pim YD
h—0 h h—0 X2 + y2
fy(0+h, y)— £, (0, _
C.  fy(0,0)= lim y( N-H0Y im =0
h—0 h h—0 h
d. fxy(O, 0) = lim fy (X, 0+h)— f (%, 0) _ limﬂzfl
h—0 h h—>0 h
Therefore, fyy, (0, 0) # fy (0, 0).
43 =
QAN
o Z
-1
22
44. a 45.
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46.

47.

48.

A function f of three variables is continuous at a
point (a, b,C) if f(a,b,c)is defined and equal to
the limit of f(X,Y,2)as (X, Y, z)approaches
(a,b,c). In other words,

lim f(x,y,2)=f(a,b,c).

(x,¥,2)—>(a,b,c)

A function of three variables is continuous on an
open set S if it is continuous at every point in the
interior of the set. The function is continuous at
a boundary point P of S if f(Q) approaches

f (P) as Q approaches P along any path through
points in S in the neighborhood of P.

If we approach the point (0,0,0) along a straight

path from the point (X,X,X), we have

X(X)(X) x>

lim —_ = lim ==

(X,%,X)—>(0,0,0) x4+ +x° (X,%,X)—(0,0,0) 3X

Since the limit does not equal to f(0,0,0), the
function is not continuous at the point (0,0,0).

3

If we approach the point (0,0,0) along the
x-axis, we get
2 a2 2
im0+, X
(%,0,0-(0,0,0) (x> +0%)  (x0.0-(0,0.0) x>
Since the limit does not equal f(0,0,0), the

function is not continuous at the point (0,0,0).

12.4 Concepts Review

1.
2.

4.

gradient

locally linear

of .oof . 5. .
—P)i+—(pP)} Yy i+2X
x ® 7y @1y Y]

tangent plane

Problem Set 12.4

1.

N

w

4.

o

<2xy+3y, x2 +3x>

<3x2 Y, x> —3y2>

VE(X, Y) :<(x)(eXy y)+ (™)), xexyx> =" <xy+1, x2>

<2xy cosy, x? (cosy—ysin y)>

X(X+ y)’2 <y(x+2), x2>

1
3

21

VE(X, y)= <3[sin2(xzy)][cos(xzy)](2xy), 3[sin? (x> y)][cos(X* y)](x2)> = 3xsin’ (x*y) cos(x*y) (2y, X)
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7. Gyt V2 (xy, 2)

8. <2xy+ 22, x? +2vyz, y2 +2xz>

9. VI(x,Y) =<(x2y)(ex’z)+(ex’z)(2xy), x2eX % x2 yex’z(—1)> = xe* % (y(X+2),X,— xy)
10. <xz(x+ y+ z)’1 +zIn(X+y+2), XZ(X+y+ z)’l, XZ(X+ Y+ z)’1 + XIn(X+ y+ z)>

11, Vi(x, y):<2xy—y2,x2—2xy>; Vi (-2, 3)=(-21, 16)

z=1(-2,3)+(-21,16)-(x+2, y—3) =30+ (-21x - 42+ 16y — 48)
z=-21x+ 16y - 60

12. VE(x, y):<3x2y+3y2, X +6xy>, so V (2, ~2) = (12, ~16).

Tangent plane:
7=1(2,-2)+V(2, -2)-(x=2, y+2) =8+(-12,-16)-(x—2, y+2) =8 + (-12x + 24 — 16y - 32)
z=-12x- 16y

13. Vf(x, y)= <frr sin(7tx) sin(7y), mcos(nX)cos(my) + 271 cos(2ny)>

vi (—1, %) =(0, —2m)

7= f(—l, %)+(o, —27t>~<x+l, y—%>:—1+(0—2ny+n);

1=2rxy+(x -1)
2X x>
4. Vi, y)=(—, - ;VEQ2, —1)=(-4,-4)
y oy
2=1(2, -+ (-4, -4)-(x=2, y+1)
=4+ (4x+8-4y-4)
72=-4x—-4y
15. VE(x, Y, z):<6x+22, 4y, 2xz>, so Vi(I, 2, ~1)=(7, -8, -2)
Tangent hyperplane:
w= (1,2, -D+VF(1, 2 -D(x-1,y-2,z+1) =—4+(7, -8, -2)-(x=1, y -2, z+1)
= 4+(Ix-7-8y+16-22-2)
W=7x—-8y—-2z+3
16. VE(X, Y, 2)=(yz+2x, xz, xy); Vf(2,0,-3)=(4,-6,0)
w=f(2,0,-3)+(4,-6,0)-(x-2,y, 2+3) =4+ (4x— 8 — 6y + 0)
w=4x-6y—4

17.

g

2 N 2 2

V(fj:@fx— fo, 0y~ 10y 0~ 19,) 9o fy f2)= F(96 9y 92)  gvr — fvg
g g g

18. V(fr)=<rf " rf T o Hfz> =t (fy, By 1) =TIV
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19.

20.

21.

Let F(X,y,2)= x2 —6x+2y2 —10y+2xy—-z=0
VF(X,Y,2) = (2x—-6+2y,4y—10+2x,-1)

The tangent plane will be horizontal if
VF(x,Y,2)=(0,0,k) , where k =0 . Therefore,
we have the following system of equations:
2x+2y-6=0

2X+4y-10=0

Solving this system yields x=1andy=2.
Thus, there is a horizontal tangent plane at

(xy)=(1.2).

Let F(X,y,2) = X —z=0
VE(X,Y,2) = <3x2,0,—1>

The tangent plane will be horizontal if
VF(X,y,2) = (O, 0, k) , where k #0 . Therefore,

we need only solve the equation 3x? =0. There
is a horizontal tangent plane at (X, y) = (0, y).

(Note: there are infinitely many points since y
can take on any value).

a. The point (2,1,9) projects to (2,1,0) on the Xy
plane. The equation of a plane containing this
point and parallel to the x-axis is given by

y =1. The tangent plane to the surface at the
point (2,1,9) is given by
z=f@2,)+Vf(2,D)-(x-2,y-1)
=9+(12,10)(x-2,y—1)
=12x+10y-25
The line of intersection of the two planes is
the tangent line to the surface, passing
through the point (2,1,9) , whose projection in
the Xy plane is parallel to the x-axis. This line
of intersection is parallel to the cross product
of the normal vectors for the planes. The

normal vectors are (12,10,—1) and (0,1,0) for

the tangent plane and vertical plane
respectively. The cross product is given by

(12,10,-1)x(0,1,0) = (1,0,12)

Thus, parametric equations for the desired
tangent line are X =2+t

y=1
2=9+12t

22.

respectively. Again we find the cross product
of the normal vectors:

(12,10,-1)x(1,0,0) = (0,10,10)

Thus, parametric equations for the desired
tangent line are X =2

y=1+10t
z=9+10t

. Using the equation for the tangent plane from

the first part, we now want the vertical plane
to be parallel to the line y = X, but still pass

through the projected point (2,1,0). The
vertical plane now has equation y—X+1=0.
The normal equations are given by
(12,10,—1) and (1,—1,0) for the tangent and

vertical planes respectively. Again we find
the cross product of the normal vectors:

(12,10,-1)x(1,-1,0) = (-1,-1,-22)
Thus, parametric equations for the desired
tangent line are X =2—t

y=1-t

z2=9-22t

. The point (3,2,72) on the surface is the point

(3,2,0) when projected into the Xy plane. The
equation of a plane containing this point and
parallel to the x-axis is given by y =2. The
tangent plane to the surface at the point
(3,2,72) is given by
z=1(3,2)+Vf(3,2)-(x-3,y-2)

=72+(48,108)(x-3,y-2)

=48x+108y —288

The line of intersection of the two planes is
the tangent line to the surface, passing
through the point (3,2,72), whose projection
in the Xy plane is parallel to the x-axis. This
line of intersection is parallel to the cross
product of the normal vectors for the planes.
The normal vectors are

(48,108, —1) and (0, 2, 0) for the tangent plane
and vertical plane respectively. The cross
product is given by

(48,108,—1)x(0,2,0) = (2,0,96)

Thus, parametric equations for the desired
tangent line are

b. Using the equation for the tangent plane from X=3+2t
the previous part, we now want the vertical y=2
lane to be parallel to the y-axis, but still pass
b ’ Z="72+96t

through the projected point (2,1,0). The
vertical plane now has equation X=2. The
normal equations are given by (1 2,10,—1) and

(1, 0, 0) for the tangent and vertical planes
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b. Using the equation for the tangent plane from c. Using the equation for the tangent plane from

the previous part, we now want the vertical the first part, we now want the vertical plane
plane to be parallel to the y-axis, but still pass to be parallel to the line X = -y, but still pass
through the projected point (3,2,72). The through the projected point (3,2,72). The
vertical plane now has equation X =3. The vertical plane now has equation y+Xx-5=0.

normal equations are given by
(48,108,—1) and (3,0, 0) for the tangent and

vertical planes respectively. Again we find
the cross product of the normal vectors:

The normal equations are given by
(48,108,—1) and (1,1,0) for the tangent and

vertical planes respectively. Again we find
the cross product of the normal vectors:
(48,108,-1)x(3,0,0) = (0,-3,-324) (48,108, 1) (1,1,0) = (1, ~1,-60)

Thus, parametric equations for the desired
tangent line are

Xx=3

Thus, parametric equations for the desired
tangent line are

X=3+t
y=2-3t y=2-t
7="72-324t 7 =72 60t

23, Vf(x, y)= 10[ ! My],lo{LMx] _Sg(/yz(y, X) {Notethat@zi}

24|xy| Xy 24|xy| Xy _|xy| 3]

Vi, -1)=(-5,5)
Tangent plane:
z=1f(1, -D+Vi1 -1 (x=1, y+1) ==10+(-5,5)-(x=1, y+1) = =10+ (-5x + 5+ 5y +5)

7=-5x+5y
24. Let a be any point of S and let b be any other 26. f(b)—f(a)= f (2’ 6> —f <(), ()> =0-2=-2
point of S. Then for some € on the line segment
between a and b: —X ) _
f(b)— f(a) = Vf(c)-(b—a)=0-(b—a)=0, so Vf(x’y)_< i ’0>’ b-a=(2.6)

f(b) = f(a) (for all b in S).
(b) =f@) (forall byin 5) The value ¢ = <CX,Cy>Will be the solution to
25. fa)—f(b)=f(2,1)- £(0,0)=4-9=-5

V(X y) = (-2%,-2y); b—a=(2,1) S

V4-c 2
The value ¢ = <CX,Cy > will be a solution to X

5= <—2CX,—ZCy><2,l> 2= —% =c =2

,0 )(2,6)

C e {<CX,Cy> t4cy +2¢y = 5} Since ¢ must be between a and b, ¢ must lie on
In order for ¢ to be between a and b, ¢ must lie the line y = 3x. Since ¢y = \5, Cy = 32,
on the line y = %x . Consequently, ¢ will be the Thus, ¢ = < V2.342 >
solution to the following system of equations:
4c, +2cy =5 and ¢y =1c,. The solution is 27. Vi(p)=Vg(p)= V[f(p)-g(P)]=0
c— <1’%> ' = f(p)—g(p) is a constant.
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28. Vi(p)=p=VE(x y)=(x,y) 31. a. (i)
6(1‘+g)i+6(f+g)j+6(f+g)k

jf(xay)zxaf(xay):y V[f + =

X 1 y [f+0] x & P

= f(x, y)=5X2+a(y) for any function of'y, _ﬂi+8_gi+§j+8_gj+§k+8_gk
1 oXx ox oy oy oz oz
and f(X, y):5y2+ﬁ(x) for any function of X. —ﬁi+ij+ik+a—gi+a—gj+a—gk
1 5 . ox oy oz ox oy~ oz
= f(x, y):z(x +y“)+C foranyCin R. —Vf +Vg
29.

; Z N (ii) V[af]:a[g‘xf]na[gyf] j+a[ng]k

| ST

RS ot At df]

2 ’;03&'0;00 -2 =a i+a jt+ta k

000 ox oy 2
Y * =aVf
22 e
(iii)
—x
ol Vg1 = 2U9);, 2f0) ; af)
ox oy oz

\\\\Hx‘///

AN P :(fa—g+giji+ 199, g
NNARETE L sy ox o oy oy

\ Y AA®s,, I ’

N +fa—g+gﬂk
EERENRSNED 2t %
/VPIAAREER

1 ¢ vme~>D> 9. og. og
A A4 ¢ v~~~ XN :f[&HEJﬁLEkJ
//l & varw % X \\

+g —I+—j+a—k
a. The gradient points in the direction of oy z

greatest increase of the function. = fvg+gVf
b. No. Ifit were, [0+ h|—|0] = 0+|h|5(h) where b. ()

8(h) = 0 as h — 0, which is possible. Vif+g= 20 +9); o0 +9),

6X1 aXZ
30.
+...+Min
%n
of ag of
=—|1+ |1+ |2+—|2
8X1 8X1 6X2 8X2
o . a9 .
ot —in +—Iip
OXn OXn
sin(x) + sin(y) — sin(x + y) LI .Y
00Xy O0Xy OXn
.‘.Afff:;;;tll a
:::,:.\‘\ff//::- +_g|1+_gi2+ +_g|n
[ N e al ax2 6n
B =Vf +Vg
NN S T T
TN T
TN T
”””” LSS T
YIS
:,;/fff\\:::'v
[SEPEPETEE N B B B S OGN
R PO T N A B T ST
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(i) 4. Dyf(x y)
a[af]i +a[af]i N +a[af]i

Vlaf]= 1
Lt ox L oxg C Xy " =(2><—3y,—3X+4y)~{(£](2,—1)};
_df1, . afl. . alfl.
T VT, 2T D, f (-1 2)——%~—120748
=aVf
. 1
(iii) 5. Dyf(x, y)=e*(siny,cos y)HEj@ \/§>}
o(fg) . . o(f9). o(fg) .
vifg]= 29 + 895 4 A,
™ 6x2 % " D f(o Ej:wz;ﬁ)zo%sg
g og _ of ). s 4
= —+g— i+ f—+9— i,
8X1 6X1 aXZ 6X2 < \/_>
-1,+/3
4o +[fa—g+g a ]'n 6. D, f(x, Y):<—ye_xy—xe‘xy>- -
OXn OXn < \/_>
LV3) _e-e3
:f(a_gIl+ o .2+._.+6_9inJ Duf(l -1 =(e ~e)——F=——
8x1 8x2 6Xn ~ 37132
+g i| +i| +...+ii |
o oKy 0%y 7. Dyf(xy 2)=
=fVvg+gVvf =<3x2y, X3—2y22, _2y22>,|:(%)<1, —2, 2>:|;
D, f(-2,1 3) =22
12.5 Concepts Review
UCHORT 8. D, f(x, v, 2)=(2x, 2y, a){@(ﬁ, ) -1>};

D, f( -1 2) =2 -1~0.4142
2. Ulfx(X, y)+u2 fy(X: Y)

9. fincreases most rapidly in the direction of the

3. greatest increase gradient. VF (x, y) = <3X2, _5y4>;

(12, -5) . . . I
Problem Set 12.5 T is the unit vector in that direction. The
rate of change of f(x, y) in that direction at that
1. D, f(x, y):<2Xy, > <§ _f> D, f(L2)= point is the magnitude of the gradient.
5 5 (12, -5)|=13
xty? 1 . .
2. Dyf(x,y)= , 2yInx)- N 1,-1 10. Vf(x, y):<ey Cos X, eysmx>;
Dy f (1, 4) =82 ~11.3137 Vf( 5 Oj < \/2_ ;> which is a unit vector.

a The rate of change in that direction is 1.
3. Dyf(x, y)=1f(x,y)u Whereu:H

1 -1
=(4x+y, x=2y)- { >
Dy 13 -2)=(10,7)- 2203 o101
2 2
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11, VIi(x, vy, z):<2xyz, x°z, x2y>; 16. At(2, 1), x2 +4y? =8 is the level curve.
f(1, -1,2) =(-4, 2, -1) VI (x y) =(2x 8y)
A unit vector in that direction is Vi (2,1) =4(1, 2), which is perpendicular to the
1 . level curve at (2, 1).
— |(-4, 2, -1). The rate of change in that v
V21 8 (4, 8)
direction is v/21 ~ 4.5826. C
12. fincreases most rapidly in the direction of the -
gradient. Vf(x,y, z) :<eyz, xze¥?, xyeyz>; -
Vi(2,0,-4)=(1 -8,0) -+ “Q_) L1~
1,-8,0) . . . L. 2F
<—> is a unit vector in that direction. ?
65
. 2 21
|(1, -8, 0)| = /65 ~8.0623 is the rate of change 17 u={2. -2 3
of f(x, y, z) in that direction at that point. 2 21
Dy f(x, v, 2)=(y, X, 22)~<—, -2, —>
13, —VE(x, y)=2(x, y); -Vf(1 2)=2(-1 2) is 3 33
the direction of most rapid decrease. A unit D,f(L LY :%
vector in that direction is u =(%)(—L 2).
18. (O, g) is on the y-axis, so the unit vector toward
14. -VE(X, y) =(-3c0s(3x - y), cos(3x - Y)); the origin is —j.
T T 1 . L X RV
-Vf|=,=|=| == [(-3, 1) is the direction of D, (x, y)=(-e%cosy, —e *siny)-(0, -1
(6 4) (ﬁ j< ) ’ < A
most rapid decrease. A unit vector in that =e *siny;
T 1 T \/g
direction is | — |(-3,1). D |0 = |=X2
(e [03)-
19. a. Hottestifd inator i llest; i.e., at th
15. The level curves are —- = k. Forp=(1, 2), 2 ouestIT denominator 1S smatlest, 1.€., at the
X2 origin.
= is ¥ - -200(2x, 2y, 2z
k =2, so the level curve through (1, 2) is 2 =2 b, VT(xy. 2)= (  2Y, ) ;
5+ X2+ y2 + 22)2
2
or y=2x° (x # 0). o5
V1@ -1,)=|-—— ({1, -11
vf (Xx y) — <—2yX_3, X—2> ( ) [ 4 j( >
Vi (L 2) =(-4,1), which is perpendicular to the (-1.1,-1) is one vector in the direction of
parabola at (1, 2). greatest increase.
8 ' c. Yes
20. -VV (X, Y, 2)

I I I
-5

2.,2,,2
=-100e™" Y42 (2x, — 2y, - 2z)

2,.2,.2
= 200e X" *Y"+2 )(x, y, z) is the direction of

greatest decrease at (X, y, z), and it points away
from the origin.
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21.

22.

23.

Vi(x,Y,2)

= x(x2+y2+z ) 2cos\/x +y?+22
y(x2+y2+z ) 2cos\/x +y?+ 22

1

z(x2 +y2 22)_E cosyx? +y? + 22
1
= {(x2 +y2 22)_E cos/x% +y? + 22 J(x y,z)

which either points towards or away from the
origin.

Let D= \/x2 + y2 +22 be the distance. Then we

have

VT:<E’£,6T> <dT oD dT oD dT aD>
ox' oy oz/ \dD ox'dD oy 'dD az

1

2

= %X(X2+y2+22)_2,j—;y(xz+y2+zz)

:{j_;(xz +y?+ 22)_2]<X, y.2)

which either points towards or away from the
origin.

He should move in the direction of

~VE(p) =~ x(P), fy(p>>=—<—§, —%>

= L 2,1). Oruse (2,1). The angle a formed
4

with the East is tan™t 6) ~ 26.57° (N63.43°E).

24. The unit vector from (2, 4) toward (5, 0) is

<§ —f> Then
5 5
D,f(2, 4)= (—3, 8)<§ —g> =-8.2.

25. The climber is moving in the direction of

u= (%}(—1, 1). Let

f(xy)= 3000e‘(X2+2y2)/1oo'

2,52
Vi (x, y) =3000e~(X"*+2y")/100 _X Y,
50 25

f (10, 10) = -600e> (1, 2)
She will move at a slope of

D, (10, 10) = -600e ™3 (1, 2)- (iJ(—l, 1)

V2
= (-300v2)e™® ~ -21.1229.
She will descend. Slope is about -21.

& g d
2x =2y x -y

Att=0: In|-2|=-Inf]+C=C=In2.

_ ‘3
y
Since the particle starts at (-2, 1) and neither x
nor y can equal 0, the equation simplifies
toxy =-2. VT (-2, 1) = (-4, - 2), so the particle

moves downward along the curve.
y

In|x|:—ln|y|+ln2=In§,x ;|xy| =

-~ 1
i i

-5 -2 5 X

27. VT(x, y)=(-4x, -2y)

dx — _ax, dy _ 2y
dt " dt

dx dy
_dt

=9 has solution |x|=2y?. Since the
—4x =2y

particle starts at (-2, 1), this simplifies to
X= —2y2.
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28. f(1,-1)=5(-1, 1)
Dy 1) (L =) = o, ) (-5, 8) =55 + 5

a. (-1, 1) (in the direction of the gradient); u = [%)(—1 1).

b. +(1, 1) (direction perpendicular to gradient); u = (iij(l, 1)

N7

c. Want D, f(l -1) =1 where |u| =1. That is, want —5u; +5u, =1 and u12 +u§ =1. Solutions are u :<§ %>

29. a. VT(x, Y, z):<— 10(2x) 10(2y) 10(22) >

(x2 + y2 +22)2 T (x2 + y2 +22)2 . (x2 + y2 +22)2
et
r(t) = (tcosxt,tsin zt, t),so r(1) = (-1,0, 1) . Therefore, when t = 1, the bee is at (-1, 0, 1), and
VT(-1,0,1)=-5(-1,0, 1).
r'(t) = (cosmt — mtsinnt, sinmt+ntcosnt, 1), so r'(l) =(-1, - x, 1).
e _{(L-mY
@l 2+4x2
D,T(-1 0,1) =u-VT(-1, 0, 1)
(-1 -m1)(5,0,-5) 10
Vain? Jain?

Therefore, the temperature is decreasing at about 2.9°C per meter traveled when the bee is at (-1, 0, 1); i.e.,
whent=1s.

is the unit tangent vector at (-1, 0, 1).

~ —2.9026

b. Method 1: (First express T in terms of t.)
T 10 3 10 _10 5
X2 + y2 +12° (t COSTCt)2 +(tsin nt)2 + (t)2 22 t?
T(t) =5t72;T'(t) = -10t3;t'(1) =10
Method 2: (Use Chain Rule.)

DtT(t)=z—1$=(DUT)(|r'(t)|), so DT () =[D,T(-1 0, DI(|r'@)|) =- 10 (\/2—1—71:2):—10

\/2+n2

Therefore, the temperature is decreasing at about 10°C per second when the bee is at (-1, 0, 1); i.e., when

t=1s.
3 4
30. a. D,f =<§, —g>-<fx-fy>:—6, 50
3f, —4f, =-30.
4 3
D, f :<g,g>-<fx, fy) =17, s0
4f, +3f, =85.

The simultaneous solution is
fy =10, f, =15, so Vf =(10, 15).
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b. Without loss of generality, let
u=iandv=j.If and ¢are the angles

between u and Vf, and between v and Vf,
then:

1. 6’+¢=g (if Vf isin the 1st quadrant).

2. H:g+¢ (if VT is in the 2nd quadrant).
3n . .

3. ¢+6’:? (if Vf is in the 3rd quadrant).

4 §= g+ 6 (if Vf is in the 4th quadrant).

In each case cos ¢ = sin @or cos ¢ =-sin 6,
s0 cos? ¢ = sin 6. Thus,

(Dy )% +(Dy f)? = (u-VF)2 + (v-Vf)?
=|vf |2 cos? 6 +|Vf |2 cos? ¢
=|vf |2 (cos? 0 +cos? ¢)

=|vf |2 cos? @ +sin% @ :|Vf|2.

31.

| 50 100 150 200 250 X

a.  A'(100,120)

b. B'(190, 25)
20-30 1
C. f, (C z—:——;f D ZO;
«(©) 230-200 3 y(D)
40-30 2
D, f(E) = =—
u F(E) e T

32. Graph of domain of f

£(x, y) = 0, in shaded region
7774, elsewhere

8

L1111 L1 1 1 1
_5 | 5 X
2=
lim f(x, y) does not exist since
(x, ¥)—(0, 0)

(x, y)—>(0,0):
along the y-axis, f(x, y) =0, but along the y = x*
curve, f(x, y) = 1.
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Therefore, f is not differentiable at the origin. But
D, f (0, 0) exists for all u since

(0, 0) = lim f(0+h, 0)- (0, 0) _lim 0-0
h—0 h h—>0 h

=1lim(0)=0, and
h—0

fy(O, 0)= lim f(0,0+h)-f(0, 0) _lim 0-0
h—0 h h—0 h

= lim (0) =0, so Vf(0, 0)=(0, 0)=0. Then
h—0

Dy f (0, 0)=Vf(0,0)-u=0-u=0.

33. Leave: (-0.1, -5)

34.

NS o

4 v A

Y oy 4

LAY AON

35. Leave: (3,5)

36. (4.2,4.2)
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12.6 Concepts Review

oz dx Oz dy

1 LeZm oc

ox dt  Jdy dt

2. y2 cost + 2xy(-sint)

= cos®t —2sin®tcost

5, 010x 010y
ox ot oy ot
4. 12

Problem Set 12.6

1. (:j—\ivz(2xy3)(3t2)+(3x2y2)(2t)

= (2t°)(3t?) + (3% (2t) = 12t

2. ((jj—\iv =(2xy - yz)(—sin t)+ (x2 —2xy)(cost)

= (sint +cost)(1—3sintcost)

3. ((jj_\;vz (e*siny+eY cos x)(3) + (e* cos y +eY sinx)(2) — 303t sin 2t + 32t cos 3t + 26% cos 2t + 262t sin 3t

2 2, 2 tan2
4. d_w: ljse02t+ 21 (25ec2ttant) _et t—2tant=Sec t-2tan t=1 tan” t
dt X y tant tant tant

5. (:j—\iv = [yz2 (cos(xyzz)](?,tz) + [xz2 cos(xyzz)](Zt) +[2xyz cos(xyzz)](l)
= (3y22t2 +2x2°%t + 2xyz)cos(xy22) = (3t6 +2t8 ¢ 2t6)cos(t7) =7t° cos(t7)

6. ?T\iv= (Y +2)(20) + (x+ 2)(=20) + (Y +X)(-1) = 2t(2-t—t?) = 2t(A—t+t%) - (1) =—4t®+ 2t -1

7. %= (2xy)(s) +(x*)(-1) = 2st(s ~t)s - st = s”t(25 - 3)

OW oo LN a2y (o 2y _2|q_o-3_ [ S
8. E—(Zx XY)E=st™) + (=Inx)(s7) =s [1 2t In(tﬂ

2.2 2,2 2,2
> %%X Y (2x)(scost) +e* YV (2y)(sins) =2 Y (xscost + ysins)

= 2(s2 sintcost +tsin? s) exp(s2 sin® t+t2sin® S)

S(t+D) (ot _
10, =100 y)™ - 0y 1)+ ) (- se®) = 25D
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OW _ X(=ssinst) N y(scosst) . z(sz)

4 4,2\-1/2
— =s"t(l+s"t%)
At (x2+y2+zz)1’2 (x2+y2+zz)1’2 (x2+y2+22)1’2

11.

12. % =YD + @) (D) + (YFH)(2t) =Y (y—x+2t) = e52 0)=0

13, 9% (2xy)(2) + (x?)(=2st) = 4(2t +s)(1—st?) — 25t (2t +5); (ﬁJ =72
o t.-2)
14. oz =(Y+D@ + (x+D(rt) =1+rt(L+2s+r +t);[ﬁj =5
os os A -1, 2)
dw 2 2
15. ™ = (2u —tanv)(1) + (~usec” v)(m) =2X — tan X — mXSec” nx
X
awl (EJ_l_[Ej _ T 50708
dx|,.1 |2 2 2
4
16. % = (2xy)(-psindsin ¢) + (xz)(pcosesin #)+(2z)(0) = p3 cos@sin® ¢(—28in2 6 +cos? 9);
(@j --8
o0 @ 5
o dr ] 19. The stream carries the boat along at 2 ft/s with
17. V(r, h)y=mnrch, o =0.5 in.yr, respect to the boy.
Boat
dn =8 in./yr
dt ) y
v _ (2nrh)(ﬂj+ (nrz)(ﬁj;
dt dt dt Boy =
(d—vj —112007 in.3/yr K, Wy 2y, 2
dt 2o, 400) a7t
i3 ds)  (dx dy
_1120r in" 1 board;‘t ~ 244.35 board ft/yr 2s (Ej = zx(aj + Zy(aj
lyr 144 in.
ds _ (2x+4y)

18, Let T =e X3V, dt s

Whent=3,x=6,y=12, s=645. Thus,
aT _ g-x-3y (-1)%+ e X3y (-3)ﬂ ds
dt dt dt (_j =20 ~ 4.47 ft/s
= e (1)(2) + 67X (=3)(2) = -8e X3 dt i3
dT . .
— = -8, so the temperature is decreasing (1) o dh . .
dt 0. 0) 20. V(r, h)_(gjnr h,a_B in./min,
at 8°/min.
ﬂ: 2 in./min
dt
dv (2) [dr] (1) g[dhj_
—=|=|nrh| — |+| = [7r°| — |;
dt 3 dt 3 dt
[d—vj _ 20,800m 21,782 in.3/min
dt Jl 40, 100)
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21.

22.

23.

24,

25.

26.

217.

28.

Let F(x, y):x3+2x2y—y3 =0.

dy —% (3x2+4xy) 3x2+4xy
Thenaziz—22 32=32 ol
oy X -3y y© —2x

Let F(x, y)=ye X +5x—-17 =0.

dy (e +5)

" = y —5e*

Let F(x,y) =xsiny +ycosx=0.
dy  (siny-ysinx) ysinx-siny
dx XCOSY+COSX  XCOSY+COSX

Let F(X, y)=x2cosy—y23inx:0.

OF 2
Then ﬂ:_ﬂ_—(Zxcosy—y COS X)

dx g—'; —x?siny -2ysinx

_ 2xcosy—y2 COS X
x2 sin y+2ysinx '

Let F(x, Y, 2) :3x22+y3—xyz3 =0.
oz (bxz- yz3) B yz3 —6xz
% 3x? - 3xyz?

3x° - 3xyz2

Let f(x, vy, z)=ye *+zsinx=0.
28 —sinx 3 sin x

0z _—ye™*4+zcosx ye X —zcosx

ATl T ox oJrdy ol dz Ol ow

Js Oxds Ay s O1ds W s

. z
We use the z, notation for Z—
r

Zp = ZyXr + 2y Yy =2, COSO+ 2y sin0

Zg = ZyXg +2yYg = Zy(-rsind) +z,(rcosd), so

r‘lzg =-1ysin@+zy cos@. Thus,

(zr)2 + (r‘z)(zg)2 = (zy c0s@ +zy sin 9)2
+(=zxsind+zy cos¢9)2

= (zX)2 +(zy)2 (expanding and using

sin 0+ cos? 0 =1).
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29.

30.

31.

32.

y {%j[f W+ F ],
where u=x—ct, v=x + ct.

Yy = 6)[ PO+ VO] = (%j[ £(u)+ £/
Yy = @[f "W®+ VO]
- @j{f ")+ (V)]
e = [%j[f U)e)+ F'W)(©)]
_ (—gj[f ) )]
e = (—gjtf ")(-0) - F"(W)(©)]
02 2
- [ﬂ[ £7(U)+ (V)] = 2y

Letw =f(x,y,z) where x=r—s,y =s—t,
z=t-r.Then
W +Wg + W = (Wy Xy + Wy Xs )+ (Wy Ys + Wy i)
+(Wy z + W, Zp)
=Wy () + wy (=D] +[wy (1) +wy (-]
+[w; (1) +w, (-1)]
=0

Let w= jxy f (u)du = —jyx f (u)du, where x = g(t),

y = h(t).

Then

dw owdx owdy

— = (X)) + f(y)h'(t
- axdt+aydt (x)g'®)+ f(y)h'(t)

= F(hE)h'® - F(g®)g'®) -

Thus, for the particular function given

F() =9+ () (2
—1/9+(sin \/ETEI)4 (ﬁncosﬁnt);
F'(v2)=6)(2v2)-@)(V2n)
=10v/2 -3v21 ~ 0.8135.
If f(tx, ty)=tf(x, y), then

d d
E[f (tx, ty)] = E[tf (x, Y.

That is,
[ fox (0, tIDX]+ [y (t, ty)IY] = F(x, y).
Letting t = 1 yields the desired result.
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33. c¢? =a®+b? - 2abcos40° (Law of Cosines) where a, b, and ¢ are functions of t.

34.

2cc’ =2aa’+ 2bb’'—2(a'b+ab")cos40° so ¢’ =

—— e —— —

WA >
a '_rA

C

aa'+bb’'—(a'b+ab’) cos40°

When a = 200 and b = 150, ¢? = (200)? + (150)? — 2(200)(150) cos 40° = 62,500 — 60,000 cos 40°.

Itis given that a’ =450 and b’ =400, so at that instant,

o+ _ (200)(450) + (150)(400) ~[(450)(150) +(200)(400)]c0s 40° _

/62,500 - 60,000 cos 40°

288.

Thus, the distance between the airplanes is increasing at about 288 mph.

r=(xyz2),s0r?=|rf =x?+y?+22
F :%, o)
X“+y 42
F'(t) = Fnm'() + FX'(1) + Fyy' () + F,2'(1)
__GMm'(t) ~ 2GMmxX'(t)
- x2+y2+z2 (x2+y2+22)2
2GMmyy'(t) 2GMmzz'(t)

B (x2 + y2 + 22)2 (x2 + y2 + 22)2
_GM [(x2 +y? + 22)m'(t) = 2m(xx'(t) + yy'(t) + 22’ ()]
(x2 + y2 + 22)2 '

12.7 Concepts Review

1.

2.

perpendicular
(31,-1)

X—+4(y-1)+6(z-1)=0

Problem Set 12.7

1.

770

VE(X, Y, 2)=2(x, ¥, 2);
VF(2,3,43)=2(2,3,43)

Tangent Plane:

2(x—2)+3(y—3)+\/§(z—\/§):0, or
2x+3y+\/§z:16

Section 12.7

VF(x, v, z) =2(8x, y, 82);
V2
VF (1, 2, 7} =4(4,1,22)

Tangent Plane:

4(x—l)+l(y—2)+2\/§(z—%} or

4x + y+2x/§z=8.
Let F(x, Y, z)=x2—y2+z2 +1=0.
VF(X, Y, 2) =(2x, -2y, 22) = 2(x, - Y, Z)

VF(L3, ﬁ):2<1, -3 ﬁ), 50 <1, -3 ﬁ) is

normal to the surface at the point. Then the
tangent plane is

1(x—1)—3(y—3)+ﬁ(z—ﬁ):0, or more
simply, x—3y++/7z = -1.
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10.

VE(X, Y, 2)=2(X, Y, - 2);
vi(2,1,1)=2(2,1,-1)

Tangent plane:
2(x-2)+Uy-1)-1z-1)=0,0r 2x+y—-z=4.

VE(X, ) =(%)(x y); Vi 2)=(11)

Tangent plane: z—2=1(x-2)+1(y-2), or
X+y—-z=2.

Let f(x, y)=xe 2.
VI (X, y) :<e‘2y, —2xe‘2y>
Vi (1,0)=(1, -2)

Then(1, - 2, —1) is normal to the surface at
(1,0, 1), and the tangent plane is

Ux-1)-2(y-0)-1(z-1)=0,0rx-2y-z=0.

VE(x, y) = <—4e3y sin 2x, 6e%Y cos 2x>;

v (g oj=<—2f, -3)

Tangent plane: z+1= —2\/§(x —%j -3(y-0),

(Zx/§n—3)

or 2\/§x+3y+z:T.

Vi, y) =G)<% %> Vi 4) =<% %>

Tangent plane: z—-3= (%} (x=-1+ (%) (y-4),

1 1 3
or =X+=y—-z=——.
2 4 2
Let z= f(x, y):2x2y3;
dz = 4xy3dx+ 6x2y2dy. For the points given,
dx =-0.01, dy=0.02,
dz = 4(-0.01) + 6(0.02) = 0.08.
Az =(0.99,1.02)-f(1,1)

=2(0.99)%(1.02)% —2(1)%(1)® ~ 0.08017992
dz = (2x-5y)dx + (-5x +1)dy

= (~11)(0.03) + (-9)(-0.02) = —0.15
Az = £(2.03,2.98) - f(2,3) = -0.1461

Instructor's Resource Manual

11.

12.

13.

14.

15.

dz = 2x Ydx + ydy = (-1)(0.02) + Gj (~0.04)

=-0.03
Az = f(~1.98, 3.96) - f (-2.4)

=In[(~1.98)(3.96)] - In16 ~ -0.030151

Let z=1f(x, y)= tan™! Xy;
y X
dz = dx + dy;
1+x° y2 1+x2 y2
_ (-0.5)(-0.03) + (-2)(-0.01)
1+ (4)(0.25)
Az = f(-2.03,-0.51) — f (-2,-0.5) ~ 0.017342

=0.0175.

Let

F(x,y,2)= X2 —2xy—y2 —8x+4y-z=0;
VF(X, Y, 2) =(2x-2y -8, —2x—-2y +4, -1)
Tangent plane is horizontal if VF =(0, 0, k) for
any k=0.
2x-2y-8=0and-2x-2y+4=0ifx=3and
y =-1. Then z =-14. There is a horizontal
tangent plane at (3, -1, -14).

(8,-3,-1) is normal to 8x -3y -z =0.

Let F(x,y,z)=2x>+3y*~z.

VF(x, y, 2) =(4x, 6y, —1) is normal to

z = 2x2 +3y2 at(x,y, z).4x=8and

6y =-3,ifx=2and yz—%; then

z=8.75at (2, —%, 8.75).

For F(x, Y, z) = X2 +4y+ 22 =0,

VF(X, Y, 2)=(2x, 4, 22) =2(x, 2, z).
F(,-1,2) =0, and
VF(0,-1,2)=2(0,2,2)=4(0,1,1).

For G(x, Y, z):x2+y2+22—62+7:0,
VG(X, Y, 7) =(2x, 2y, 22-6) = 2(x, y, 2-3).
G(0,-1,2) =0, and

VG(0, -1, 2)=2(0, -1, -1)=-2(0, 1, 1).
(0,1, 1) is normal to both surfaces at

(0, -1, 2) so the surfaces have the same tangent
plane; hence, they are tangent to each other at
0,-1, 2).
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16. (1,1, 1) satisfies each equation, so the surfaces
intersect at (1, 1, 1). For

z=f(x,y)= x2y VE(X, y) :<2xy, x2>;

Vi, 1) =(2,1), s0 (2,1, -1) is normal at
1,1,1).

For f(x,y,2)= X2 -4y+3=0;

VE(x, y, 2)=(2,-4,0);

VE(1,1,1)=(2,-4,0) so (2, -4, 0)is normal at
1,1, 1).

(2,1, -1)-(2, -4, 0) =0, so the normals, hence

tangent planes, and hence the surfaces, are
perpendicular at (1, 1, 1).

17. Let F(x, y, 2) = x> +2y? +32° -12=0;
VF(x, Y, 2) = 2(x, 2y, 3z) is normal to the

plane.
A vector in the direction of the line,

(2,8,-6)=2(1, 4, -3), is normal to the plane.
(x,2y,3z) =k(1,4,-3) and (x, y, 7) is on the
surface for points (1, 2, —1) [when k =1] and
(-1, -2, 1) [when k = -1].

2 2 2

X< y° oz
18. Let F(X, y,2)=—+2+—=1
a2 b2 2
2x 2y 2z
VE(x Y, 2) :<—, =, _>
a2 p2’ c2?

X z
VF (X0, Yo, 20)=2<—‘2’, ¥ —2>

a
The tangent plane at (xg, Yo, Zg) iS
X(x=%)  Yo(y-Yo) 20(z=-2)

a? b2 c?
2 2
XoX  Yo¥ Z0Z | X Yo % 0
ottt T 2t 2t T
a b c a b c
XX 292 .
Therefore, L+M+L:l, since
2 2 2

a
§+y—g+§=l.
a? b2 2
19. VE(x, y, z) =2(9x, 4y, 4z);
Vi1, 2,2)=2(9,8,8)
Vg(x, y, 2) =2(2x, -y, 3z);
Vi1, 2,2)=4(1, -1 3)
(9,8,8)x(1, -1,3)=(32, -19, -17)
Line: x=1+32t,y=2-19t,z=2-17t

20. Let f(x, vy, z):x—zz, and g(x, vy, z):y—23.
vE(x, y, 2)=(1, 0, —2z) and

vVa(x, y, 2) :<O, 1, —322>
Vi1, 1,1)=(1 0, -2) and
VgL 1,1)=(0,1-3)
(1,0,-2)x(0,1,-3) =(2,3,1)
Line:x=1+2t,y=1+3t,z=1+t

21. dS =SpdA+ Sy dw

_ W dA L+ A dW = -WdA + AdW

(AW (A-W)? (A-W)2
AtW =20, A=36:
—20dA + 36dwW _ —5dA +9dwW

ds =
256 64
Thus, [dS| < 5|dAl +9]dW| _ 5(0.02) +9(0.02)
64 64
=0.004375

22. V=Iwh, dl = dw:%, dh =
h=36
dV = whdl + Ihdw + lwdh = 3024 in.3 (1.75 ft3)
23. V =nr?h,dV = 2nrhdr +xrdh
|dV | < 27rh|dr| + nr?|dh| < 2nrh(0.02r) + nir 2 (0.03h)

=0.047r?h +0.03nr?h = 0.07V
Maximum error in V is 7%.

24. T =f(L, g)=2n\/§
9

dT = fLdL+ f4dg

2| L [ijdmﬂi[_%dg
2\/t g 2\/I 9
g g

_ m(gdL - Ldg), s
¢’ |-
g
dT _ m(gdL-Ldg) _ gdL-Ldg

T

_1fdi _dg
2lL g )

Therefore,
dT

T

sl a +d_g :1(0.5%+0.3%):0.4%.
2\ L g 2
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RiR, 27. LetF(x,y, 2) = xyz =k; let (a, b, ¢) be any point

25. Solving for R, R = RL+R, » SO on the surface of F.
k k k
SR R} and R _ RZ VE(x, Y, 2) =(yz, xz, xy)=<;, 3 ;>
R (Ri+Ry))? Ry (Ri+Rp)? 111
e A3
Therefore, dR:RZdLngRZ; Xy z
R +R
(Ri+Ry) VF(a,b, ¢) = k<1 1 1>
RZ |dRy| + RZ|dR, | b'e
|dR| < > Thenat Ry =25, An equation of the tangent plane at the point is
T (Hec-a+(2]owr+{ -0 o
R, =100, dR; = dR, = 0.5, R (29000 _,, a
25+100
(100)2(0.5) + (25)(0.5) 2+dei-z
and |dR| < i ~) _0.34. a b c _
(125)° Points of intersection of the tangent plane on the
coordinate axes are (3a, 0, 0), (0, 3b, 0), and
) 2 (0, 0, 3c).
26. Let F(x, Z)<_ oy +>22 ' The volume of the tetrahedron is
VE(x, y, 2) =(2x, 2y, 4z);
(EJ (area of base)(altitude)=1(£|3a||3b|j(|30|)
VF(L 2,1)=2(1, 2 2); VE <1,3,E> S
IVF| \3"3'3 _ 9Jabe| _ 9k|
5 2 > (a constant).

Thus, u= 1 , —, — ) is the unit vector in the
3'3'3

direction of flight, and

(x,y,2)=(L 2,1+ 4t<% % §> is the location

of the bee along its line of flight t seconds after
takeoff. Using the parametric form of the line of
flight to substitute into the equation of the plane
yields t = 3 as the time of intersection with the
plane. Then substituting this value of t into the
equation of the line yields x =5,y =10,z=9s0
the point of intersection is (5, 10, 9).

28. If F(x, Y, 2) =\/§+\/§+ﬁ, then VF(x, y, 2) =O.5<% ii> The equation of the tangent is
X Ay vz

1 1 1 X y z
05—, ——,—— ) (X=X, Y—VY¥0,2-2)=0, or =Xy ++/Yo ++/Zp = 2.
(i oo o o e oo

Intercepts are a./xg, a\(Yo, ay/zg; so the sum is a(\/%+\/%+ zo):az.
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29. f(x, y)=(C+y2)Y2: (3 4)=5
fox, y) = X0 +y) V2 1,3 4)=§=0-6: fy =6 V) =y +y*) V2 1@ 4>:g:°'8

_ 16 _
Foc(% V) = Y2 (2 +yH)32; 1,3 4) =2 =0.128; fiyy(x, y) = —xy(x* +y*) /2

12
3, 4)=-——=-0.096

fyy = X207 +y2) 32, 14(3,4) = 2_0072

Therefore, the second order Taylor approximation is
f (X, y) =5+0.6(x—3)+0.8(y —4) +0.5[0.128(x — 3)° + 2(~0.096)(x — 3)(y — 4) + 0.072(y — 4)?]

a. First order Taylor approximation: f (x,y) =5+0.6(x-3)+0.8(y-4).
Thus, f(3.1,3.9) ~5+0.6(0.1) + 0.8(-0.1) = 4.98.

b. (3.1,3.9) ~5+0.6(=0.1) +0.8(0.1) + 0.5[0.128(0.1)? + 2(~0.096)(0.1)(-0.1) + 0.072(~0.1)%] = 4.98196

c. f(3.1 39) ~ 4.9819675

2 2

30, f(xy)—tan( +yj; £(0,0)=0

f(xy)— X+y]; £.(0,0)=0

f(xy)—

2y2 2 x2+y2 x2+y2 1 2 x2+y2 1
fou (X, y) = sec tan +—Sec i f(0,0)=—
yy (%:Y) 392 [ 64 64 32 64 yy 0.0 32

When computed, each term of f,, (x, y) will contain either x or y, resulting in f,, (0,0)=0. Therefore, the

second-order Taylor approximation is

1 1 2 1 5
f(X,y)=0+0-x+0-y+=| —x“+2-0-x- +— +—
(xy) y [32 y y} a1’ teaV

a. The first-order Taylor approximationis f(x,y)=0+0-x+0-y=0; Thus, f(0.2,-0.3) ~ 0.
1 2 1 3

b. f(0.2,-0.3) —(0.2)° +—(-0.3)° = 0.00203125
64 64

c. f(0.2,-0.3) ~0.0020312528
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12.8 Concepts Review
1. closed bounded
2. boundary; stationary; singular

3. Vi(x, ¥o)=0

4. fy (X0, Yo) fyy (X, Yo) = Fry (X0, Yo)

Problem Set 12.8

1. Vi(x, y)=(2x-4,8y)=(0, 0) at (2, 0), a stationary point.
D = fy fyy = fg = (2)(8) = (0)* =16 >0 and f,, =2>0. Local minimum at (2, 0).

2. Vf(x, y)=(2x-2,8y+8)=(0, 0) at (1, -1), a stationary point. D = f,, f,, — fxzy =(2)(8)-(0)2=16 >0 and
fyx =2 >0. Local minimum at (1, -1).

3. VI(x,y)= <8x3 - 2X, 6y> = <2x(4x2 -1, 6y>
=(0,0), at (0,0),(0.5,0),(-0.5,0) all stationary points.
foe =24x2 =2, D= fy f — 13 = (24x2 = 2)(6) - (0)* =12(12x* -1).
At(0,0): D=-12,s0 (0, 0) is a saddle point.
At (0.5,0) and (-0.5,0): D=24 and f, =6, so local minima occur at these points.

4. Vi(x,y) =<y2 -12x, 2xy—6y> :(0, 0) at stationary points (0,0),(3,-6) and (3,6).

D = fy fyy = g = (-12)(2x=6) = (2y)? = —4(y? +6x-18), f,, =12
At (0,0): D=72,and fy, =-12, so local maximum at (0, 0).
At (3,£6): D =-144, so (3,%y) are saddle points.

5. VE(x, y)=(y, x)=(0, 0) at (0, 0), a stationary point.
D = fy fyy = fig = (0)(0) - ()% = -1, s0 (0, 0) i a saddle point.

6. Let Vf(x, y):<3x2 6y, 3y? —6x>=(0, 0). Then 3x2 6y =0 and 3y? —6x = 0.
3x2—6y:0—>3x2=6y—>x2=2y—>x4:4y2—>%x4=y2

3y? —6x:0—>3(1x4j—6x:0—>§x4 —6x:0—>§x(x3—8) :0—>§x(x—2)(x2 +2x+4): 0>x=0x=2
4 4 4 4

x=0: 3x’-6y=0->3(0)-6y=0->-6y=0—>y=0

X=2: 3x2—6y=0—>3(2)2—6y—>12—6y=0—>12:6y—>2:y

Solving simultaneously, we obtain the solutions (0, 0) and (2, 2).

fox =6% D = fy fyy = fr = (6x)(6Y) — (-6)* =36 (xy—1) ; At (0, 0): D=-36<0, 50 (0, 0) is a saddle point.

At(2,2): D=108>0, fy >0, soa local minimum occurs at (2,2).
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10.

11.

12.

776

2 2
VI (% y)=<x Y2 2"4>:(0, 0) at (1, 2).
Xy

D = fy fyy = 1,3 = 4x=3)8y -3) - ()% =32x 3y 3 -1, f, =4x73

At(1,2): D=3>0,and fy >0, soalocal minimum at (1, 2).

VI (X, y) = —2exp(=x? - y? +4y)(x, y=2) = (0,0) at (0,2).

2
D= frfyy - 2 =

fux = (4x2 -2) exp(—x2 - y2 +4y)

At (0,2): D>0,and fy, <0, solocal maximum at (0, 2).

Let Vf(x, y)
=(=sinx—=sin(x+y), —sin y —sin(x+ y)) = (0, 0)
o [—sin x—sin(x+y) =0

. . . Therefore,
siny+sin(x+y)=0

. . T
sinx=siny,so x=y= n However, these values

satisfy neither equation. Therefore, the gradient is
defined but never zero in its domain, and the
boundary of the domain is outside the domain, so
there are no critical points.

Vi (X, y) =(2x—2acosy, 2axsiny) = (0, 0) at

[o, igj (a, 0)

D = fy fyy = 1,3 = (2)(2axcos y) - (2asin y)?,
fr =2
At (O, ig]: D = -4a° <0, so (O, igj are

saddle points. At (a, 0): D= 4a% >0 and
fux >0, so local minimum at (a,0).

We do not need to use calculus for this one. 3x is
minimum at 0 and 4y is minimum at -1. (0, -1) is
in S, so 3x + 4y is minimum at (0, -1); the
minimum value is —4. Similarly, 3x and 4y are
each maximumat 1. (1, 1) isin S, so 3x + 4y is
maximum at (1, 1); the maximum value is 7. (Use
calculus techniques and compare.)

We do not need to use calculus for this one. Each
of x2 and y2 is minimum at 0 and (0, 0) is in S,
s0 X° + y2 is minimum at (0, 0); the minimum
value is 0. Similarly, x? and y2 are maximum at
x =3 andy =4, respectively, and (3, 4) isin S, so
X2 + y2 is maximum at (3, 4); the maximum

value is 25. (Use calculus techniques and
compare.)

Section 12.8

13.

14.

exp 2(—x2 - y2 +4y)[(4x2 - 2)(4y2 -16y+14)— (4xy—8x)2],

VE(x, y)=(2x, -2y)=(0, 0) at (0, 0).

D = fy fyy = f5 = (2)(-2) = (0)2<0, s0 (0, 0) is
a saddle point. A parametric representation of the
boundary of Sisx =cost,y =sint, tin

[0,27].

f(x, y)=f(x(@), y(t)) =cos®t—sint+1
=cos2t-1

cos 2t —1is maximum if cos 2t = 1, which occurs
fort=0, 7,2z . The points of the curve are
(£1,0). f (£1,0) =2
f(x, y) = cos2t —1is minimum if cos 2t = -1,

which occurs for t = g %ﬁ The points of the
curve are (0,£1). f (0,£1) = 0. Global minimum

of 0 at (0, = 1); global maximum of 2 at (£1, 0).

VE(x, y) =(2x-6, 2y-8) =(0,0) at (3, 4),
which is outside S, so there are no stationary
points. There are also no singular points.
x=cos t,y=sin t, tin [0,2x]is a parametric
representation of the boundary of S.

f(x, y) = £(x(), y(t))
=cos?t—6cost+sin’t—8sint+7
=8-6cost—8sint = F(t)

F'(t) =6sint—8cost =0 if tant =§. t can be
in the 1st or 3rd quadrants. The corresponding

points of the curve are (i% i%)

((-2-8)am (282
5 5 55
. 34
Global minimum of -2 at (E’gj; global

maximum of 18 at (—E —ij.
5 5
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15.

16.

Let x, y, z denote the numbers, sox +y +z=N.
Maximize

P:xyz:xy(N—x—y):ny—xzy—xyz.
Let VP(x, y) :<Ny—2xy— y2, NX — x? —2xy>
- (0, 0).
Ny —2xy —y2 =0
Then y=ey=y .
Nx—x2—2xy:0

N(x, —y) =x° —y% = (x+y)(x-y). x=y or
N =Xx+YV.

Therefore, x =y (since N = x + y would mean that
P =0, certainly not a maximum value).

Then, substituting into Nx— X2 - 2xy =0, we

obtain Nx—x2 —2x2 = 0, from which we obtain

X(N-3x)=0,so0 x:% (sincex=0 = P=0).

P =-2Y;
2
D =PyPy —Py

= (-2y)(-2%) - (N —2x - 2y)?
:4xy—(N—2x—2y)2
N N? 2N
At x=y=—:D=—>0,R, =——<0 (so
y 3 3 XX 3 (
local maximum)

If x:yzg, then z=%.

Conclusion: Each number is % (If the intent is

to find three distinct numbers, then there is no
maximum value of P that satisfies that
condition.)

Let s be the distance from the origin to (X, y, z) on
the plane. s2=x°+ y2 +2% and
X+2y+3z=12. Minimize
s? = f(y, z)= (12—2y—3z)2 + y2 +2°.
VE(y, z) =(-48+12x+10y, - 72+12y + 207)
= (0,0) at [E,@}
77

D = fyy f,, - fj; =56>0 and fy, =10>0;

. 12 18
local maximum at (—, —J

77

2 = % so the shortest distance is

6v14
7

[%2)

~ 3.2071.

Instructor's Resource Manual

17.

18.

19.

Let S denote the surface area of the box with
dimensions x, y, z.
S=2xy + 2xz + 2yz and V; = xyz, S0

S =2(xy +V0y‘1 +V0x‘1).

Minimize f(x, y)=xy +V0y‘1 +V0x‘1 subject
tox>0,y>0.

VE(X, Y) :<y—V0x‘2, x—VOy‘2>:(0, 0) at
(\/01/3,\/01/3).

D = fy fyy = fig = AVEx 2y -1,

fXX = 2V0X_3.

At (vol’3,v01’3): D=3>0, f,y =2>0, 50

local minimum.
Conclusion: The box is a cube with edge V01/3.

Let L denote the sum of edge lengths for a box of
dimensions x, y, z. Minimize L = 4x + 4y + 4z,
subject to Vg = xyz.

L(x, y) :4x+4y+%, x>0,y>0

Xy
Let
VLG, y) = 4x Y (x08y Vo), y Ty Vo))
= (0,0).
Then xzy:VO and xy? =Vp, from which it
follows that x = y. Therefore x=y =1z :V01’3.
8%,
x3y'

2
B 2 |8V |[ 89 Ny
D=Lyly - Xy_[xTy]{xy_J_[xzyz

At (V&/3,V&/3): D >0, Ly >0 (so local

Lyx =

minimum).
There are no other critical points, and as
(X,y) — boundary, L — . Hence, the optimal

box is a cube with edge V01/3.

Let S denote the area of the sides and bottom of
the tank with base | by w and depth h.
S = lw + 2lh + 2wh and lwh = 256.

S, W):|W+2|(@j+2w(@j, w>0,1>0.
Iw Iw

S0 w) = (w-51212,1-512w2) (0, 0) at

(8,8). h=4there. At (8,8) D>0and S;; >0,
so local minimum. Dimensions are 8’ x 8’ x 4.
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20. Let V denote the volume of the box and (x, y, z) denote its 1st octant vertex.
V = (2x)(2y)(2z) = 8xyz and 24x% + y2 +2% =09

V2= 64{(2—14j(9— y2 - 22)} yzz2

Maximize f(y, z):(9—y2—22)y222, y>0,
z>0.

Vi (y, z):2<y22(9—2y2 -72%), y?z(9- y? —222> =(0, 0) at (/3,/3). x:g

At (\/5\/5) D=fyf,- fyzZ >0 and fyy <0, so local maximum. The greatest possible volume is
2
8[7 (V3)(+3) - 6v2

21. Let (x, Y, z) denote the vector; let S be the sum of its components.
X2 + y2 +22=81,50 z= (81—x2 - y2)1/2_

Maximize S(X, y)=x+ y+(81—x2 - y2)1/2' 0<x+ y2 <9.

Let VS(x, y) = <1— x(@81-x2 —y?) 2 1-y(81-x* - y2)‘1/2> =(0, 0).

Therefore, x = (81— x2 - y2)1/2 and y=(81- X2 — y2)1/2. We then obtain x=y = 33 as the only stationary

point. For these values of xand y, z =33 and S =9+/3 ~15.59.
The boundary needs to be checked. It is fairly easy to check each edge of the boundary separately. The largest

value of S at a boundary point occurs at three places and turns out to be % ~12.73.
Conclusion: the vector is 3v3(1, 1, 1).

22. Let P(x,x,z) be any point in the plane 2x+4y+3z =12. The square of the distance between the origin and P is
d2=x>+ y2 +2°. Consequently, d?=f (x,y)= X2 + y2 + (12—2x—4y)2/9. To find the critical points, set
fo (% y) = 2x+&(12-2x-4y)(-2) =0 and f,(x y) =2y +3 (12— 2x—4y)(-4) = 0 The resulting system of

equations is 13x+8y =24 and 8x + 25y = 48, which leads to a critical point of (ﬁ 4—8). Since fyy (X,y) =%,

2929
-5 _16 24 48)_116 g;j 24 48 24 48 24 48
fry () =2, and £, (x,y) =18, D(2,48) =18 since D(Z,48)>0 and f,(2,48)>0, (&,28)
yields a minimum distance. The point on the plane 2x+4y+3z =12 that is closest to the origin is (3—3"2‘—3:%)

and this minimum distance is approximately 2.2283.

23. Let P(x,y,z) beany pointon z = X2 + y2. The square of the distance between the point (1,2,0) and P can be

2 To find the critical points, set f, (x,y)

expressed as d% = f(x,y)= (x—1)2 + (y—2)2 +2
=4x3 +2x + 4xy2 —-2=0and fy(x,y)= 4y3 +2y+4x%>y—4=0. Multiplying the first equation by y and the
second equation by x and summing the results leads to the equation -2y +4x =0. Thus, y =2x. Substituting
into the first equation yields 10x3 + x—1=0, whose solution is x ~ 0.393. Consequently, y ~ 0.786.

fo (X, y) =2 +12x° + 4y2, fyy(x,y)=2 +12y2 +4x°, and fyy (X, y) =8xy. The value of D for the critical point
(0.393, 0.786) is approximately 57 and since f,, (0.393,0.786) > 0, (0.393, 0.786) yields a minimum distance.

The point on the surface z = x2 + y2 is (0.393, 0.786, 0.772) and this minimum distance is approximately 1.56.
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24. Let (x, Y, z) denote a point on the cone, and s denote the distance between (x, y, z) and (1, 2, 0).
2 = (x—l)2 +(y—2)2 +2% and 22 =x%+ y2. Minimize s = f(x,y)= (x—l)2 +(y—2)2 +(x2 + yz), X, yinR.
VE(x, y) =2(2x-1,2y-2)=(0, 0) at (%1] At (%1} D>0and f,, >0, solocal minimum.

Conclusion: Minimum distance is s = \/g ~1.5811.

25. A:(%)[y+(y+2xsina)](x005a) and
2x +y =12. Maximize A(X, «) =12XCos & — 2X° c05a+(%j x2sin2a, X in (0,6],ain (0, gj
A(X, @) :<12c03a—4x003a+2xsina003a, —12xsina + 2x% sina + x° c052a> =(0, 0)at (4, %)

At [4, %) D>0and A, <0, solocal maximum, and A= 123 ~ 20.78. At the boundary point of x = 6, we get

a= % A =18. Thus, the maximum occurs for width of turned-up sides = 4”, and base angle = g+% = 2—;

26. The lines are skew since there are no values of s and t that simultaneously satisfy t—1 = 3s, 2t =s + 2, and
t + 3 =2s - 1. Minimize f, the square of the distance between points on the two lines.

f(s,1)=@Bs—t+1)° +(s+2-2t)% +(2s -1-t - 3)°

Let

VE(s, 1) =(2@s -t +1)(3) + 2(s - 2t + 2)(1) + 2(2s —t = 4)(2), 2(3s —t + 1)(=1) + 2(s — 2t + 2)(-2) + 2(25 — t — 4)(-1))
= (28514t —6,~14s+12t - 28) = (0,0) .

Solve 285 — 14t -6 =0, -14s + 12t — 2 = 0, obtaining s=—=,t =1.

~N| o

D = fg fyy — £ = (28)(12) - (-14)? > 0; fg = 28> 0. (local minimum)
The nature of the problem indicates the global minimum occurs here.

G655

Conclusion: The minimum distance between the lines is v/875/7 ~ 4.2258.

27. Let M be the maximum value of f(x, y) on the b. X y 3x+2y+1
polygonal region, P. Thenax+ by +(c-M)=0 3 0 10
is a line that either contains a vertex of P or
divides P into two subregions. In the latter case 0 5 1
ax + by + (c — M) is positive in one of the regions 2 3 1
and negative in the other. ax + by + (c—M) >0 4 0 -11
contradicts that M is the maximum value of 1 _4 ~10
ax + by + ¢ on P. (Similar argument for Minimum at (4, 0)
minimum.)
a. X y 2x+3y+4 28. X y 2X+y
-1 2 8 0 0 0
0 1 7 2 0 4
1 0 6 1 4 6
N 0 2 0 14/3 14/3
0 -4 -8 -
Maximum at (-L,2) Maximum of 6 occurs at (1,4)
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(4)

|
(n 2 x

The edges of P are segments of the lines:
1.y=0

2.4x+y=8
3.2x+ 3y =14, and
4.x=0

2(%, y) = y* - x°

z(x, y) =(-2x, 2y)=(0, 0) at (0, 0).
There are no stationary points and no singular

points, so consider boundary points.
y

(1

On side 1:

y = 2X, S0 7=4x% —x? =3x?
Z'(x)=6x=0 ifx=0.

Therefore, (0, 0) is a candidate.

On side 2:

y=-4x + 6, S0

z= (—4x+6)2 —x? =15x? — 48x + 36.
Z'(x)=30x-48=0 ifx=1.6.
Therefore, (1.6, —-0.4) is a candidate.
On side 3:

y =X, SO z=(—x)2 -x% =0.

Also, all vertices are candidates.

X y z
0 0 0
16 -04 -24
2 -2 0
1 2 3

Minimum value of —2.4; maximum value of 3

Section 12.8

=2 (yi —mx; —b)(-%)
i1

= —ZZ(xi yi —mx;% —bx; )
i=1
Setting this result equal to zero yields

n
0= —ZZ(xi yi —mx;% —bx; )
i=1

0= Zn:(xi Yi —mxi2 —bxi)

i=1
or equivalently,

n n n
> xivi =m> %2 +b> %
= i=1 =]

Setting this result equal to zero yields

0:—2i(yi —mx; —b)

02%(% —mx; —b)

or equivalently,

n n
mY X +nb=>"y;
i-1 =]

n n
nb=>yi-m> x
i-1 i=1

Therefore,
n n
z Yi— mz Xi
b= i=1 i=1
n

n n n
> xivi =mY %2 +b> %
i-1 i—1 i-1

n

Instructor's Resource Manual



This simplifies into
n

n 1 n
;Xiyi_ﬁzxizyi
_ 1=

z2(x) = 2x% —4x+5, xin [0, 4]. Z'(x) =4x-4,
so z'(x) =0 if x = 1. Hence, an additional critical

m = i= i=1 =l point is (1, 0).
n 1(a 2 On hypotenuse: x = 4 — 4y
x> 2(y) = 2(4—4y)% + y> —4(4 - 4y) -2y +5
= e y)= )" +y y)=2y+
=33y% 50y +21, yin|[0, 1].
2 n . 25
L REP) 3% 2/(y) = 66y~50, 50 2/(y) =0 if y=2>.
om ) 33
o2 f Hence, an additional critical point is [géj
—2:2n 33 33
ob
X y z
%t Q
=2) X
pe. ; i 0 0 5
i= 4 0 21
Then, by Theorem C, we have 0 1 4
2
n n
D =4n inz—l{inJ . 0 3
i=1 Nia 32/33 25/33 2.06

Assuming that all the x; are not the same, we

2

findthat D>0 and %>0.
om

Thus, f(m,b) is minimized.

Maximum value of z is 21; it occurs at (4, 0).
Minimum value of z is about 2.06; it occurs at

%
33'33)

> 33. Letxandy be defined as shown in Figure 4 from
31. Xi Yi Xi Xi Yi Section 12.8. The total cost is given by
3 2 9 6 C(X,y) = 400y X2 +502 +200(200— X )
4 3 16 12
5 4 o5 20 +3004/y2 +100°
6 4 36 24 Taking partial derivatives and setting them equal
7 5 49 35 to 0 gives ) _—
55 5 1 18 1 135 | 97 Cy (x,y) = 200(x® +50%) Y2 (2x) - 200 = 0

32.

m(135) + b(25) = (97) and m(25) + (5)b = (18).
Solve simultaneously and obtain m = 0.7, b = 0.1.
The least-squares line isy = 0.7x + 0.1.

z:2x2+y2—4x—2y+5, S0
Vz=(4x-4,2y-2)=0.

Cy (x,y) =150(y* +100%) 2 (2y) - 200 = 0
The solution of these equations is

x=0 < 28.8675and y = 20~ g9.4427
3 J1.25

We now apply the second derivative test:

~ 400Vx2 +502 — 400%2//x? + 502

Vz =0 at (1, 1) which is outside the region. Cux (X, Y) 5 5
Therefore, extreme values occur on the boundary. X“+50
Three critical points are the vertices of the [.2 2 2/ (2 2
triangle, (0, 0), (0, 1), and (4, 0). Others may Cyy (X y) = 300yy” +100 5 300y2 / y”+100
occur on the interior of a side of the triangle. y“ +100

‘ Cyy(x,¥)=0

On vertical side: x=0
2(y) = y2 -2y+5,y=[0,1]. Z'(y)=2y-2, so

Z'(y) =0 if y = 1. Hence, no additional critical

point.
On horizontal side: y =0

Evaluated at x =50/+/3 and y =100/+/1.25,

D ~ (5.196)(1.24) - 0% >0
Thus, a local minimum occurs with

C(50/+/3,100/+1.25) ~ $79,681

We must also check the boundary. When x =0,

Cy(y) = C(0, y) = 200(200— y) +300y/y2 +1002

and wheny =0,

Instructor's Resource Manual Section 12.8 781

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be
reproduced, in any form or by any means, without permission in writing from the publisher.



34.

35.

782

C,(X) = C(x,0) = 400 x> +50% + 200(200 — x)
Using the methods from Chapter 3, we find that
C; reaches a minimum of about $82,361 when

y =+/8000 andC, reaches a minimum of about

$87,321 when x =,/2500/3 . Addressing the
boundary x +y = 200, we find that

C3(X) = C(x,200— X) = 400/ x? +502

+3004/(200 - x)2 +100? This function reaches a

minimum of about $82,214 when x =~ 41.08.
Thus, the minimum cost path is when

x =50/+/3 ~ 28.8675 ft and

y =100/+/1.25 ~ 89.4427 ft, which produces a
cost of about $79,681.

Let x and y be defined as shown in Figure 4 from
Section 12.8. The total cost is given by
C(x, y) =500y x% +50° +200(200— X — y)

+1004/y? +100°

Taking partial derivatives and setting them equal
to 0 gives

C, (X, y) =500(x? +50%) ¥2(2x) - 200 = 0

Cy (x,y) =100(y* +100%) 2 (2y) - 200 = 0
There is, however, no solution toCy (x,y) =0
Now we check the boundary. When x =0,
C,(y) = C(0, y) = 200(200 - y) +1004/ y2 +1002
There is, however, no solution to C;'(y) =0.
Wheny =0,

C,(X) = C(x,0) = 5004/x2 +50% +200(200 — X)
C, (x) =0 vyields x =100/~/21 and
C(100/+/21,0) ~ $72,913

On the boundary x+ y =200, we find that

C3(X) = C(x, 200 - X) = 500/ x? +50°

+1004/(200 - x)2 +100? This function reaches a

minimum of about $46,961 when x ~ 9.0016 .
Thus, the minimum cost path is when
X ~9.0016 ftand y ~190.9984 ft, which

produces a cost of about $46,961.

f(x,y)=10+x+y
Vi = <1, 1> # 0; thus no interior critical

points exist. Letting
x=3cost, y=3sint, 0<t <27,

g(t) = f(3cost,3sint) and
g'(t) =3cost —3sint. Setting g'(t)=0

Section 12.8

36.

37.

yields t = z/4 or 5x/4.
The critical points are (3/\/53/\/5) and

(-8/2,-3/42).
Since f(3/x/§,3/«/§):10+6/«/§and
f(-3/42,-3/42)=10-6/2, the

minimum value of fon x? + y2 <3is
10-6/~/2 and the maximum value of  is 10+6/~/2.

f(x,y)=x>+y% Vf= (2x,2y).

vf =0at (0,0).

D(0,0)=2-2—-0% =4>0 and f,(0,0)=2>0,
Thus, f(0,0) =0isa minimum.

In order to optimize g(t) = f(acost,bsint)
where 0 <t <27, we find

g'(t) = 2x(—asint) + 2y(bcost)

= 2b%sintcost —2a® sint cost

= (b2 —az)sin 2t. Setting g'(t) =0, we

have t =0,7/2,7, or 3z/2. The resulting critical
points are (a,0), (0,b), (-a,0), and (0,-b).
f(a,0)= f(-a,0)=a%; f(0,b)= f(0,-b)="b>.
Since a > b, the maximum value of f on the given
region is a? and the minimum value of f is 0.
The volume of the box can be expressed as
V(l,w,h) =lwh =2 and the surface area as
S(I,w,h) =2Ih+2wh+Iw+Iw. Sinceh=Z,

W
S(I,w) =& +3+Iw+Iw When cost is factored,
C(l,w) :£+|}+0.65|W with w>0,1>0
w
1
Ci(lhw)= —|—2+0.65W= 0

CW(l,w)z—iz+o.e5| -0
'

Solving this system of equations leads to

w=3 065 ~1.1544and | =w~1.1544 .
0.4225

Consequently, h~1.501. Applying the second

derivative test with C;; (I,w) = I%

CWW(I,W):% and Cy,, (I, ) = 0.65,

D =1.268>0. Thus, the minimum cost occurs
when the length is approximately 1.1544 feet, the
width is approximately 1.1544 feet and the height
is approximately 1.501 feet.
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38. The cost function in three variables is , . 1
C(I,w,h) = 4lw+2lh + 2wh + 61 + 6w+ 4h, T'(y)=-1-2y=0if y= ~5 soon the
boundary, critical points occur where y is
where Iwh =60. Substituting h =0 yields y P y
Iw 4 1y
) 2! .
C(I,W)=4Iw+%+6l+6w+@ with 1
w lw Thus, points to consider are [O, —j, 0, -1),
I >0and w>0. 2
120 240
Ci(1w) = dw-"2+6-22 — 0 V3 1) (V8 1) 04 0.1). substituting
I wil 2 2 2 2
Cyy (1, ) = 41 _%+ 6_2i2 0 these into T(x, y) yields that the coldest spot is
w Iw

Multiplying both sides of the first equation by
wi?, multiplying both sides of the second

[0, %) where the temperature is —%, and there

Na

. 2 . . is a tie for the hottest spot at | +—, —1 where
equation by Iw“, and subtracting the resulting 2 2

equations produces —120w+1201 =0 or | =w. 9

120 240 the temperature is —.
Consequently, 4w——2+ 6————=0 or 4

w w?
2w* +3w —60w—-120=0 Using a CAS, this 40. Let x?,y2, 7% denote the areas enclosed by the
equation yields w ~ 3.2134 circle, and the two squares, respectively. Then
Cy(l,w) = 240 @; Cow (W) :@+@; the radius of the circle is i, and the edges of

Boow? W Jn
240 ) N ) the two squares are y and z, respectively. We

Cw(l,w) = 4+W' Using the critical point wish to optimize A(x, y, 2) = W2 4 y2 L2,
(3.2134, 3.2134), D ~131.44>0 biect to 2l = |+ 4v 447 — k
Thus, w =1~ 3.2 yields a minimum. The subjectio zm Jr tay+az=K or
minimum cost involved with making this box is . .
approximately $177.79. This minimum cost equivalently 2/nx+4y+4z =k, with each of x,
occurs when the length and width are y, and z nonnegative. Geometrically: we seek the
approximately 3.2 feet and the height is smallest and largest of all spheres with center at
approximately 5.8 feet. the origin and some point in common with the

triangular region indicated.

'y

39. T(x, y)=2x2 +y2 -y
VT =(4x,2y-1)=0

Ifx=0and y= % SO (0, %j is the only interior

critical point.

2

v

¥
. k k -
Since —= > —, the largest sphere will intersect

b —
=1

X5 \
. . k .
the region only at point (— 0, 0) and will
PN
-2 thus have radius L Thus A will be maximum
On the boundary X2 =1- y2, so T is a function 2\n
of y there. if X=L, y =z =0 (all of the wire goes into
_ 2 2 2 YN
T(y)=2(1-y")+y"-y=2-y-y°, : .
Sl 1 the circle). The smallest sphere will be tangent to
y=[1.1] the triangle. The point of tangency is on the

normal line through the origin,
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(xy, z>:t<\/5, 2, 2>. Substituting x = /=,

y = 2, z = 2 into the equation of the plane yields

the value t = L so the minimum value of
2(n+8)
A is obtained for the values of x = i
2(n+8)
y=
[ 8} |
(z+8) , and the squares will each
Jn 2(n +8)
have sides . Therefore, the circle will use
(t+8)
units and the squares will each use
(m+8)
units.
(m+8)

[Note: sum of the three lengths is k.]

41. Without loss of generality we will assume that « < g <. We will consider it intuitively clear that for a triangle of
maximum area the center of the circle will be inside or on the boundary of the triangle; i.e., «, £, and y are in the
interval [0, 7] . Along with & + S+ y = 2=, thisimplies that o + S > 7.

B

K{v

r

1 |
T

r T
T
Domain of A

A

The area of an isosceles triangle with congruent sides of length r and included angle & is %rz siné.
Area(AABC) = —r sina +%r sin ﬁ+ r?sin 4
= %rz(sina+sin,8+sin[2n—(a+,8)]

= %rz[sinoﬁsin S -sin(a+ p)]
Area(AABC) will be maximum if (*) A(a, B) =sina+sin f—sin(a + £) is maximum.
Restrictionsare 0<a < f<n, and a+ > m

Three critical points are the vertices of the triangular domain of A:[g, gj (0, m), and (=, ). We will now search

for others.

AA(a, B) = (cosa—cos(a+ ), cos f—cos(a +B)) =0 if

cosa = cos(a + ) = cos .

Therefore, cosa =cos 5,50 a = B [due to the restrictions stated]. Then
CoOSa = COS(ax + &) = C0S 2c = 2cos® a—1, SO cosa = 2¢0s & —1.

Solve for & 2cos? @ —cosa—1=0; (2cosa+1)(cosa—1) =0;

1 21
005a=—5 or cos:x=1;a:? or a =0.
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2; Zgj is a new critical point, but (0, 0) is out of the domain of A.

There are no critical points in the interior of the domain of A.
Onthe g == edge of the domain of A; A(a) =sina —sin(a —n) =2sina so A'(«) = 2cosa.

(We are still in the case where a = 3.) (

Ala)=0ifa= g (g nj is a new critical point.
Onthe g =n-a edge of the domain of A:
A(a) =sina +sin(n—a) —sin(2a — 1) = 2sina +sin 2¢, soO

A'(a) =2cosa +2c0s2a = 2[cosa + (2 cos® & -1D]=2(2cosa -1)(cosax +1).

Ala)=0 if cow:% or cosa =-1, so a:% ora=r.

(g 2;) and (z,0) are outside the domain of A.

(The critical points are indicated on the graph of the domain of A.)

a p A

T Y

2 2 | 2

0 Vs 0

/4 V4 0

z z % Maximum value of A. The triangle is equilateral.
T

E T 2

42. If the plane through (a, b, c) is expressed as

Ax + By + Cz = 1, then the intercepts are volume

111
A'B'C’

o3[ e

To maximize V subjectto Aa+Bb + Cc=11is equwalent to
maximizing z = ABC subject to Aa + Bb + Cc =

c_l-aA-bB . AB(l-aA-bB)
C C

1
1 4
X

vz=[1 <B—2aAB-bBZ,A—2bAB—aA2>=oifA:i,B:i c=1]
c 3a 3b 3c

(i, i} is the only critical point in the first quadrant. The second partials test yields that z is maximum at this

3a 3b
point. The plane is ix+iy+ ! z=1o0r — +y+£:3
3a 3" 3k a b c
. . 1 9abc
The volume of the first quadrant tetrahedron formed by the plane is RERTER
43. Local max: f(1.75, 0) = 1.15 46. Global max: f(0,0)=1

Global max: f(-3.8, 0) = 2.30 .
( ) Global min: f(2,-2) = f(-2,2)=¢™°
44. Global max: f(0,1) =0.5 ~0.00012341
Global min: f(0, -1) =-0.5
_ 47. Global max: f(1.13, 0.79) = f(1.13, -0.79) = 0.53
45. Global min: f(0, 1) = (0, -1) = -0.12 Global min: f(-1.13, 0.79) = f(-1.13, —0.79)
=-053
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48. No global maximum or global minimum 52. Global max: f(-5.12,—4.92) = 1071
Global min: f(5.24, —4.96) = —658
49. Global max: f(3,3)= f(-3,3) = 74.9225
Global min: f(1.5708,0) = f(~1.5708,0) = -8 53. Global max: f(2.1,2.1)=3.5
Global min: f(4.2,4.2) =-3.5
50. Global max: f(1, 43,0)=0.13
Global min: f(-1.82, 0) =-0.23

51. Global max: f(0.67, 0) = 5.06
Global min: f(—0.75, 0) =-3.54

54. a.
k(a, 8) = %[80 sina +60sin S +48sin(2z —a — 5)]
=40sina +30sin - 24sin(a + F)
L(e, B) = (164—160cos )% + (136 =120 cos B)!/?
+(100-96cos(a + B))"?
b. (1.95,2.04)
c. (2.26,2.07)
12.9 Concepts Review 3. Let V(X, y) = AVg(X, y), where
1. free; constrained g%, y) =x"+y" -1=
(8x-4y,-4x+2y) = A(2x, 2y)
2. parallel 1. 4x — 2y = Ax
3. gxy)=0 2.-2X+y= Ay
3. %2+ y2 =1
4. (2,2) _ .
4. 0= AX+ 22y (From equations 1 and 2)
5.1=00rx+2y=0 @)
Problem Set 12.9 A=0: 6.y =2x (D
1
7. x=x— 6,3
1. (2x, 2y) = A(y, x) J5 ©,3)
2X =AY, 2y = AX, Xy =3 2
Critical points are 8. y= iﬁ (7,6)
(£33, £43), f (£43,£43) =6. X+ 2y = 0: 9.x=-2y
It is not clear whether 6 is the minimum or 10. y = iL 9, 3)
maximum, so take any other point on xy = 3, for \/g ’

example (1, 3). f(1, 3) = 10, so 6 is the minimum
value. 11. X—T (10 9)

2. (¥, x) = A(8x, 18y) Critical points: [— J [ J

y=8x, X = 184y, 4x% +9y? =36

Critical points are (%i%}(—% ij (%‘%} [_% %j

H+

2
f(x, y) is 0 at the first two critical points and 5 at
Maximum value of 3 occurs at | +—— i the last two. Therefore, the maximum value of
f f f(x, y) is 5.
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4. <2X +4y,4x+ 2y> = g(l’ _1> 9. Let | and w denote the dimensions of the base, h
DX+ Ay = 4 AX 4OV = 4 —6 the depth. Maximize V(I, w, h) = lwh subject to
Cx't' 3;‘ b t?‘ 3 y N X=y= 0.601w + 0.20(Iw + 2Ih + 2wh) = 12, which

ritical pointis (3, =3). simplifies to 21w + Ih +wh = 30, or

_ g, w, h) =2lw + Ih +wh — 30.

5. {2x2y,22) = 4(1.3,2) Let VWV (I, w, h) = 2vg(l, w, h);
HEAHTILET 2N N (wh,Ih, Iw) = A(2w+ .20 +h,1 +w)

Critical point is (7, Ex _TJ 1. wh = 22w + h)
6 18 12\ 7 2. Ih= 22l +h)

f(—,—, —j:— is the minimum. 3. 0w= A1+ w)

7 7 7 7 4.2lw + lh + wh =30
5.w—hh=24w-1) (1,2)

6. Let Vi (X’ y: Z) = ﬂ’vg(xa y: Z)’ where 6. W= | or h=24

g(x, v, 2) =2x*> +y* -3z =0. W:_h B
7.1=24=w  (3)Note: w=0, forthenV =0.

(4,-2,3) = A(4x,2y,-3) 8.h=41 (7.2)
1.4=4x J5
2.-2=2Jy 9. A= B (7,8,4)
3.3=-31

, 10. I=w=+/5,h=25 ©,7,8)
4. 2x°+y"-3z=0
5 4=_1 3) h=24:

ST 11.4=0 2)
6.x=-1y=1 (2"1{2) 12.1=w=h=0 (11,1-3)
7.2=1 (_ -4 . . (Not possible since this does not satisfy 4.)
Therefore, (-1, 1, 1) is a critical point, and } o )

f(-1, 1, 1) = -3. (-3 is the minimum rather than (\/g’ V5, 2\/5) is a critical point and

maximum since other points satisfying g = 0 have B N 3.

larger values of f. For example, g(1, 1, 1) =0, and v (\/g’ V5, 2\/5) =105 ~22.36 i is the

f(1,1,1)=5)) maximum volume (rather than the minimum
volume since, for example, g(1, 1, 14) =30 and

7. Let | and w denote the dimensions of the base, h V(1, 1, 14) = 14 which is less than 22.36).
denote the depth. Maximize V(I, w, h) = lwh
subject to g(I, w, h) = lw + 2Ih + 2wh = 48. 10. Minimize the square of the distance,
<Wh, Ih, |W> = /’{,<W+ Zh,l + 2h, 21+ 2W> f(X, y’ Z) — X2 + y2 + 22’ SubjeCt to
wh = A(w + 2h), Ih = A(I + 2h), lw = 221 + 2w), —2y_2.0_

Iw + 2Ih + 2wh = 48 90%. ¥, ) =x7y =749 =0.
Critical point is (4, 4, 2). (2x, 2y, 22) = /1<zxy, %2, —22>
V(4, 4, 2) =32 is the maximum. (V(11, 2, 1) =22,
for example.) 2X =2Axy, 2y = X2, 21=-27z,
2 2
8. Minimize the square of the distance to the plane, X7y-27+9=0

f(xy, z):x2+y2+z2

X+3y—-2z-4=0.
(2x,2y,22) = A(1,3,-2)
2X=A,2y=31,2z=-2A,x+3y-21=4

, subject to

Critical point is (%, g, —%) The nature of the

problem indicates that this will give a minimum
rather than a maximum. The least distance to the

1/2 1/2
plane is f(g,é,—ij =(§j ~1.0690.
77 7 7

Critical points are (0, 0, £3) [case X = 0];
(i 2, -1, i\ﬁ) [casex =0, A=-1]; and

(13\6/2/ . —39/2, 0) [case X # 0,4 #—1].

Evaluating f at each of these eight points yields 9
(case x=0), 10 (case x=0, A=-1), and

2
%%(%@) (case X # 0,4 #—1). The latter is
the smallest, so the least distance between the

origin and the surface is 3§/§ ~ 2.8596.
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11.

12.

13.

14.

788

Maximize f(X, y, ) = Xyz, subject to
g(x, y, 2) =b%c> x> +a%c?y? +a%b%z? —a’b?c?
=0

(yz, xz, xy) = /1<2b202x, 2a’c?y, 2a2b22>

yz = 2b202x, xz = 2ac? Yy, Xy = 2a2b2z,

b%c?x* +a’c?y? +a’b?z? = a’b’c?

Critical point is (i b ij
NERRNVERNCY)
a b c 8abc
\Y T T s T = | T = Wthh iS the
[\/3 V3 x/ij W3
maximum.
Maximize V(X, Y, Z) = Xyz, subject to

a(x, y, z)=5+1+£—1=0. Let
a b c

VV (X, Y, 2)=AVQ(X, Y, 2), so

(yz, xz, xy)=/1<l, L l> Then
aboc
ﬂ = ﬂ = E (each equals xyz).
a b c

A # 0since A=0 would imply x=y=z2=0
which would not satisfy the constraint.

Thus, L. E. These along with the
a b c
. . a b c
constraints yield X=—, y=—, z=—.
3 3 3
The maximum value of V = az_t;:

Maximize f(X,y,z) = X +y + z with the constraint
a9(x,y,2) = X2+ y2 +2%-81=0. Let

VI (X,Yy,2) = AVY(x,Y,2), so

(L,1,1) = 2(2x,2y,2z); Thus,x=y =1

and 3x> =81 or X=y =2z =13/3.

The maximum value of f'is 9x/§ when

(xy.2)=(3v3,33,343)

Minimize d? = f(x,y,2) = X2 + y2 +22 with
the constraint g(X,y,z) =2X+4y+3z-12=0
VI(X,Y,2) = AVQ(X,Y,2)

(2%,2y,22) = 1(2,3,4);

2Xx=24;2y =41;2z =31 leads to a critical

: 24 48 36
point of (5,5,5) The nature of the problem

indicates this will give a minimum rather than a
maximum value. The minimum distance is

/ 2 2 2
24° 48~ L 367
%5 +t20 T3 2.2283

Section 12.9

15.

16.

17.

Minimize d? = f(x,y,z)

=(x— 1)2 +(y— 2)2 +22 with the constraint
g(x,y,z):x2+y2—z:0;
(2x-2,2y-4,27) = 1(2x,2y,-1)

Setting up, solving each equation for A, and

2+y2—z:0

produces A = —1.5445; The resulting critical
point is approximately (0.393, 0.786, 0.772). The
nature of this problem indicates this will give a
minimum value rather than a maximum. The
minimum distance is approximately 1.5616.

substituting into equation X

Minimize d? = f(x,Y,2)

=(X- 1)2 +(y- 2)2 + 22 with the constraint
g(x,y,z)=x2+y2—z2 =0

(2x-2,2y-4,27) = 1(2x,2y,-22)

A=-1x= %, y=1,z= ig; The critical points

are (%,1,%) and (%,l,—g) which both lead to

a minimum distance of

NS‘
o

(See problem 37, section 12.8). Let the
dimensions of the box be I, w, and h . Then the
cost of the box is

252hl +2hw + Iw) + .4(lw)  or

C(,w,h) =.5hl +.5hw+.65Iw.

We want to minimize C subject to the constraint
lhw=2;set V(I,h,w)=Ilwh-2.

Now:

VC(I,w,h) = (.5h+.65w)i + (.5h+.651)j+.5(1 + w)k
and
VV(l,w,h)=whi+Ihj+Iwk
Thus the Lagrange equations are

.5h+.65w = Awh €))
.5h+.651 = Alh (2)
S +w) = Alw 3)
lwh=2 4
Solving (4) for h and putting the result in (1) and
(2), we get

1 +.65wW = 24 (5)

Iw |

L +.651 = 24 (6)

Iw w

Multiply (5) by | and (6) by w to get
l+.65IW: 24 (7

w

1

T+.65|W: 24 (®)
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from which we conclude that | =w . Putting this equation (3), we have
result into (3) we have

) 2WH2W+4=Aw? or A=4 W—+1 .
| =2l 9) 2

w
Therefore, from equation (1), we have

Since V #0, | #0 and (9) tells us that | :l;
A 120 w+1 60
— +4W+6=4) — |W| —- | or

2 2 2
thus =2, w=l=1, h=2-222 w w w
4 A Iw (multiplying through by w® and simplifying)

Putting these results into equation (1), we 4 3
conclude 2w' +3w” —60w—120=10

5 1 1 5 Using one of several techniques available to
S(247) +.65 (zj = i(zj (247) or solve, we conclude that w=1=3.213 and

N h= Lz ~5812 .
63| =47 (3.213)
Hence: A =3/.65~.866, so the minimum cost is 19. (See problem 40, section 12.8)
obtained when: Let

¢ = circumference of circle
p = perimeter of first square
g = perimeter of second square

|=w=%z1.154 and h=24%~15

18. (See problem 38, section 12.8). Let the Then the sum of the areas is
dimensions of the box be I, w, and h . Then the AC. p.0) ¢ p? ¢ 1|2 p?
: P, =—+—+—=—| —+—+—
cost of the box is P.q 4 16 16 4| r 4 4
1(2hl +2hw) + 4(lw) + 3(21 + 2w) +4h  or St o d minimi
C(l,w,h) =2hl + 2hw+ 4lw + 6l + 6w+ 4h . 50 We WIS ozmax1r2n1ze gn .
We want to minimize C subject to the constraint A(c, p,q) = L + L + a subject to the
Ihw = 60 ; set V (I, h,w) = lwh— 60 . T4 4
Now: constraint L(C,p,q)=c+p+q—-k=0.
VC(l,w,h)=(2h+4w+6)i+(2h+41+6)j and Now
~ 2c. p. q
+(21+2w+4)k VA, p,q)=—i+—j+-k
V4 2° 2
VV (I,w,h) =whi+lhj+Iwk VL(C, p,q)=i+j+k
Thus the Lagrange equations are so the Lagrange equations are
2h+4w+6 = Awh (1) 2¢c
2h+41+6=Alh ) — =4 (1)
21 +2w+4 = Alw 3) D
Iwh = 60 (4) == @)
Solving (4) for h = 60 and putting the result in q_
Iw E =1 3)
(112)Oand (2), we tgée(:)t/1 c+p+q=k (4
I_+ 4W+6 = e ©) Putting (1), (2) and (3) into (4) we get
w
Vs 2k
(4+—)A=k or A=——
@+4|+6=ﬂ (6) 2 8+
lw w Therefore:
Multiply (5) by | and (6) by w to get 7k
120 Co= ~ 0.282k
—+4lw+6l =601 (7) 8+7
w 4k
120 Po = ~ 0.359k
T+4IW+6W:60/1 ®) 8+7
4k
from which we conclude that Qo = Saa 0.359k
120 120 I
——+6w= w7 6l or (I-w)(lw+20)=0. Now A(Cq, Pg0o) ~ 0.0224k? while
Since Iw cannot be negative (= —20), we Ak,0,0) = .079k? , so we conclude that
conclude that | = w; putting this result into
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A(Cy, Pg,Tp) is a minimum value. There is also

a maximum value (see problem 40, section 12.8)
but our Lagrange approach does not capture this.
The reason is that the maximum exists because C,
p, and g must all be > 0 . Our constraint,
however, does not require this and allows
negative values for any or all of the variables.
Under these conditions, there is no global
maximum.

20. (See problem 42, section 12.8). Let P be the
y

plane %+ = +é =1. This plane will cross the

first octant, forming a triangle, T, in P; the
vertices of this triangle occur where P intersects
the coordinate axes. They are:

Vy =(A0,0), Vy =(0,B,0), V;, =(0,0,C).

a. Define the vectors g = <—A, B,O) and
h= <—A, 0,C> . From example 3 in 11.4, we

know the area of T is

%|g <h| = %\/(BC)Z +(AC)? +(AB)?

b. The height of the tetrahedron in question is
the distance is the distance between (0,0,0)
and P . By example 10 in 11.3, this distance
is

1 (ABC)*
h= R 2 2 2
\/—+—+c—2 (BC) + (AC) + (AB)

a2 B2

. Finally, the volume of the tetrahedron is

and Vg(A,B C)——|+—J+—k Thus
A2 B?

CZ
the Lagrange equations are
A -Ja

1
|ABC| A2 M
B -Ab
Tam~l— o2 2
|ABC| B
C —Ac
_Z - 3
|ABC| 2 ®
E+R+£:1 (4)
A B C
From (1) — (3) we have
A3 _R3 3
AlaBc|=A B )
a b C

Solving in pairs we get

T

and putting these results into (4) we obtain

A=a+m+%/g
%(Q/aizﬁ/b?ﬁ/c?j
Similarly, we have
Bz%/ﬁ+b+%/@
=%(%/a72+%/b7+%/67)
C =vla’c+3b’c+c

:%(g/ajﬁ/bizﬁ/c?j

Finally, the volume of the tetrahedron is

%h(area of T), or

3

V(A B,C) =%\/(BC)2 +(AC)? +(AB)?

6 6
/ 2
) (ABC) 21. Finding critical points on the interior first:
J(BC)? + (AC)? +(AB)? ot of

=1#0 — =1#0; There are no critical
x oy

points on the interior. Finding critical points on
the boundary: Vf(x,y) =AVa(x,y);

Thatis, V(A,B C)_—«/(ABC =—|ABC|

Hence we want to minimize

V(A,B,C) =|ABC]| subject to the constraint (L1)=2(2x,2y); The solution to the system
1=2-2%,1=2-2y, x> +y? =1is A=+-L
%+%+%:1;deﬁne y y* =lis \/—
x=+-L y=+-L The four critical points are
a b c V2 V2
9(A,B,C)=—+—+—-1.
A B C (L +L) and [—-L +L)
Now NEREN NEREN
~ A . B . Cc L1 | 2
VV(A,B,C) = i+ 4 Kk f(—,—)—10+ is the maximum value.
(A8 =2c]' " Tasc] ) TaBC] V272
D U ) P
f( L ﬁ) 10—+/2 is the minimum value

790 Section 12.9
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22. Finding critical points on the interior:

23.

_ S
boundary S = {(X, )= 1} ; this is done

of

—=1l-y=0=>y=1; . T

oX using Lagrange multipliers. Let

of . . X2 y?

—=1-Xx=0= x=1; The only critical point on aix,y)= T+?—l ; then

the interior is ¢; = (1,1). Finding critical pc.nnts VE(X.y) = 1 i+ —2xy j and
on the boundary: Solve the system of equations 14y2  (1+y?)?

I1-y=4-2x; 1-x=41-2y; x2 +y2 =9
Using substitution, it can be found that the
critical points on the boundary are

X. 2y.
Vg(x,y):5|+?yj

The Lagrange equations are

C_(s 3)0 (3 3} 1 Ax 0
D= T s = BT T == | =
V22 V27 2 1+y? 2
Cy = (256155, -1,56155), oxy 24y
Cs = (-1.56155,2.56155) 1+ y2)? ) 2)
The maximum value of 5 is obtained substituting 2 2
either ¢4 or Cs into f. The minimum value of I?X .+4y1 ._36 2 vield 3)
about -8.7426 is obtained by substituting C; into utting (1) into (2) ylelds

-A°X’y 24y
f. — = (4)

2 9

Finding critical points on the interior:
f
a—:2x+3—y:0; ﬁ:2y—x:0
OX oy
The solution to this system is the only critical
point on the interior, ¢; = (-2,-1).

Critical points on the boundary will come from
the solutions to the following system of

One solution to (4) is Y =0 which yields, from
(3), x==%2. Thus (2,0) and (-2,0) are
candidates for optimization points.
If y#0, (4) can be reduced to

oy _22

5 5 ©)

equations: so that 4 = —- Putting this result into (1)

2X+3-y=A-2X, 2y—-x=1-2y, 9x

X% + y2 =9 . From the solutions to this system, yields b = 2z , which has no solutions
1+ y2 9x?

the critical points are ¢, =(0,3),
W3 3 V3 3
C3 = _’__ 2 C4 = __7__
2 2
f(c)=-3, f(c)=9, f(c3)~20.6913,
f(cy4) ~—2.6913 The max value of f is
~20.6913 and the min value is -3.

(left side always +, right side always -).

Therefore the only two candidates for max/min

are (2,0) and (-2,0). Since f(2,0)=2 and
f(=2,0) = -2 we conclude that the max value of

f on Sis 2 and the min value is —2.

X P 25. ﬂ:ﬂ:2(1+x+y):0:>x+y=—l
24. f(x,y)=—— on the set S :{(x, y):XTHTSI} ox oy
I+y There is no minimum or maximum value on the

We first find the max and min for f on the set
- 2 2
S= {(X, V) < 1} using the methods of

section 12.8:

VE(X,y) = .

J so setting
1+y? (1+y?)

Vi(X,y)=0 we have ! 5= 0 (impossible).
I+y

Thus f hasnomax orminon S.

We now look for the max and min of f on the

interior since there are an infinite number of
critical points. The critical points on the
boundary will come from the solutions to the
following system of equations:

2(1+x+ y)=ﬂ%x

2(1+x+y)=/1%y

Solving these two equations for A4 leads to
y =—X—1 or y =4x. Together with the
2 2

constraint T + i/_6 —1=0 leads to the critical
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26.

217.

28.

792

—1-219 —4+2JB]
5 b b

points on the boundary: [ p

~1+2419 -4-2419 (—i—ijand
57 5 )l s

j . Respectively, the maximum value is

2 8

V575
~29.9443 and the minimum value is 0.
It is clear that the maximum will occur for a
triangle which contains the center of the circle.
(With this observation in mind, there are
additional constraints: 0 < < 7,0< < 7,
0>y<rx.)
Note that in an isosceles triangle, the side

opposite the angle #which is between the
congruent sides of length r has length

Leta+ p+y=1,a>0, >0,and y>0.

2r sin (g] Then we wish to maximize

P(a, B, y)=2r {sin (%) +sin (g] +sin [%ﬂ

subjecttog(a, B, ) =a+f+y—-27=0 =0.

Let r<cos (EJ, cos (ﬁj, cos (ZD = ﬂ(l, 1, 1) .
2 2 2
Then A =rcos (Z) =r cos(ﬁj =Trcos [Zj, )
2 2 2

. a p vy
a=p= since —+~—+%~=m|.
p=r ( 2 2 2 )

3ca=2rm,so 0{:2?“; then ﬂ:y:%t_

Maximize P(X, V, z) = kx?y? 27, subject to g(X, y, z) = ax + by + cz —d = 0.
Let VP(X, Y, 2) = AVQ(X, Y, z). Then <kocx0H v kpx*yP 127, k;/x“yﬂz7’1> =1(a, b, c).

Therefore, Aax = /1—by = Acz
a 7

(since each equals kx?y”z7).

A #0 since 4 =0 would imply X =y =z = 0 which would imply P = 0.

by _¢ .
5=

ax
Therefore, — =
a

The constraints ax + by + ¢z = d in the form a(%j + ﬂ(%} + 7/(EJ =d becomes
a e

a(%j + ﬁ[%j + 7(%j =d, using (*).
a a «

Then (a+ﬁ+7)(%j=d, or X4 (since a+ f+y=1).
a a

pd yd

X= ﬂ(**); y= e and z =“— then following using (*) and (**).
a c

Since there is only one interior critical point, and since P is 0 on the boundary, P is maximum when

ool B, yd

b c’

Let (X, Y, Z) denote a point of intersection. Let
f(X, y, 2) be the square of the distance to the
origin. Minimize f(X, Yy, z)= X% + y2 +22
subjectto g(X,Y,z)=x+y+z-8=0and
h(x,y,z)=2x-y+3z2-28=0.

Let VI(X, Y, 2) = AVQ(X, ¥, )+ uVh(X, Y, 2).

(2x,2y,22) = A(L1L1) + u(2,-1,3)

1.2x=A1+2u
2.2y=A1-pu
3.22=A+3u

4.x+y+z=38

Section 12.9

5.2x—y+32=28

6.30+4u=16 (1,2,3,4)
7.20+7u=28 (1,2,3,5)
8.4=0,u=4 (6,7)
9.x=4,y=-2,2=6 (8, 1-3)

f(4, -2, 6) = 56, and the nature of the problem
indicates this is the minimum rather than the
maximum.

Conclusion: The least distance is \/% ~7.4833.
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29.

30.

(-1,2,2) = 2(2x,2y,0) + 1(0,1,2)

1=20%,2=20y + 1,2 =2, X2 +y* =2,
y+2z=1

Critical points are (-1, 1, 0) and (1, -1, 1).
f(-1, 1, 0) = 3, the maximum value;

f(1, -1, 1) =—1, the minimum value.

a. Maximize
WX, X2, ..ty Xp) = X1 Xo, ..

subject to the constraint

. Xn» (X > 0)

The function to be maximized in a hyperplane
with positive coefficients and constant (so
intercepts on all axes are positive), and the
constraint is a hypersphere of radius 1, so the
maximum will occur where each X; is positive.
There is only one such critical point, the one
obtained from the above by taking the principal
square root to solve for X;.

Then the maximum value of W is

G| [%}raz[%)+...+an(%j=%=ﬁ

g(X1s X2y oo Xn) =X+ X +...+ %X, —1=0.Le
t VW(X[, Xg, ovh Xp) = AVI(X], X9, -ovs Xp)- where A=a12 +a§ + ... +a%.
=A(L1, ..., 1.
(s X0 X XX ) = A(L L ) 32, Max: f(-0.71, 0.71) = f(~0.71, - 0.71) = 0.71
Therefore, A% = AX, =...= AX, (since each
equals X Xy...Xp). Then X; =X, =... =X. 33. Min: f(4,0)=-4
(If 2=0, some x; =0, sow =0.) 34. Max: f(1.41, 1.41) = f(-1.41,—1.44) = 0.037

1
Therefore, nx; =1; Xj =—.
n

n
The maximum value of W is [lj , and
n

1
occurs when each X; =—.
n

35.

Min: f(0, 3) = f(0, —3) =—0.99

12.10 Chapter Review

Concepts Test

N 1. True: Except for the trivial case of z =0,
b. From part a we have that X;X;...X, < (—J . which gives a point.
n
Therefore, {/x%;...X, < l 2. False: Use f(0,0)=0; T(x, y)= X2 )iyyz
n
a; g . elsewhere for counterexample.
If x; = =— for each i, then
At +an 3. True:  Since g'(0) = f, (0, 0)
/al a a, 1 —— A
n_—~_= — <= n <
AA AN SO V& .- 8 = n’ or 4, True: It is the limit along the path, y = X.
a t+ay,+...4 ..
Vaa, ...a, <420 5. True: Use “Continuity of a Product”
n Theorem.
3L Let (a, &, ...a5) = A(2X, 2Xp, ..., 2Xy).- 6. True: Straight forward calculation of partial
Therefore, a; =21x;, foreachi=1,2,...,n derivatives
(since 4 =0 implies & =0, contrary to the 7. False: See Problem 25, Section 12.4.
hypothesis).
X Xj R 1 8. False: It is perpendicular to the level curves
i J
— =— forall i, j | since each equals 7/ of f. The gradient of
a; a; ’
! J F(x, Yy, z) = f(x, y) — z is perpendicular
The constraint equation can be expressed to the graph of z = f(x, y).
2 2 2
X X X
a12 (a—lJ + a% [a—zj +...F ar21 [a—nJ =1. 9. True: Since (0, 0,—1) is normal to the
! 2 " 5 tangent plane
2.2 2\ X | _
Therefore, (al Tt )[alJ =1 10. False: C® : For the cylindrical surface
) 312 o ) f(x,y)= y3, f(p) = 0 for every p on
XN =35> similar for each other X;. the x-axis, but f(p) is not an extreme
a +...+4ay value.
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11. True: It will point in the direction of greatest b. 2x-y-120
increase of heat, and at the origin,

VT(0, 0)= (1, 0) is that direction. 3 B
12. True: It is nonnegative for all X, y, and it has _

a value of 0 at (0, 0). sy 00

. -5 l 5 X

13. True: Along the x-axis, f(x, 0) > too as C

X — too. —
14. False:  [Dyf(x. y)|=[(4. 4)-u|<42 =5t

.. 1 2
(equality if u= (—) 1,1 '
o

15. True: =Dy f(x, y)=—[VI(x, y)-u]

=VEx y)-0) =Dy f(xy)
16. True: The set (call it S, a line segment) !

contains all of its boundary points 54

because for every point P not in S

(i.e., not on the line segment), there is

an open neighborhood of P (i.e., a

circle with P as center) that contains

no point of S. 3. (% y)=12x7y? +14xy’
17. True: By the Min-Max Existence Theorem fux (X, Y) = 362 y2 + 14y7

3 6
18. False: (Xp» Yo) could be a singular point. fxy (X, ¥) = 24x7y +98xy
4. f, (X, y)=-2cosXsinX =—sin2Xx
19. False: f E, 1 |=sin - 1, the maximum x(% )
2 2 fux (X, ¥) = —2Xcos2X

value of f, and (7/2,1) is in the set. fry (X, ¥)=0

20. False: The same function used in Problem 2 5. f(x, y)= e Y sec? x

provides a counterexample. B )
f (X, y) =2e Y sec” x tan X

= — 7y 2
Sample Test Problems fry (X, y) =—& ¥ sec” x

1 a x>+4y?-100>0 6. fx(x.y)=—e"siny
2y fo (X, y) =€ Xsiny
2 X > .
100 25 fuy (X, y)=—€ "cosy
10

7. Fy(x y)=30xy> —7xy°

/’- Fyy (%, ) =150y — 42xy°
1 1 11 | I I |

=
=

=10 Fyx (X, ¥) = 450x2y* —42y°

v

8. fy(x,y,2)= y3 —10xyz4

-10
fy(x,y, 2) = 3xy2 —5x%z*
fZ(X7 Y, Z) = _20X2y23
Therefore, f,(2,-1,1)=19;
fy(2, -L ) =-14; f,(2,-1,1)=80
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9. 2y(x ) :%; 2,(2,2) = % _1 16. In the direction of Vf(l, 2) = 4(9, 4)

2 X2 2

10. Everywhere in the plane except on the parabola 17. a. f(4,1)=9, so X y2 =9, or XY
2 = 2 18 9
b.  Vf(x, y)=(x, 2y),so f(4,1)=(4,2).
11. No. On the pathy =X, lim X=X _ 0. On the
X—=0 X+ X C.
-0
pathy =0, hm—:l. A

x—0X+0 /V
12. a. i X2y 44 —
>R 42y 4+4 \—/

b. Does not exist since the numerator lends to 4
and the denominator to 0.

(< +2y*)(x* —2y?)

18. Fy=FRuy+F VX

¢ (%, y%l—%, 0) x? +2y v u !

B lim  (x 2—y2):0 1+u 2\/7 1+u?v2 24x
(% 9)=(0,0) 3 y+u
- 2(1+u2v2)&
13. a. Vi(x Yy, z):<2xyz3, X223, 3x2y22> Fy = Fuuy + Fny

f(1,2,-1)=(-4,-1,6) v u

b. Vi(x,y,12) 1+u v 2\/— 1+u?v? 2\/§
:<y22 cos Xz, 2ysin Xz, xy2 cos xz> __ Wx=u

2(1+u2v2)\/§

Vi (1, 2, —1) = —4(cos(1), sin(1), — cos(1))

~(-2.1612,-3.3659,2.1612
(-2.1612,-3.3659,2.1612) 10 fX:fqu+fVuy=(lj(2X)+(— “J(yz)
v v
14. Dy f(x, y)={3ya+9x*y*)™", 3x1+9x*y*) ™" )-u
W T )= (3y0+0xy) ™, 3xa+9xy?) ) o 3y 4

6 12\ /3 1 (3\/5-6) (1) ( uj

D,f(4,2 (=, =)= f, = fyu, + fvy =| = |(-3)+| —— |(xz

( )<577577><2 2> 577 y = Tty + iy =)&) vz()
~-0.001393 = xly 27 (2 4 47)

1
15. z="f(x, y)=x*+y? f, = fuu, + fyv, :(Vj(4)+(—%j(xy)
v

<l, — \/3, 0> is horizontal and is normal to the ! y‘lz‘z Gy X2)

vertical plane that is given. By inspection,
<\/§ , 1, 0> is also a horizontal vector and is

perpendicular to <1, -3 R 0> and therefore is

parallel to the vertical plane. Then u = <§ %>

is the corresponding 2-dimensional unit vector.
DU f (Xs y) = Vf (Xa y)u

= (2%, 2y)- <*f > x+y

D,f(1,2)= J3+2~3.7321 is the slope of the
tangent to the curve.
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dF  dF dx dF dy

0 Rl Tl i A

C Tt dx dt | dy dt
= (3% — y2)(=6sin 3t) + (=2xy — 4y>)(3 cost)

=0.

t=0 = x=2andy=0, so (d—Fj
t=0

dt

21. R =Fx+ Fyyt +Fz

1/2 2 2
_(1oxy)f 3t . 5x° (1)+ _15x%y (e
2 2 7 )\t 2
15xy+/t +ﬁ_ 45x2yet

Z3 Z3t Z4

g, Y _jdb_ Hda_
dt dt dt

Area = A(b, ¢, @) = [%) c(bsin @)
dA b) . dc c), . db b da
pr KE) (sin@) (Ej + [E] (sin@) (E] + (EJ (bccosr) (Eﬂ

dA 7+443
(Ej (8, 10, gj ( )

=~ 2 26.9641 in.%/s
2
23. Let F(x,y,2)= 9x> +4y2 +92% -34=0
VF(x, Y, 2) =(18x, 8y, 18z), so Vf (1,2, -1)=2(9, 8, -9).
Tangent plane is 9(X— 1) + 8(y —=2) - 9(z + 1) =0, or 9x + 8y — 9z = 34.

24. V =nr*h; dV =V,dr +V,dh = 2rrhdr +nr?dh
Ifr=10, |dr|<0.02, h=6, |[dh|=0.01, then

|dv| sznrh|dr|+nr2|dh| < 27 (10)(6)(0.02) + 7 (100)(0.01) =347

V(10, 6) = 7 (100)(6) = 600
Volume is 6007 +3.47 ~ 1884.96 + 10.68

25. df = y2 1+ 22)‘1dx+2xy(1 + 22)‘1dy - 2xy22(1+ 22)‘2 dz
Ifx=1,y=2,2=2,dx=0.01, dy =-0.02, dz = 0.03, then df =-0.0272.
Therefore, f(1.01, 1.98, 2.03) ~ f(1, 2,2) + df = 0.8 — 0.0272 = 0.7728

26. Vi(x,y)= <2xy —6X, X* —12y> =(0, 0)
at (0, 0) and (%6, 3).
D = fyy fyy — fy =2y - 6)(-12)— (2%)*
=4(18-6y—x); fr =2(y=3)
At (0,0): D=72>0and f,, <0, solocal maximum at (0, 0).
At (26, 3): D <0, so (6, 3) are saddle points.
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27. Let (X, Y, z) denote the coordinates of the 1st
octant vertex of the box. Maximize
f(x, y, 2) = Xyz subject to
g(x, y, 2) =36x> +4y? +92° 36 =0
(where X, ¥, Z > 0 and the box’s volume is
V(x, y, 2) =f(x, y, 2).
Let VI(X, Yy, 2) = AVQ(X, Y, 2).
(yz,xz,xy) 8 = 2(72x,8y,18z)
1. 8yz = 72X
2. 8Xx2 =81y
3. 8xy =184z
4. 36x% +4y% +92% =36

5 YL _T2AX 2 g2 (1,2)
Xz 84y
6. Y2 _T2AX 0 22 _axl, (1, 3)
Xz 181y
7. 36x% +36%% +36x> =36, so Xx=—1.
NE)
(5,6,4)
3 2
8. y=—r,z="2 7,5,6
y 3 3 ( )
V(L 3 ij_g(Lj(ij(iJ
37373 VBIBIIW3
_16 92376
NE)

The nature of the problem indicates that the
critical point yields a maximum value rather than
a minimum value.

28. (y.x) =2(2x,2y)
y=2AX,X=21y, x2+y2=1

Critical points are (

1 1
—,+—| and
ND) sz

E

(

I+

+ j Maximum of % at

+

E

S
si- 51

(

Y

.. 1
; minimum of -3 at

29. Maximize V (r, h) = nr’h, subject to
S(r, hy=2nr? + 2nrh—24n = 0.
<27rrh,7rr2> = /1<4zzr + 27rh,27zr>
rh=AQ2r+h), r=24, r2+rh=12
Critical point is (2, 4). The nature of the problem
indicates that the critical point yields a maximum

value rather than a minimum value. Conclusion:
The dimensions are radius of 2 and height of 4.
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12.

al’2
17. Ia/z cos X dX:isin X :2—a
-a/2 a 4 a V.4

-a/2
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

jz(a+bx+czx2)dx | ax+Lbx? +Le2x®
0 2 3

8
= 2a+2b+§c

T

J‘”sinz Xdx = lX—lsin2x -z
0 2 4 2

SRS (21)
=—In| —
1/4 2 5

_[3/4 Ldu =lln|1+x2|3/4 =lln2
X:1/41+u 2 1/4 2

I3/4 ! 5 dX:lln
V4 1-x 2

x—1

'[::°1+1u2 du = [tan’1 ex]: ~0.7671

u :4r2+1; du =8rdr

3 [ 143
jor 4r +1dr_§fr:0\/adu

= E%(Mz + 1)3/2}3

u =a2—r2; du=-2rdr

14372

o 12

a/2 1

a/2 ar a
Js N dr = _E.[r:O Ed“

a/2 a2 2_\/5
202 0 8
/2
J.” (l+100329jd9
0 2
/2
:|:l¢9+lsin29} 0
0
2
/2
J.” l+10032¢9 deo
0 2 2

2
/2

:I” l+lc0s29+1005229 do
0 4 2 4
/2

=J'” E+lcos26?+lcos40 de
0 8 2 8

/2 37

= é9+lsin26?+Lsin46’ =—
8 4 32 0 16

2;;(\/a2 ~b? —\/a2 —02)

0 is not part of the integrand.
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28. The area is an equilateral triangle of length V2.

1 =6 3
A==

2

29. The solid is half of a right circular cylinder of
radius 3 and height 8.

v :%ﬁrzh :%(9)(8) =367

30. The solid is a sphere of radius 7.

4 4z 13727

V=—snr=—7= ~1436.8 31.
3 3

The solid looks similar to a football.

T 2
V=7Z'J. sin? xdx =7z lX—lsinZX -
0 2 4 2

0

32. The solid is a right circular cylinder of radius 7
and height 100.

V =7zr’h =49007

33. The solid is half an elliptic paraboloid.
In the xz-plane, we can consider rotating the

graph of z=9- x? around the z-axis for
0 < x <3 . Using the Shell Method, we would get

\Y :Zﬂ_[;x(9—x2)dx

ox2 x*T 81 81] 8lx
Y [ R, P iy L
2 4 {2 4} 2

34. The solid is half of a hollow sphere of radius 1
inside half of a solid sphere of radius 4.

vl 8 2 3 s s
203 3
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