Multiple Integrals

CHAPTER
13.1 Concepts Review 3. ﬂR f(x, y)dA:HRlsz+ﬂR21dA+HR33dA
o =2A(R)) +1A(R,) + 3A(R;)
1. kZ:lfw Vi) A = 2(2) +1(2) +3(2) =12
2. the volume of the solid under z = f(x, y) and Ay
above R 2 |-
3. continuous Rz
- R.‘
4. 12 I}, ‘
0 2 4 x
Problem Set 13.1 4. IJRlZdA+IIR23dA+IIR31dA
1. ”R 2dA+ﬂR 3dA=2A(R;) +3A(R,) =2A(Ry) +3A(Ry) +1A(Rs)
i 2 — —
- 2(4) +3(2) = 14 =2(3)+3(2) +1(1) =13
Ay Ay
L 21—
2 R, R,
- R, R, B
) LR
| . -
0 > 4 x 0 2 4t
2. [[ (DdA+ ][ 2dA= (DAR)+2AR,) 5. 3ff f0ey)dA-[[ ox y)dA=3(3)-(5) = 4
1 2
= (-)3)+2(3) =3 i
Ay 2
2 Rz
R
L 2 R
N " |
0 2 4 X

6. 2HRf(x,y)dA+5ijg(x,y)dA
=2(3)+5(5) =31

7. [Jqa0endA- ([ g(x y)dA=(8)-(2) =3

8. 2ij g(x,y)dA+HR 3dA=2(2)+3A(Ry)
=4+3(2)=10
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0 4 X

[f(1, 1) + (3, 1) +f(5, 1) + f(1, 3) + (3, 3)

+1(5, 3)1(4) = [(10) + (8) + (6) +(8) + (6)

+(4)](4) = 168
10. 49+9+9+1+1+1)=120 18.
11. 43+ 11+27+19+ 27 +43) =520

41 33 25 35 27 19
— |+ = |+ = |+ = |+ =

12. + + = 11(4)
6 6 6 6 6 6
=120
13. 4(J§+JZ+ 6++/4+ 6+J§) ~52.5665
14. 4e+e®+e®+ed+e® +e'%) 213109247
15. 19.
12 N
8III -
4 Iir 0?4,'::, TIAL
0 - -:n".
16. 20.
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21.

22.

23.

24.

25.

z =6 -y isa plane parallel to the x-axis. Let T be

the area of the front trapezoidal face; let D be the

distance between the front and back faces.
ij (6 - y)dA = volume of solid = (T)(D)

- K%}(ew)}a) =55

z =1+ xis a plane parallel to the y-axis.
”R 1+ x)dA is the product of the area of a

trapezoidal side face and the distance between the
side faces.

{@awxa}a) “4

”ROdA =0AR)=0
The conclusion follows.

HRmdA<ﬂR f(x, y)dA<HRM dA
(Comparison property)
Therefore, ma(R) < j jR f(x, y)dA < MA(R)

y
3
G224
N
1 0 0 1
=2 ] 1 2 X

For c, take the sample point in each square to be
the point of the square that is closest to the origin.
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26.

217.

28.

29.

30.

Then ¢ = 24/5 + 24/2 + 2(2) + 4(1) ~15.3006

3
Vi3 | io | Vio [Vi3
N N NN
B2 V25
2 -1 0 1 2 X

For C, take the sample point in each square to be
the point of the square that is farthest from the
origin. Then,

C =213+ 2410 + 24/8 + 44/5 + 24/2 ~30.9652.

The integrand is symmetric with respect to the
y-axis (i.e. an odd function), so the value of the
integral is 0.

The values of [x][y]and [x]+]y]are indicated

in the various square subregions of R. In each
case the value of the integral on R is the sum of
the values in the squares since the area of each
square is 1.

a. The integral equals —6.
v

Mass of the plate in grams

Total rainfall in Colorado in 2005; average
rainfall in Colorado in 2005.

For each partition of R, each subrectangle
contains some points at which f(x, y) = 0 and
some points at which

f(x, y) = 1. Therefore, for each partition there are
sample points for which the Riemann sum is 0
and others for which the Riemann sum is
(D[Area (R)] = 12.
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31. To begin, we divide the region R (we will use the outline of the contour plot) into 16 equal squares. Then we can

approximate the volume by

16
Vv =Iff(x,y)dAzz f (%, Vi )AA, -
R k=1

Each square will have AA = (1-1) =1and we will use the height at the center of each square as f (X, Vi)

Therefore, we get

16
\Y zZ (X, Vi) =20+21+24+29+22+23+26+32+26+27+30+35+32+33+36+42

k=1
= 458 cubic units

1
7. '[TEKEJ x2 sin y} dy = In[ljsin ydy =1
13.2 Concepts Review 0[\2 x=0 012
1. iterated 8. _[;nsj‘(inzexeydydx=_[;ns[exey]g‘fodx
2[¢2 C2[ 2 In3 In3
2. j_l[jo f(x, y)dy}dx, s [ [ y)dx}dy = [l @ - @k = [ et x
. . =[] =3-1=2
3. signed; plus; minus
4. is below the xy-plane 9. '[;/2[— oS xy]1y:0 dx = J'J/Z(l— cos x)dx
T
Problem Set 13.2 = 1= 05708
2 3 2 1 1
1. [ [oy—xy]ydx= | [27-3x]dx 10. [ [eT—odx = [ (e*-1dx =e-2~0.7183
]
=|27x->x } =48 2, 32T
27 1 .[3 2(x" +y) dy
0 3 x=0

2 I [9y—yx2]2dx= [9—x2}dx _J_Sz[(1+y)3/z_y3/z]dy
2 ~Jo 3
:[gx__st;’: ey -y 4[32-9V8)-4
{ 15 L: 15
3
2/(13,2 2 24y _ 32 _
> [ MZJX Y :|y_1dx_j = =—4(31 9J§)z4.1097

15

4 I4 xy+ =y 2 dx=[" x+Z dx—g 12 Il[—(xy+1)‘l]l dy:J'l l—L dy
4 Y)Y WS 6 " Jo 0Ty
=1-In2 =~ 0.3069
2
21 X7y 2 9y .2 1
5 —+xy} dx = (—+3y jdy In3( (1 5 31,
L{ 2 o I 2 13. jo > exp(xy“) o dx__[0 > (e” —=1)dx
5 2
_{L+ 3} _17-B_5 1375 :1-(%Jln3:o.45o7
1
s 2T 7 5\, 16 [ 2 T 12
I‘l{( jx i Ll Y I1[3+y j Y73 jo 2(1+x?) y=0 '[°1+x2
=[2tan 1 x} =2 Ej—O:E
[ Io (4 5
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3 (23 2 2
15. j;[%yzcosz x} dx=j:%coszxdx 22. V_.[o Io(ZS_X -y )dydx
0 3
2 2, 1.3
z =| | 25y-x"y-=y ) dx
:[—x+—0052x} o= ‘[O( 37 Jo
0 2 2
1 = [(75-3x" -9)dx =124
1n 2 10
16. = ldy== -1)d
2-[—1|:e L y zj—l(e )dy 23. V:J';J';(l+xz+y2)dxdy
1 1 3
:E[y(e—l)llze—l =J'03(x+%x3+xy2J dy
0
1 . 3 . 3 64 2
17. jOde=O (since xy> defines an odd =J0 4+?+4y dy =112
function in y).
24. v — [3[*5xye
i, 1 2 . , 8 V_J'OJ'05xye dxdy
18. j_l X y+(—)y dx:j_l[Zx +—)dx 1
3 y=0 3 —IOSy(—Exe‘ZX e‘zxj dy
1 0
{GEOHRE ety Sl
3 3 1. 3 :J'OSy[—Ze“‘—ﬂdy:Tzll.O%Q
19. j;lz‘[glzsin(x+y)dxdy

)2 25. z= X is a plane.
= [; Feos(x+ S dy ’

_ /2 T q
_-[0 —CO0S E+y +Cosy |ay
/2

= joﬁlz(sin y+cosy)dy =[-cosy +sin y]g
=(0+1)-(-1+0)=2

x-2z2=0

V3
2( (1 2.3/2 _ 2(7
20. jl KgJy(ler) L_O dy_J'1 (g)ydy
- X
7.2 ? .
==y | =35 26. z=2-x-yisaplane.
6 1 x+y+z=2

2

21V = [ [’(20-x-y)dydx

3
2 1 2
= 20y —xy—— dx
IO( Y Zy)o

:I2[60—3x—gjdy:105
0 2
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27. z=x?+y? is a paraboloid opening upward with
z-axis.

28. z=4- y2 is a parabolic cylinder parallel to the
X-axis.

X

1
29. _[lgj.;(x+ y+1)dxdy = f[(%} X2 + yX+ x} dy

x=0
3 3
=J‘1 (y'f'zjdy:?

4
24 2 3\,
30. .[1 Io (2x+3y)dydx = Il [2xy+(5jy L_de

- jlz (8 + 24)dx = 36

31 X>+y?+2>1
Ll o o
I_ljo[(x +y° +2)-1]dydx

1 1 !
3 2, (1).3
_J‘_l{x y+(3jy +y} dx

y=0
-1 3 3

2
32. j;j§(4—x2)dxdy:j§{4x—x—;} dy

0
2
(- -2
ol 3 3 ), 3
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brd b d
33 [, [ atan(y)dyax=[ g0 ney)ay o
d b
= ["hy)dy [ g(xax
(First step used linearity of integration with

respect to y; second step used linearity of
integration with respect to x; now commute.)

Vin2
o

34, xe*’ de'; y(L+y?)tdy

] ]
BRI

35. j;j; xyexzey2 dydx = U; xeX’ dxj(ﬁ yey2 dyj

2
= U; xe* dxj (Changed the dummy variable y

to the dummy variable x.)
2 1 2 2
X

_| & :(e_‘lj ~0.7381
2 2

0
36. V :jn In |cos x cos y|dx dy

—Td—T

2
= Il|cos X| dx.f_nn|cos y|dy = U:Jcos X| dx)

2
= (4jg/2|cos X| dx) = (4[sin x]g/z)2 =16

37. .[_22 x2dxﬁl‘y3‘ dy = (2.[02 x2dxj( 2J‘; y3dy)
_ 2(§j ZGJ _8
3 4 3

38. jZZI[xzﬂdxj_ll y3dy =0 (since the second integral

equals 0).

. L f2of o<l o
_ 2“30dx+j1ﬁ1dx+j£2dx+jj§3dx“2&ﬂ
- 2[0+(ﬁ—1)+2(@—&%3(2—@)}{%}

=5-+/3-+/2 ~1.8537
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143 _ 1 _ 11 -1 1
40 [ [ 8x(< +y? +1) Pdxdly = [ [-40C +y? +1) 113, dy =4j0{4+y2+1+y2}dy

1
=4 1 arctan (lj +arctan(y) | =4|| - 1 arctan (1] +Z1-0| =n-2arctan (lj ~ 2.2143
2 2 0 2 2) 4 2

a1 0= [ P19 - FPdxdy = [ [ T120082(y)-2f ()9 f (y)aly)+ f2(y)g(x)]dxdy

= [2 12000 g2 ()dy - 2[. £ (9g0adk[” F(n)a(y)dy+ [ F2(y)dy[ g2 (e

_ 2j: f 2(x)dxj: g2 (x)dx— 2“5 f (x)g(x)de

a

Therefore, [ j: f(x)g(x)de <[ £2(x)dx j:gz(x)dx.

42. Since fis increasing, [y — X][f(y) — f(x)] > 0. Therefore,
0< 2 [ ly=xI0f (y)~ fOlaxdy = [ [y (y)axdy~ [7 [yt (dedy - [ [*xt (y)axdy+ [ [ xf (x)dxdly

b? — b? —a?
2 2

—2(b- a)j: Xf (x)dx = (b? — az)jab F)dx = (b— a)[ZI: Xf (x)dx— (b + a)j: f (x)dx}

b a? b b b
=(b-a)] v (y)dy- [ fodx- [ f(dy+b-a)f xf (x)dx

Therefore, (b+ a)j: f (x)dx < Zf: xf (x)dx. Now divide each side by the positive number 2_[: f (x)dx to obtain the

desired result.

Interpretation:
If f is increasing on [a, b] and f (x) > 0, then the x-coordinate of the centroid (of the region between the graph of f

and the x-axis for x in [a, b]) is to the right of the midpoint between a and b.

Another interpretation:
If f(x) is the density at x of a wire and the density is increasing as x increases for x in [a, b], then the center of mass
of the wire is to the right of the midpoint of [a, b].

13.3 Concepts Review a3 3y .
3. Z 4y |  dy=[" 9y +3y%)d
1. A rectangle containing S; 0 I—l{ 3 y L_O y I—l( y y7)dy
2. H(X)<Yy<(X) =[3y*]}, =243-3=240
b () 1 1) LT 1 1
3. .[aJ‘(pl(x) f(x, y)dydx n J-—3|:X2y_[2)y4:| OdXZJ.—{XS_(ZJquX
y:
1 p1-x 1 =-32.2
4, jojo 2xdydx,§ 2
5 j:“lxzex(%y d—j3§ 2 exp(y3)d
Problem Set 13.3 Chl2 Py ey Y=h|g)y P
1.5 3 1, 3 3 (1) 27 _ oy 11
1. jo[x y]yiodx=j03x dx:z (2j(e e) ~ 2.660x10
x-1
21 (1) o 2(1 2 1
2. - dx=| | = |(x=D%dx==
) szy } s L(zj( =g
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6. .[5 Etan‘l(l) ' dx = I——dx 15 J.fl'[;xydydx:o
1] x X

=]
|

5
={3nlnx} _3nIn5 o o01 y=1
4 o
| | |
1 2172 1 2 -2 2

7. jm[y cos(mx®)|5 g dx = L/sz cos(nx?)dx I

__V2 ~-0.2251 L

21

16. I;I:X(x+ y)dydx =6

V2 cos6
8. jnM (i)rz dazjn/4(cosze—1)d9 v
0 2 3 0 4l yed

_@2=m 01427 -

=]
|

9. I [tan@] n,4dr_f /g(tan3r—1)dr

n/9
_ {_ In|cos3r| - r} T — e
3
. ° 7.y
() = (-
3 9 3 SR
_8n2-m 41180 -
,\‘:_\-2
2 X 2
10. jz[ye‘x} dx:J22xe‘X2 dx:[—e‘xz} ! I
0 -X 0 0 0 1
—1-e*
jij.)f(xz +2y)dydx = _[S[xzy+ yz];/i(2 dx
11. e* cos S'”yd e cos y — cos y)d
j “[e* cos y["Y dy = j ( y —cos y)dy 067 - 0 e
=e-2~0.7183 0
a2 2 28T 2.1
[y ] e 1, T2 Ts 7S
12. j 2| dx= —dx—[—x} =35 0
1] 3x 13 18 1 27
- 0 :%z0.3857
of 1 Va-x?
13. .[o Xy+(—jy2} dx 18 IZI3X*X2(X2_X )dy dx
) : y)dy
:j;[x(4—x2)1/2+2—(%)x2}dx :% _J‘ (X _4X+4)dx:_£
15
14, j ’[3r2 cos T "¢ d g = j ?3sin2 9 cos 0 do 19. [ [720+x?)  dydx=4tan2-In5 ~ 28192
= [sin®017/3 =§ =0.875
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20. ¥ 24.

Since S is symmetric with respect to the origin IZI_2X+4 ox J{l) y |dydx = 20
and the integrand is an odd function in x, the 070 4 3
value of the integral is 0.

25.
21.
5 :
/ y= ¥36-9¢’
- 2
X
12)y
3¢ (-2/3)x+2 Io Igl 2309 ( j(9x+4y)dydx 10
jj (6-2x-3y)dydx =6
0Jo
26.
22,
X
3 \/9—X2 2 2
Iojo (9-x° —y“)dydx
V9-x?
3 3/2
3 2 y 32(9-x )
23, —IO{(9—X )y - 3} dx = [ = dx
y=0
:J'g/218cos3t3costdt :J.;/254cos4tdt
:I“/2(81+270032t+—270054tjdt
o 4 4
[81t 27sin 2t 27sin4tT’2
=|—+ +
4 2 16 |
. . :%zsl.sosﬁ
44—y 4-y
j .[ —,dydx= (I 1dxj( 2 dy] (At the third step, the substitution x = 3 sin t was
P used. At the 5th step the identity
2
= S{Zy—yf} =5(8-4)=20 cos® A= (%) (1+cos2A) was used a few times.)
0
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27. 31
X
ey 4
1— y)dxdy = — Jaox?
.[ojo (L-y)dxdy 15 I()ZI;S/Z) o [4—x2—(gjy2}dydx:3n
~9.4248
28. jj J.OZW{S —(Ej y} dxdy =72
9 32. z
- 4
X
Making use of symmetry, the volume is
29. z 24172 4rx 24172
1 2ij1(16->< y2dA=2]"[* (16 -x2)"?dy dx
] [ [
4
W = 2[ 146 -x*)"'2 1o dx
I
\ I I 4
\_,I¢< - =2J.4(16—X2)1/2XdX=|: 2(16 X ) :|
// ~ 0 3
SOy EXN 0

~ 42.6667
3

X

1px 2 _rn 21x
jojo tan x dydx_jo[ytanx Iy=odXx

1 33, j;ji £(x, y)dx dy

1 In‘cosxz‘ 1 y

:I xtan x?dx =| -———| =| == |In(cos1) 1
0 2 2

0

~ 0.3078

1pl-x o 1 B
30. IOIO X ydydx:(zj(ew 1_2)~0.5431
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34. I;IX{XZ f(x, y)dydx 8 [ [ 1 ey

¥ ¥
4 2+
B | L ] |
- AT
— _\‘=,\'1— 1
| | | .|4 ~ -2
202-y o dey-2 5 256
1 P
35, joj):{‘y f (X, y)dXdy 39. IO IO Xy dx dy+‘[2 -[0 Xy dx dy = 15
¥ ~ 17.0667
1 .
Xr= \'4 ¢ -
2
\:Jl_‘
|
1 x ]
4 x
1/2 y1/3 1 y1/3
36. I f(x, y)dxdy+j I f(x, y)dxdy 1 p-x+2 N2 12
1/? 12 12y 40. [ [, “xd dx_.[_l/ﬁ 2 Xydydx
T _ B 5625
8
B 41. The integral over S of x4y is 0 since this is an
odd function of y. Therefore,
2,4 _ 2
”S(x + X y)dA_”Sx dA
| L. _ 2 2
I =4[ [, x2aa+ [[, xca
0 ¢l 101
1 pV4-x2 2 (V4%
37. j_lj_xf(x, Y)dydx+Jonf(x, y)dy dx :4[.[0.[ 1—x); deyd“L J‘O x deydxj
33‘ 2 1
:4U X2 4—x2dx—j X2 1—x2dxj
0 0
/2 . o 2 /2 . o 2
y=1 :4(16J sin“ dcos Qde—j sin“ ¢ cos ¢d¢j
0 0
(using x = 2 sin @in 1st integral; x = sin ¢ in 2nd)
T T =6O‘|.ﬂ/25in2¢9co'526’d9=15—7c
| | 0 4
-1 1 (See work in Problem 42.)
~ 11.7810
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42, y Then dx =2 cos d6
X=2=0="
/' \ x=0= 6=0
X
2_\/5 n/
\-/] 2 = ( )J ?(25in0)2(2c0s0)2c0s 0 dO
2 0
=8(2-v2) [ sin? cos? 0 do
, v_8(2-2 - _n(Z—\/E)
z = f(x, y)=sin(xy“) is symmetric with respect - ( - ) 16 ) 2
to the x-axis, as is the annulus. Therefore, the Therefore,
integral equals 0. (2 \/E)
x(2-
24n _ _ _ ~
AR [Jx*da=4 — |= 2m(2-+/2) ~ 3.6806

44,

(]

* :jnlzsinzecoszede
0
n/
:J‘ 2 l(l—cosze) l(1+c0526’) do
0 2 2

n/
:%jo ? (1- cos? 260)d6

2 A
1n 1cn2l
Ijjoyzsin(y3)dx dy = Ioz[xsin(yg)]}(’io dy =22 gl preesaodo
, cos(y?) 2 £_1n+1[sm4¢9}“/2
- yzsin(y?’)dy:{—Ty:l 8 82 8 4 |
° _T_ T g
=1_C058z0.3818 8 16 16

Let S' be the part of S in the first quadrant.

24y

1
o]
(ST

js,xsz I Jﬂ/f x2dy dx
Ny
:J.()sz[\M— 2 _ \/EX de
:I§x2V4—x2 (1—%jdx
_[2- f 2)

J~224xdx

Letx=2sin 6, @in (—E Ej.
2 2

45,

We first slice the river into eleven 100’ sections
parallel to the bridge. We will assume that the
cross-section of the river is roughly the shape of
an isosceles triangle and that the cross-sectional
area is uniform across a slice. We can then
approximate the volume of the water by

11

11
Ve Z&(yk)Ay=z§(wk>(dk>1oo
k=1

k=1
11
=50 (W )(dy)
k=1

where w, is the width across the river at the left
side of the kth slice, and d is the center depth of

the river at the left side of the kth slice. This
gives
V ~50[300-40+300-39+300-35+300-31

+290-28+275-26+250-25+225-24
+205-23+200-21+175-19]

= 4,133,000 ft
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46. Since fis continuous on the closed and bounded 21 sin@ w21
set R, it achieves a minimum m and a maximum 2. I K—j rz} do :j [—Jsin2 0do
r=0

M on R. Suppose (X, ;) and (X,,y,) are such

that f(x;,y;)=m and f(xp,y,)=M. Then, :gz0.3927
m<f(xy)<M
mdA < ([ f(x,y)dA< [[MdA 3 pin? 3
_g ,g (%) _g 3. In{r_} 4o < (5N edﬁ
0
mA f(x y)dA<MA(R r=0
'” y ( ) n(l—coszﬁ)sine
=] B
H y)dA< M
_|=cosg  cos®6
Letheacontlnuous curve in the plane from - 3 9 .
(%, ¥1) to (Xp,y) that is parameterized by 11 11 4
x=x(t), y=y(t), c<t<d. Let “1379)7173%9) 79
h(t)=f(x(t),y(t)). Since fis continuous, so is
h. By the Intermediate Value Theorem, there 4 Iﬂ (ljrzsine i cosadg
exists a ty in (c,d) such that CJofl2 o
h(tg) = AR )If x,y)dA. But =j[ j(l cos@)?singdo
h(to)= f(x(to), y(to)) = f (a,b), where =§
a=x(ty) and b=y(ty). Thus
1 5.
f(a,b):—j f(x,y)dA
A(R) .[o [1r2 cose} dH:J(;TZcosgdH
o, Hf(x,y)dA: f(ab)-A(R) 2 4o 4
arz
R ={85ing =42
4o
13.4 Concepts Review 6 - )
2711 o 40— 27[1(92(19 :|.937Z
1. asr<ba<@<p jo of 1 .[o 2 6
2. rdrd@ :ﬁ
3
T2 3
3. Io Io r°drdé 7
4. 4r
Problem Set 13.4 L |
-5 X
cosé
1. Inlz[[ljr%ine} do
0 3 r=0
—Inlz( jcos gsingdo
/3 r4cosd 2n
2" rdrdezz[—+ﬁ}:7.6529
-1 <o0833 Ll 3
12
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8. g 3712 £2-4sin0 anro 2 0
) 2 [T rdrde=2[ {r—} do
5n/6 J0 5n/6| 2 0

3n/2
=27 “(6-8sin0 -4cos20)do
51/6

i b=z = 2[66 +8cos & - 2sin 20172
2 . = 2(4n+3/3)~35.525
16 (4sing e[ 2] 12. y

jn J- SN0 ardo=[" l:r_} do

0 0 0 2 0

/ /
- ®8sin 0do - ® (1= cos 20)d6

=[46 - 2sin 260136 = 2—3"-\@ ~0.3623

9. y
/ “1(419) 34/
] 4J-(1 2)cos (4 9)J~3 cosZ&rdrde
(@ %) 0 2
=/65—4cos* (gj
~ 3.6213
2
X / /
13, (712 | go= [0 %
, o |20 [, o 2
/ .
J-rc 2J-asm20rdrd€=ﬂ
0 0 8 2F
10. y

[ 2n [ 6=85% . 4r do = 547 ~169.6460
0 0

_ i
E_ﬁ-
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7]
15, j”’z 12 d@:j”’”gzde
0 |2

0 0 2
_193 71'/2_71__3
6 |, 48

n/2

/2 cosé /2
16. _[” 1 d@:j” L cos20do
o |2 |, )
/2
=j” 111 cs20|do
0 2|2 2
7l2 ju

=[£«9+100529} =
4 8 0 8

1=

-

<1 ) sin@
17. jo {Er L

1L Lgno0|de
02(2 2

d@:j”lsinzeda
072

T
= 1<9+1003249 =
4 8 0

I

1

-15

19. y

2
/- r2

-2 2 X

-2

w2 rz _ 4 -
2j0 joe rdr d6 = n(e* —1) ~168.3836

_[:/4I()2(4—r2)1’2rdrd9

) r,{@_rz)mr y

0 -3 .

nl4
=J“’4(§jd9=[%} _ 2" 20044
o (3 3, 3

/
” In 4I2(4+r2)‘1rdrd6’= T lIn2~02722
o Jo 8
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26. y

]
I

1202
22. In j rsinﬁrdrdezZ
0o N1 3

2

L r=secH

nl4 r2c0os@ -1 nl4 2c0s6
r rdrdezj r do
J.O -[seca 0 [ ]sec&’

14
23. y = J: (2cos@ —secH)do

%]
T

=[2sin@-1In|secd + tan ¢9|]g/4
_ [ﬁ- In (JE+1)] —[0=In(L+0)]
=J2-In (JE+1) ~0.5328

1 27.
2%
n/2 el 2y-1/2
jo j0(4—r yY2rdrdo
= [ hde
nl2 T
=1, (—\/§+2)d9:<—\/§+2)(5jz0.4209
24, Inlzjl[sin(rz)]rdrdez T l@-cos1) » 2 w23 5
0o Jo 4 HR(X +y )dA=J‘O .[Or rdrdé
~0.3610
; _81m 318086
2_' 8
i 28.
|
| L,
X
n/
[™21%712 cos? r dr do =  ~ 0.0833
n/4J0 12
4ij(18—2x2—2y2)“2dA
2_
_ nl/2 2 2.\1/2
i _4j0 jo 18-2r?)YY2rdrde
r=csc = [gj (1832 ~10%/2) ~ 46.8566
L -
| | |
I 2%
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29. m_}- w :”s sin\/x2+y2dA+J'J‘S —sinyx? + y2dA
1 2
B 2| em, . 2, .
%\* :jo UO (sin r)rdr—j” (sin r)rdr}d&
. i E— = 2nf(n) - (-3n)] = 8n° ~ 78.9568
i R 31. This can be done by the methods of this section,
b but an easier way to do it is to realize that the
-10 intersection is the union of two congruent

segments (of one base) of the spheres, so (see

0 rx o ofy3 X Problem 20, Section 5.2, with d = h and a =r) the
(y“)dydx = — dx —
J.‘5J.@X j—5 3 |5 volume is 2 (ijnd2(3a—d) _ong2 324
X 3 3
Ne (-1-3v3)x* ’
0 -1-3V3 3 T
= —xX°dx=|—"— _ (2010, —r/10 _ o 10, -r/10
5 3 12 32. 100=["[ "ke"rdrdo = 2xf “ke"*rdr
-5 -r/10
Letu=rand dv=e dr.
(1+3V3)625 0
=~  ~322.7163 Then du=drand v=-10e .
12 10
— 2nk ([—mre-”m} + ;010e'”1°drj
30. a. The solid bounded by the xy-plane and 0
10
z=sinyx?+y? for x? +y2 <4n? isthe = Zrck(—looe'1 —[100e‘”10] j
solid of revolution obtained by revolving 0
about the z-axis the region in the xz-plane = 2ntk (-100e ™ —~100e7* +100)
that is bounded by the x-axis and the graph e
ofz=sinxfor0<x<2r. =2007k(1- 2e‘1), so k=————~0.6023.
= 2n(e-2)
2_
33.

_2_

Regions A and B are congruent but region B
is farther from the origin, so it generates a
larger solid than region A generates.

. i . / .
Therefore, the integral is negative. Volume = 4.[5 2J~;S'ﬂ9 [22 _2rdrde
21 27 2n
_ i — i /2 1
b. V= .[o .[o (sinr)rdrdé@ = ano (sinr)rdr _ J';f K_gj(as cos3 6 — a3)}d9
Now use integration by parts.
= 2n(-2n) = —4n? ~ -39.4784 = [_ij ad F _E} = (Ej a’(3n-4)
3 3 2 9
C. )
X
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34. Normal vector to plane is (O,—sin a, cos a) . Therefore, an equation of the plane is
(-sin @)y + (cos )z =0, or z = (tan @)y, or z = (tan a)(r sin 6).

n2 ca . w2 . a a’ 2
Volume:ZJ'0 jo (tana)rsin@rdrdo :2(talnoz)j0 sdeBJ.O rdr :2(tana)[1]{?}:(§ja3 tan o

35. Choose a coordinate system so the center of the sphere is the origin and the axis of the part removed is the z-axis.
Volume (Ring) = Volume (Sphere of radius a) — VVolume (Part removed)

1 ova?-b? [42 2
=%na3—zjoz J'Oa vaZ-r?rdrde :%7ta3—2(27t)j0a @%-r2)Y2rdr

a?-p?

:£“33+4“{£(32—"2)3/2} =£R33+4n1(b3—33):£ﬁb3
3 3 . 3 3 3

36. |EF[* =a?-b? CD| = a? - (h-b)? |AB[* =b? - (h-b)?
C A
d h—b ¥ T h-b 7 ¥ ,
E F T 7

~—_

Area of left cross-sectional region = n[a? — (h—b)?]-n[a® —b?]

= ni[b? — (h—b)?] = area of right cross-sectional region
Volume = (g] nh® —(%)n(Zb —h)?[3b=(2b-h)] = @] th?(3b—h)

Alternative: V = I;ﬁ[bz ~(t-b)° Jat= %ﬁhz (30-h)

37. jglz[gmj‘;(Hr2)‘2rdr}d¢9:J‘le[gm{(—%j(Hbz)‘l—[—%]Dde :IJ/Z(%JdH:%zOJSM

1 1
38. Azzrzz (6, -61) _Erlz (6, -61)

1
=5 O=0)(% 1)

= %(02 —0)(r, —n)(r, +1,)

n+n

(p,—n)(0,-6)
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39. Using the substitution u = x—_;21 we get
O

du= . . Our integral then becomes

o2
© 1 —(x-p)?120? © —u?
j ——e dx = _[ —e du
—° o271 ‘w\/—
_ 2 0 —UZ
_ﬁ-[o e du

Using the result from Example 4, we see that
0 2
.[o e du =%. Thus we have

jw 1 o 1202 4o

S

13.5 Concepts Review

1. ” x2y*dA
$

4, greater
Problem Set 13.5

1. y
4

4%

m= jjj;(y+1)dx dy =30
= 2] x(y +1)dxdy = 60

M, = jjj; y(y+1)dxdy =54
(X, y)=(2,1.8)

Instructor's Resource Manual
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D=

2 py4-x? 16
I ENRRLLSS
M, =0 (symmetry)

M,y =jfzjmwdxdy=2n

X, 7)= ( 3“)

[
I

2

) 2 Sin x
m=J;‘J;'“ydydx:J;‘H o
0

dx

nsin? x J-nl C0S 2X

Jo 3
{ =2]-;
jjsmxyyd dx = j{ Tnxdx

:J-nsm dez_jﬁ(l—cosz X)sin x dx
0 3 30
{ cos3x:l 4
=Z| —cosx+ =z
3 ], 9
M 4 16
7:_xziz_z0.5659
m % gTC
(by symmetry)
T 7[2
Thus , My =X-m=—r2-=—-
4 2 8
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%]
T

m:.[;J.(;(xdydx+jfj;lxxdydx:ﬂ
II x2dydx jf 2dydx—
szjojo xydydx+_[1 .[o Xy dy dx =(§)(1+4In2)

%, 9) = [21 (332j(1+4ln Z)Jz (L3125, 0.3537)

16
5, y
2.—
1
2%
m-[f; viayex=[ 3 Ja-e®)
0Jo 9
_ 1 e’x 3 _ 1 —4 N
Mx_jojo y dydx—(Ej(l—e ) ~0.0614
SN xyzdydx:(ij(1-4e-3) ~0.0297
(X, V)=[(3(e —4)E® -1, (mje_l(e“ “D(e®-1)" jz(o.zsog, 0.5811)
6. 4y
2.—
| 1
2%
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X

1 e 1 27 L o2
m:jojo (2= x+y)dydx :J.O{(Z—X))Wy?} dx =IO[2eX—XeX+7JdX
y=0
ezx:ll _e?+8e-13
0

=|2e* —(xe* —e*)+—
{ ( ) 2 2

1pe* 1 2 Xy2 y3 e* 1 2% XeZX e3x
MX:.[O-[O (2—x+y)ydydx:.|'0 oY dx:J' RS RN P

0
2 3 2 3
1
e [xe?* e ¥ e? e? e? ¢t (1 1 1j 8e® +27e% -53
= — ———|+—| =| =t —+— || =0+ | = —————
2 4 8 9 0 2 4 8 9 2 8 9 72
2 2x
1€ 1 1
M, :joj(f (2-x+ y)xdydx :JO{ny—x2y+%} dx :I()(er"—xze"+xe2 de
y=0
1
2X 2X 2 _
=| (2xe* - 2e*) - (x?e* — 2xe* +2e¥) + X & || _&=8e38
4 8 8
M 2 3 2
7:_V_ﬂzo.s777;7:ﬂ_wz1_0577

m  2(e? +8e-13) m  18(e? +8e—13)

7 y 8 2_\
2
L (\ L X
| -1 \—/ 3
| | - 2
—1 0 1 X
T pl+cosd 5n
2sing m=2 rrdrd@=—
mz‘[onj'osm rrdrd6?=3—92 J‘OJ‘O 3
1 ¢1+c0s 6 T
np2sing M, =2 rcos@)rrdrdf =—
MX:I0 Iosm (rsme)rrdrdezg y IO IO ( ) 4
M. =0 ; 15 M, =0 (symmetry)
= mmetr
y =0 tymmetn) (X, ) = (.05, 0)
(X, ¥)=(0,12)
Instructor's Resource Manual Section 13.5 821

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



0. m= ][/ rardo =[] farao =
Mx=J‘;‘[12%“3°59rdrd9=Ig%cosedezg %E G
M, = 0bysymmetry 5t
(717){0,%} :
S
- IX:josjjzyz(Xer)dxdy

2 6
an [ e T e
L

_ox 2 TS
Iy_Io.[o X (x+y)dydx—jo(x +? dx

_ 41553

~ 5194
27 ¢2+2c0s6
10. mzjo Io rrdrdé e
2+2cosé z 7 X y = 56 ~
2711 3
=[ 75T do
"3 12. 44
2
= ”1[8+24c059+2400520+800536Jd0
0 3 i
~Llo+2az+167] =222
3 3 |
My = 0bysymmetry
27 2+2c0s 6 B
My:j0 .[o r(rcos@)rdrde | . |
2+2co0sé ) 0 o
27| 1 4
=J' =r7cosé déo
Jarte)
0 4y 2048
M, = 287 o=y 2y yoaxdy ===~ 227.56
- 287 21 Ay 2 512
(X’y):(40ﬂ/3’0j:(E’OJ ly —_[0 I—WX ydxdy_E~24.38
15872
ILL=I,+1,=——~251.94
T LY 63
B 13. )

a

Y

W =

7] X

5
Iy :J';J';(X+ y)ydedy2(5j85
5,5, 5) 5
l, =| — .= =
y (12)61’ z (e)a
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14, ¥y 16. The density is proportional to the distance from
the x-axis, 5(x,y)=ky.
ad 1k ) 1 1k ) K
m:jo|:5y :|XdX:IOE(l_X )ZE
1
_ 1eX 2 _ 1| k 3
My _Iojo ky dydx_J‘O{Ey l(dx
a * _k 1(1—x3)dx=E
370 4
ara-y
=[], O¢+y?)y?dxdy o2 T
M :ijxydydx:J ——| dx
1pa, 3.2 o.2 2 45 7a° y oo 2
:—IO (a°y° -3a“y+6ay” —4y°)dy =— X
3 180 k 1( x3)dx k
6 6 =7 - =5
0
Iy =7i; I, =7i (Same result for a < 0) 2 8
180 90 _ k/8 k/4 33
(le): sy |=| =
k/3 k/3 8 4
15. The density is constant,, 5 (x, y) =k
2
m:jzkxdx:[sz} =2k .
0 2
0
X_J' I ky dy dx = _[ I(yz dx
27 o
2 .
= kazdx:|:kx3:l :4_k
02 6 Jo 3
9 - .
M, :.[o J‘O kx dy dx = J‘ [kxy] 17. The density is proportional to the squared
, distance from the origin, 5(x,y)= k(x2 +y2).
2 9 k 3 k
:Iokx dx=|=x| = 9-x2
3 3 mjj (x+y)dydx

(%.7)= 8k/3 4k/3 iZ
’ 2k 2k 3'3

2
9-x
:Ia k x2y+1y3 dx
_3 3 0
3
=j {246 72x% 1+ 8x* }dx
73 3

25596k
35

3
=k{246x—24x3+§x5—ix7} -
57 21 |,
f J (x +y )dydx
97x2
_j { x2y% += y} dx
0

{6561 1377x2 225 4 17x8 XT
_J' Sl o dx

2 2 4

_ 29160k
7
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M, = 0bysymmetry

_— 29160k /7 450
(Xl y) = [ [ A——
25596k /35 79

¥
9

20. The density is constant, 5(r,8)=Kk.

m=j;lzjjkrdrdezjglz{grzrda
0

3-2-1" 1 2 3

18. The density is constant, 5(x,y)=

/2
_ . zl2 zl2k o k 3 d kﬂ
m=|" /zkcosxdx [ksinx]" °, =2k I ¢9 deo = {66’}0 8
wl2 pcosx
MX:I—ﬂ/Z-[O ky dy dx Mx=j” Iekrzsinedrde
_ zl2 |k o cosx
- —n/Z[Ey L o —le [ sme} do= j”/ K 3sinade
LY coszxdx—k—” 2 0
CoJozi2 Ty k(ﬂ' —8)
M = 0bysymmetry - 4

:J‘”/zjgkr2 cos@drdé

—j”/ [ cose} do= j”/ k93cosad9

0
k(/t3—247z+48)
- 24
- 2(7;3—247r+48) 12(;:2—8)
(x.¥)= 3 ’ 3
T T
19. The density is proportional to the distance from
the origin, 5(r,0)=k-r. .
3 z| k 3
mzj j kr2drd9=j [—r‘q’} do =7
0J1 013
_Jﬂ@kde_zekﬂ' ]
=J I krZrsin@drdé
_j[ r sme} do = j 20k sin@do —
=[-20k cose]0 = 40k
M, = 0bysymmetry
(x.9)=(0 % ]-[0. 2
26k /3 137
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21. m=j§j§(x+y)dxdy:a3 24. ’
| VY2 5 \M/2 .
= [—Xj = [—J a~ 0.6455a 2 a
m 12 [ 2
I I X
Y (k2 4 y2) dxdy = [ £ |a®
22, m_.[o.[o (x“+y )dxdy_[eja |
I, 1/2 7 1/2
r=|—=| =|—| a~0.4830a _ b/2 a/2 2
(mj (30) Ib/zj a/2 +y k dxay
k), .3 3
) =|—|(a’b+ab
23. ) (nj( )

25. y
A B 2a r=2asin b

a 0 a X
m = sna’
The moment of inertia about diameter AB is Iy = ”s Sy2dA
2n ra 2 .2 R
= n/
Io jo orcsin“@rdrdé :25.[0 Zjozasmg(rsinﬁ)zrdrde
2z 5a*sin® 0 sa* con nl2
Jo =5 —d0="4"]; @-cos20)d0 =25[""4a*sin® 0do
_sa’ [ g_sinzer”_&a“n _gats DB)E) n _5a’s
8 2 |, 4 @@@©) 2 4

26. X =0 (by symmetry)
a(l+sin @)

H lydA= 2kjn7:/22J‘a(l+smg)( rsin@)rdrdd = ZKJH/Z{ 3S|n¢9} dée

r=0
Zka
3
3 2ka®
-3

= 4ka n/2(35|n 0 +sin* #)do (using the symmetry property for odd and even functions.)

3
_4ka 1£+££ _5nka
3 22 2.42 4
M, 5_a

Therefore, y =—2=—.
m 6

(1+S|n 9) singdé

n/
'[ ? (sm6?+35|n 0+ 3sin® 0 +sin* 6)do

(using Formula 113)
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4 1(1+sin 9)

=[] ky2dA= 2kj’”2 ja(1+5'n0)(r5|n6) rdrdo = 2kj {—sm e} do
r=0

ka

2

= kaJ'O (sin2 0 +6sin* 0+sin® #)do (symmetry property for odd and even functions)

w2, . . . .
(1+sm0) sin Hda_T /2(3|n29+4sm39+65m4¢9+4sm5¢9+sm6¢9)d0
-7

4
=ka* FE+6£E+ 1-3-5 E} _ 49rka (using Formula 113)

22 242 2462 32

27. 2a 4

X =0 (by symmetry)

o= [ kyda= 2kj”’/22j0a(“5i"9 (rsin@)rdrde = 2kj”’2[a ](Ssm 0+3sin® 6+sin 6)d6

_ (%) ke [—(15712 32)} - (Zij ka® (157 + 32)
m=[[ kda= 2ij”2 ja(“s'”g) drdo = 2|<j ( ja (2sin 0 +sin? 0)do = ka {(8Zn)}:(%Jka2(n+8)

M,

Therefore, y =
m

3
4 )ka® (157 + 32) _a@5n+32) L janc
E *

4)ka2(7c+8) 6(n+8)

28.

= jjs (x+d)25(x, y)dA = jjs (x% +2xd +d?)5(x, y)dA

=ﬂs x25(x, y)dA+Hszxd5(x, y)dA+”Sd25(x, y)dA

=I+My+d2m:I+O+d2m=I+d2m
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29. a. y 32. b

[SS1E

(]l

The square of the distance of the corner from the

a X

2,12
. center of mass is d2 = & 2"
m= || (x+y)dA= (x+ y)dxdy
”S IO IO I = 1(Prob. 16) + md?
2 a 2
al | x al a 3 3 2 12 3 3
:J‘O {7+xy} dy:J‘O(7+adey _k(a b+ab)+(kab)a +b” _k(a’h+ab”)
0 12 4 3
2 278
:{%+ % } _ g3 3. M, = Uslusz X5 (x, y)dA
0 _
_”51 xO(X, y)dA+J‘j82 xS(X, y)dA
_ _ ara 2 A A
b. M= .Us X(X+ y)dA = Io .[0 (x% + xy)dy dx _ mlﬂsl Xo(x, y)d . mzﬂsz x5(x, y)d
272 2 m my
_ 13l y2, XY _ 3 4,2, 8°X = _
=1 |:X y+7:| . CIX—J.0 [ax +T]dx =mX + MyX,
y= M
a Thus, X =—, = M+ which is equal to
ax® a’x*| 7a* m m, +m,
|37 | T 12 what we are to obtain and which is what we
0 would obtain using the center of mass formula
Therefore, X = ﬂ _ 7—a. for two pointinasses. (Similar result can be
12 obtained for y.)
c. 34. y
(357
- ] ——
1
—il fa X
5 2
Iy, =1_+d’m, so 2, +(E) @%); %= (-a)(ora’) + (ta)[on(ta)’] _ a(t®-1)
12 ona® + on(ta)? t2+1
5
| =T ;@) +©) __a
144 smal +on(ta)? 2 +1
30. Iy = l,3+md? = 0.255a%n+ (6ma?)a?
=1.255a%n
4
31 1y =2l =2 1 = 2l + md?]
=2[0.25a%n + (kma?)(2a)?] = 8.5ka*n
I, =1, +1, =%a’x
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35. ¥
. a?-x a
x5 3. I J‘_\/:{—,—_ yzdedx
/ —jz“j[ Jdrd& 2a’

4. 2rah

<a, b=

(a,b) is perpendicular to the line ax + by = 0.
Therefore, the (signed) distance of (x, y) to L is Problem Set 13.6
the scalar projection of (x,y) onto (a,b), which 1.

N
D=t )

M, = j jsd(x, y)S(x, y)dA

:” ax;byg(x, y)dA

5 |(a, o)

= mﬂs X0 (X, Y)dA+——

jj yo(x, y)dA

(a b|

a
= (0)+ (0)=0

|<a, b>| |<a’ b>| (X y) —% f (X y)
[since (X, ¥)=(0, 0)]

1 4
o AG) = jj /—+ 5 Ly

¥
= £ ~ 2.6034
3
2.
X
The equation has the form x +y =b.
3.3 bsob=2
2t 2m T
L 3a
Therefore, the equation is x+y=—, or 1 1
T Z1=2—-—X+=Y
TX+7my=3a. 2 3

fx(x,y)=—1;f xy)==

13.6 Concepts Review AG) = j j X+6 f1+1+1dydx

L fuxv| _ _ _
_Ejo —Ex+6 dx = E (12) =14
2. [[{17+1]+1dA
S
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3. 6.

X

z=f(x y)=@-y)"% f,(x y)=0; Let 2= f(x, y)=x>+Y? f(x, y)=2x;

fy(x ) =-y(4-y?)™? fy(x ) =2y.

AG) = .[(?.[12\/ y2(4-y?)t+1dxdy A@G) = 4J..[\/4x2 +4y? +1dydx

s
(2 2 o2 oz
=Iol; l1_y? dedy =, [1-y? a =4J'02j04 " Jax? + ay? +1dydx
1 ™22, 2  \1/2
=Lsin_l(lﬂ =2(gj_2(0) :%=1.0472 _4Io Io (re+7 rdrdo
2
0 _4J-n/2 (@’+¥2 @ -nn
4. 0 12 0 3 2
~ 36.1769
2 4—y2 _

AG) = fo " 2a-y?)H2dxdy =4

(See problem 3 for the integrand.)
5. Z|

X

Let z= f(x, y):(9—x2)1/2.

fe (%, y) ==x@-x*) 2 £, (x, y) =0

AG) = j;j;’[xz(g—xz)—lu]dydx

- j(fj;:%(g—xz)’”zdydx =9sint @j

~ 6.5675
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X

z=1f(x, y)=(x*+y*)"?

) =x0E+YA) 21 (x, y) = Y2 +yP)
002002 vyl 2 (y2 4 2\l L b2 [ -
A(G)_jojo XX +y5) " +y (x°+y9) " +11 “dydx —fofo Vadydx =82

-1/2

8. Z| nl2 ¢b a
=8 —————rdrdé
4:/?6 .[0 J.O /az _r2
r :: =8a(gj‘[§(a2—r2)‘1/2rdr
1
1 12 y b
= —4an[(a2 —rz)“z}0 = 47ca(a—\/a2 —bZ)
10.
X
7= f(x y):(ljx2 +4
4
X
1e2((1 12
_ 1.2
AG) _jojo KJX +1} dy dx
J5+1 _ X2 . _ yz
35 on (+5+1) ~ 2.0805 fx(x'y)_az_xz_yz'fy(x'y)_az_xz_yz
(See Example 3.)
a (b/a)\/az—x2 a
9. z| A(G)=8 ——dydx
IO.[O laz_xz_yz
=8ajasin'1(9jdx:8a2 sin‘l(gj
0 a a
11.
2 2
_ X . _ y
fe (X, y) —m, fy(x,y) —m
(See Example 3.)
a
A(G)=8|| —————=dA
s
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2 2 13. z

X y
f (X, y) = ; X,y) =

(See Example 3.)
AG) =4 P[P 2 _rdrdo

[42 2

— 432[ (1—cos0)d0 = 282 (n -2
0

12.
22
(x*-v*)
Let f(x,y)=——=.
(xy)="—
2X -2
00y =5y (o y) = =
(102 .2
A(G):joz"j;—‘” "2 rdrde
a
Following the hint, treat this as a surface
x="f(y.z)=yay-yz.
a-2y
fp=—+r-—=—, 1, =0 14
y z .
2\y(a-y)
,lf2+f2+1=
y Tz > V(a=v)
The region Sin the yz-plane is a quarter circle.
=4 dzdy
| Pyeem ﬁ —
P Iy e
=2a —dZdy f (X,y):_—xlf (X,y)=0
0 0 y( g aZ —x2
/ 2 a
_ZaJ- d _23_‘.‘ dy \/(fx(xyy)) +(fy(X7Y))+1:ﬁ
oyvy(a-y) ac—x
Make the substitution: . a
y=atan’u \/az—rzcosze
a+y=a(1+tan2u):asec2u Aall sides) = 8j /2J. d@rdr
Va? —r? cos®
a+y i,
= cscu —8["* d6 = 8a2(1) = 8a>
0 1+sind
dy =2atan usec? udu
zl4
A(G)=2aj cscu - 2atanusec? udu
0
7l4
=4a° I sec®udu
0
/
=43° [%secutanu+%|n|secu+tanu|]g !
= az(\/i+ln(1+\/§))
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17.

15, fy=-2x f, =-2y

SA=IN4x2+4y2+1dA
R
_ jﬂjjx/4r2+1rdrd0
2
deo

2|
(173’ 2 —1);:

-

221732 1
0

do = ~ 36.18

12

16. Using Formula 44 from the table of integrals,

fy=-2x f, =0 18,

A(G)= j()zoj_33\/4x2 +1dxdy
=2 ;OIS\/4XZ +1dxdy

:I()zo[xxl4x2 +1+%In

3

dy
0

2x+\/4x2 +1

)

A

_ J-OD/AJ-OD/B—(A/B)X

z=f(x,y)=(D-Ax-By)/C

(6)=[[J(AIC)? +(BIC)? +1dA
R

J(AIC)2 +(B/C)? +1dydx

= \/(A/C)2 + (B/C)2 +1x Area(Triangle)

_1DD

2AB

J(AIC)2 +(BIC)2 +1

\/A2+BZ+C2

Let z=C —x be the equation of the plane that
defines the roof, where C is a constant. Thus,
fy=-1and f, =0.

A(G)=[[{(-1)* +0% +1dA

= [[V2dA= 7(18)° /2 ~1440sq ft.
R

20
[3 | ET ¢ Lo |00 oy
0 2 19. X=7=0 (by symmetry)
1
- 20[3\/§+§In(6+\/§)} ~ 380.88 Let h =%. Planes z =h, and z = h cut out
the same surface area as planesz=h and z = h,.
Therefore, Z = h, the arithmetic average of h
and h;.
20. /’ _’\
0
a
Area = 2zah

Section 13.6
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21. a. A=nb? d.

D = 2zah

b. T 2 _ (22 _p2
k—«._\ zm(a_ /—az_b2)=2na[a (a® -b?)]
h a++a?-b?

J fi| = ﬂ > T[bz
a++a? -b?
Therefore, B<A=C<D.
22. [A(Sy,)F +[A(S )P +[A(Sy)I

B =2na’(1l-cos¢) (Problem 20) =[A(S)cosa]? +[A(S)cos B +[A(S) cos y]?
2 b (where «, 5, and yare direction angles for a
= 2ma 1‘005(—J normal to S.)
2 bt S =[A(S)]?(cos? & + cos? B +cos? y) =[A(S)]?
=2ma’ Tt
2'la® 4la® 6la 23. In the following, each double integral is over S,,

nb{ b2 b _._}Snbz A(S,y) T (X, ) = A(Syy)(aX +by +c)

= =ﬂdA[aI XdA+b'UydA+c]

12a®> 360a*
jj dA jdA

Am = a”di+ b” ydA+c” dA
' = [[ (ax+by +c)dA

= Volume of solid cylinder under S,

24. Because the slopes of both roofs are the same, the
area of T, will be the same for both roofs.

b2 (Essentially we will be integrating over a
a’-(a-h)?2=b?-h?, so h=—. constant). Therefore, the area of the roofs will be
2a the same.
Thus, C = 2zah
2 25. Let G denote the surface of that part of the plane
= Zna( J: mh?. z = Ax+By+C over the region S . First,

suppose that S is the rectangle
a<x<b,c<y<d. Thenthe vectors uandv

that form the edge of the parallelogram G are
u=(b-a)i+0j+A(b-a)k and

v =0i+(d —c)j+B(d —c)k . The surface area of

G isthus

luxv|=

|—A(b —-a)(d-c)i—B(b-a)(d-c)j+(b-a)d - c)k|

=(b—a)(d —c)VAZ +B2 +1

A normal vector to the plane is n=—-Ai—-Bj+k .
Thus,
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n-k (-A-B,1)-(0,0,1)
In[[k] A21B2+411
1

A% +B? +1

cosy =

sec;/=i= A2+Bz+1:|u><v| _A©)
cos y A(S) A(S)

If S is not a rectangle, then make a partition of
S with rectangles Ry, R,,...,R,. The Riemann

n n
sumwillbe > A(G,) =secy D A(Ry) .
m=1 m=1

As we take the limit as |P| — 0 the sum

converges to the area of S. Thus the surface
area will be

A(G) = lim sec;/zn: A(R,,) =secyA(S) .

|P|—>0 m=1

26. Let y =y(x,y, f(x,y)) bethe acute angle
between a unit vector n that is normal to the

surface and makes an acute angle with the z-axis.

Let F(x,y,z)=z- f(x,y). Then the normal
vector to the surface F(x,y,z)=0=z-f(X,y)

is parallel to the gradient
VE(x,y,z)=—fi— f,j+1k. The unit normal

vector is thus

n=(-fi-fyj+1k)/ 12+ 17 +1
The cosine of the angle y is thus
nk —fi—-fj+lk

Inl[k] Jfe+ff+1 .

__r
JE2+ fy2 +1

Hence, secy =/ f¢ + 7 +1.
27. a. fy=2x1f, =2y

A(G) = [[Vax® +ay? +1dA
S
- J'(;[/ZJ';\/MZ +1rdrdé

w2 (1,0 327P
_ZLZ(M +1) L

(373’ 2 —1) ~ 29.3297

cosy =

T

24

b. f,=2xf, =2y

A(G)= jog_[oa_)(\sz +4y? +1dydx

Parabolic rule with n =10 gives
SA ~15.4233

28. a. fy=2xf,=-2y
A(G):”J4x2 +4y? +1dA
S

- 1(373/ 2 —1) ~ 29.3297
24
(same integral as problem 27a)

b. fy =2x f, =-2y

A(G)= jog_[og_)(\sz +4y? +1dydx

Parabolic rule with n =10 gives
SA ~15.4233
(same integral as problem 27b)

29. The surface area of a paraboloid and a hyperbolic
paraboloid are the same over identical regions.
So, the areas depend on the regions.
E=F<A=B<C=D
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13.7 Concepts Review s ol yax? 9 o o a2
1. volume 6. Io JO {T:lz? dzdy = Io .[o {T} dz dy
2. xyz|dV 4
'[i'“ | _J‘ (Z 243) :J-s 243y

3. y;ﬁ 5 0

= [% yz} =1518.75

4. 0 0

Problem Set 13.7 7. jzjzxzdxdz =IZ(EJ(23 ~1)dz _2
01 0l 3 3

1 [T [P (x=1=y)dydx = [ —2xdx = -40
R P 8. jg’zjozjoysin(my+z)dxdydz

/
2. I;Ii(?)erX)dde=J‘02(§+5deXz55 =j;[ 2'[()Z[—cos(2y+z)+cos(y+ 2)]dy dz
+22 :J-(;rlz[_sm?,z sm22——5mzjdz—l
3, jj ) axdydz _H (y+22z)dydz 2 2 3
2 2 4 ex+l, o 4 ~
=J'4 Y oy dz 9. j_zjx_lBy dydx-j_z(Gx +2)dx =156
tL2 y=z-1
n/2 0
_ 4[E+32—1]dz 10. _[0 Linzzy(l—COSZZ)dydz
1 ™
’ :Io m[—%j(sinz 27)(1-cos2z)
4
|72 322 2 _189 o .
16 T2 2| T2 7% — T 03927
1 8
103 (12-3x-2y)/6
4. 6f 2z yPdy[ xdx= (625j(72)(3) 1 [P 0y, 2)dzdyde
=33,750 o
24 (24X 24-x-y
5. L _[0 [ ( ﬂ dy dx ,
1|
:LZLWOZH{(X” 2;(x = 24)}dydx I
2 2 24—x .
™ y(v?-3(x-24)") d
=| |- X
‘ 6x 302 (f4-y2
0 12. .[o Io Io f(x, y, z)dxdydz
J. x 24
3 24
{ 576X +12x —%+4608|n x] ~1927.54
4
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13 I(JZI:.[oy/Z f(x, y, z)dxdydz 17.

'y

11][|[1*
‘<

x o (3,2,0)

Using the cross product of vectors along edges, it

is easy to show that (2,6,9) is normal to the

upward face. Then obtain that its equation is

2x + 6y + 9z = 18.
31(9-X)/3 ¢ (18-2x—6Y)/9

.[o sz/a .[o

f(x, y, z)dzdydx

3 (/9-x? 'E)—xz—y2
18. Io Io .[0 f(x, y, z)dzdydx

9

X

X

19. jfj;J'F f(x, y, 2)dzdydx

X
Alternate:

12/5 (4-X)/2 p4-x-22
IO Ix/s .[o f(x, y, z)dy dz dx

X

16. I;Ifjoyz f(x, y, z)dxdydz
o= 20. jjj;jy“zy‘yz f(x, y, 2)dxdydz

&
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21. j;j:xz jj_y/4ldz dy dx = %

2 [

ldzdxdy ==
y 3

X

23. v =4l [ [V 1z axay - 4 [ Jyaxay
= 4] Jyy dy =[2y*Js =2

or

V= 4jljl J'\/yldz dydx = 4'[;‘[; \/ydy dx
_4j [2 3/2} dy = 2j(l—x3)dx
:%[x—%xqz :%(%j:Z

2

N 3y/4
24, 2[0 szﬂjo 1z dy dx = 32~ 9.0510

25. Let &X,y, z) =x +y + z. (See note with next
problem.)

“

X

1pl-x l—x-y 1
m:jojo .[o (X+)’+Z)dZdydx:g

1p1-x 1—X_y 1

MVZZIO.[O IO X(X+y+z)dzdyo|x:E

X =%; Then y=7 =— (symmetry)

26. (x,vy,12)= k(x2 + y2 + zz)
In evaluating the coordinates of the center of
mass, Kk is a factor of the numerator and
denominator and so may be canceled. Hence, for
sake of convenience we may just let k = 1 when
determining the center of mass. Note that this is
not valid if we are concerned with values of
moments or mass.

X

m :4jajmj4(x2 + y2 +22)dzdydx

—4j I o [4(x +y )+ }dydx

= 4,[(;[/2J03(4r2 +6—;]rdr dé (change to polar)

=4j"’2{ p4 o 32r } 46 = 4jn/2177d9:354n
0 3 0

My :4]&“/2]03_[;202 +2%)rdzdrde
(polar coordinates)

_ n/2 3 3

_4j0 jo(sr +64r)drde

/12
- 4[” 450d6 = 9007
0

7-300m 150 5 5425 x—y=0 (by
354x 59
symmetry)
Instructor’'s Resource Manual Section 13.7 837

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



27. Let &X,y, z) = 1. (See note with previous 29.
problem.)

“

X

4 The limits of integration are those for the first
octant part of a sphere of radius 1.

mz(%j(volumeofsphere)=(%ja3 1 i \/7
Jolo |

0

1—x2—y2
f(x, y, z)dzdydx
a a2 laz_xz_yz
M,y = '[0 '[0 Io zdzdydx 30,

_ j;"zjoajo“az‘rz zr dzdr d@ :(%)a“

20

X=y= (Eja (by symmetry) x+2y+2z=4
8 _‘_ y=2-x/2
2.2 . . N
28. y“+1z° isthe distance of (x, y, z) from the x- _[4_[2 X/2I4 X-2y £ (x, v, 2)dzdy dx
axis. 0Jo 0

31. jozjoz_z_[og_xz f(x, y, z)dydxdz

Figure is same as for Problem 32 except that the
solid doesn’t need to be divided into two parts.

X

I = Ujs (y2 + zz)d(x, y, z)dV

=I;ijfoy(y2 +22)zdxdydz =%

32. j;‘[ozjoz_x f(x, y, 2)dz dxdy+'[sgjg/ﬁj;_x f(x, y, z)dzdxdy
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x+y+2z=6

(L2.m\ (1,400

y=4-2x

a. j;j:_zx'[;dz dy dx + '[;jf__::j;_x_ylz dzdydx =3+1=4

b. f;j;_[;_zx_zzldy dxdz =4

c. A(Sy)f(X,Z) (Sy Iistheunitsquare in the corner of xz-plane; and (X, Z) :G %) is the centroid of S,;.)

1 1
=()|6-2|=|-2|=||=4
o/s-2(3)-(3)
34. The moment of inertia with respect to the y-axis is the integral (over the solid) of the function which gives the
square of the distance of each point in the solid from the y-axis.

10106-2x-22, , 5 o 7
jOjojo k(x"+2 )dydxdz_gk

s [ joe‘zx‘zz(so— 2)dydxdz = [ [ (30~ 2)(6 - 2x ~ 22)dxdz = [} (180~ 2)(6x - X2 ~ 2x2)fs o) dz

1
6522 223} 709
6

= (30~ 2)(5-22)dz = [ (150~ 652 + 22%)dz = {1502——+—
0 0 2 3 0
The volume of the solid is 4 (from Problem 33).

709

Hence, the average temperature of the solid is % = lf ~ 29.54°.

36. T (x, Y, z) =30-2z=29.54. The set of all points whose temperature is the average temperature is the plane
z=0.46.

1
37. My, =I;J;I§_2X_zzxdydxdz=I§J‘;x(6—2x—22)dxdz =j;{3x2 —§x3—x22} dz

x=0
1
1
:j Z—Z dz = Zz_lzz :E
o{ 3 3" 27 ], 6

1
(lelp6-2x-2z f1 2 e 2 2.3 2 2
M,, _J.o.[o..‘o ydydxdz_IOIO[E(G—Zx—Zz) }dxdz —j0{18x—6x X —12xz+2x“z+2xz :|x:0

1
:I [§—102+222jdz:§
0\ 3 3

1p1p06-2x-22 1p01 1
My = Ioj.ojo zdydxdz = jojoz(6—2x—22)dxdz = .[0 ([z(6x—x2 —2xz)]§=o)dz

1 ) 52223 11
ZIO(5Z—22 Jdz=| ———| ==

2 3 6
o 11/6 25/3 11/6 11 25 11
Hence, (X,V,Z)= , , | = 2 =
4 4 4 24 12 24
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38. a. It will be helpful to first label the corner points at the top of the region.
z

0,0, 4)
0,1,3) ZA 224—y
(1,0,3) 4 «
3R\2 z2=3-Yy
£ |
)
R

X/ 1 :y

Fixing z and y, we will be looking at the figure along the x-axis. The resulting projection is shown in the figure
above and to the right. The possible values of x depends on where we are in the yz-plane. Therefore, we split up
the solid into two parts. The volume of the solid will be the sum of these two smaller volumes. In the lower
portion, x goes from 0 to 1, while in the upper portion, x goes from 0 to 4—y —z (the plane that bounds the top

of the square cylinder).
vt 1p4-y pd-y-z 5 1
\ _-[ojo _[Oldxdzdy+joj _y Io 1dxdzdy_5+5_3

-[;I;.[:_y_zldx dydz=3

C.  A(Sy)f(X,¥) (Sy isthe unitsquare in the corner of xy-plane; and (X, ¥) =(% %) is the centroid of S,;.)

m= f;f;];_x_y"dz dy dx = m;k(“—x— y)dy dx = kj;(%— x)dx 3k

My, = j;j;j;_x_y kx dz dy dx = kﬁﬁ(4x -x% - xy) dy dx = kj';(%x —x? j dx = %

MXZ:J;JSF Yy dzdy dx = kj [, (4y Xy -y )dde—kj [— —gjdx:%

jjf . ykzdzdydx k_[ _[ {8 4x+——4y+xy+y7]dydx kj (37 7X+ﬁ]dx:%

2 2 12
= Myz 17k/12 _w v= Mxz _17k/12_£ - Mxy 55k /12 _55
m 3k 36 m 3k 36 m 3k 36
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40. The temperature, as a function of (x,y,z) is T(x,y,z) =40+5z. The average temperature is

J-J~J-4 X— yT(X y,Z)dZdeX——I j J4 =y 40+5z)dzdydx

Volume

2
:_.[ I (200 60x+523x2 60y+5xy+5y ]dydx

111025 115x 5x*
= j =2 2R P dx
3 18 6 6

_1715 4764
36

41.

1 2 3

Figure 1: When the center of mass is in this position, it will go lower when a little more soda leaks out since mass
above the center of mass is being removed.

Figure 2: When the center of mass is in this position, it was lower moments before since mass that was below the
center of mass was removed, causing the center of mass to rise.

Therefore, the center of mass is lowest when it is at the height of the soda, as in Figure 3. The same argument
would hold for a soda bottle.

42. The result obtained from a CAS is:

J-cfb\/l—zzlcz J»aJl—yZ/bz—zZ/cz
0Jo 0

8(xy + xz + yz)dxdydz = iazbzc +£azbc2 +£ab2 2 = Eacb(ca +cb+ab)
15 15 15 15

43. a. 1=I;2ngydydx:fgzgx2dx 44. a. 1:.[02J‘SJ'0ykxydxdydz
{Kxﬂl:zsek:sk:i =15 I[ } dy dz
6 o 288
2 H y3dydz = j{ky“sz
1 = S
b. P(Y>4) _[ L 288ydydx ) 81 0
[ 1, 12 1 = [ 32kdz =64k = k =—
:J‘4 [%yz:L dXZJ‘4 %(Xz —16)dX 0 64
1 12 20 b. X>2 —xydydxdz
{576()( —16x)}4 :E j j j

—I I [Exy} dxdz

c. E[X] ——ydydx
[X] .[ Io 288 _J‘ I2128(16X X )dxdz

_J‘lz|:i 2:| dx = ! ix3dx 4
0 2 2
576 576 l 8x2 ix4 dz=I idz:i
1 12 0128 4 2 032 16
=—x*| =9
2304 |,
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c. E[X]:_[;jsj‘oy‘sixzydxdydz E[X] _[j f (x,y)dydx

Il A e
o1 4 = _[_DOOO xfy (x)dx
ol Joroe= [ g | 1
_(2184,_32 47. fx (X):J;%ydy
015 15

X
= iy2 L —x? ;0<x<12
576 0 576

45, a. X>2 j I—(x +y )dydx

256
L _ 1 12 g
:_[4i x2y+1y3 dx E(X)= . x~fx(x)dx—576 . d
2| 256 37 )] b
101,
_ 4i 3 2 :—|:—)(:l =9
_Iz 64( X7+ 3X +16)dx 57614 |,
4
1 1 4 3 7 d b
=|—| —=X"+X"+16X || =— 48. f = f(xy,z)dxdz
{64[ 4 ﬂz 16 v)=[ [ 1 0er2)
1,V
—I I —xydxdz—J' —X y} dz
b P(X+Y <4)=[2[7 2 (24 y?)ayax 0 64 128" 7|
256 21 3
Jf 3 1 4-x = [*—=ydz y—;0£y§4
= - X2y+_y3 dx 0128 64
0| 256 3" )],
2
= X*+3x°—6x+8)d
03 ( ) 13.8 Concepts Review
2
1 1 4 3 2 1 )
—5{_2)( +X7 = 3X +8XL—Z 1. rdzdrd@ p’singdpdodg
n/2¢1¢3 3 .
c. E[X+Y] 2. Io Io.[or cos@sin@dzdrde
4ry 3 (2. .2
= (x+y)=—(x~+y* |dxdy
J.OJ.O 256( ) jnjznjlp4cosz¢sin¢dpd9d¢
y 0do Jo
4 3 (1 4 1 590 1
:J' | =x* =Xyt 23y xy? || dx
0| 256\ 4 2 3 0 4 an
4 T
4 25
01024y4 = {1024@ =3
Problem Set 13.8

1. The region is a right circular cylinder about the z-

b o
46. a. P(a <X< b :I J-—oo f (X’ y)dy o axis with radius 3 and height 12.

= x y dyjd 27 ¢3p 12 27 ¢3
IU Io J‘O[rz]0 drdﬁzfo J.012rdrd9
= f X ) dx 2 2 3 27
.[a x (%) =, [6r ]odazjo 54460 =1087
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2. The region is a hollow right circular cylinder 6. The region is one-eighth of a sphere in the first
about the z-axis with inner radius 1, outer radius octant of radius a, centered at the origin.

3, and height 12.
! / /
J.’r ZI” 2[ p cos (pSIn(/)} dode

27 ¢3- 12 27 3
ﬁj [rz]O drdﬁz.[oﬁjllzrdrde 0

0 J1 72 eml
9 3 9 = —a cos? psinpdfde
=], [er* | do=| " 48do-96x b IO
0 1 0 7l2 w3
:Io Ea cos? psinpde
3. The region is the region under the paraboloid /2 3
z=9-r2 above the xy-plane in that part of the [_ﬁa?ﬂ cos 4 _ra
6 18

first quadrant satisfying 0 <6 < % .

714 .31 91>
j .[ Zrz? drdé
0 Jo|2 0

7 jj“jozj:‘z rdzdr d@ =8n ~ 25.1327

[o_2
1431 2m 2 (NO-T (2 _3/2
I johr(sl—lswrz)}drde 8. [ [ [, rdedrdo= S |=@7-5°"%)
141[81 LT = 35.1528
—I { r’ —er rﬂ do
2 4 0 27 3 (V2512
j”"‘ﬁde_ms” 9. szo _[Oh rdzdrdé
16 [oe_ 2
:J';”J';[rz]AZE’_r drdo
4. The region is a right circular cylinder about the z- - \/7
7 2
. . . . = 25-r° -4
axis through the point [0,%,0) with radlus% J‘0 jo[r > r}drde

3
. 3/2
and height 2. :J‘Z”{—%(ZS—rz) —Zrﬂ de

jjs'“g 2 dr do = IISInHZrdrdB 0
) 27 7dt9 14z
sin = — —_
- [ } do=["sin? 0do 0 3 3
0
V3 4+rsind
(———cosZ&jdH BH—%sinw} 10. V= Io rdzdrdd
0

_ J‘ZH‘[ 4+rsm0 drde

Il
I'\)|H '—-

o [4r+r sin&}drd&

5. The region is a sphere centered at the origin with
radius a. _ J‘
=6

0

j I [ 0 smw}O dode 0

3
64
3 3
—I J —a sinpdfde

4
71324+ 2 sin 9} de
0 0

I
4
2”{2r2+1r33in9} déo
A
—I Zad sinpde
11. .fzn.[ J2/4 rdzdrdé

27 3 T 4z’
B R 2 '
0 _j j{(s 2ylz _ }drda

3/2 3/2

2 -

= nST 440" =4 150385
3
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2 .
12 ¢2cos@ 0coso
12. 2-[” ICOS Ir sIneeos rdzdrdé?zﬂ

o Jo 0 3

13. Letdx,y,2)=1.
(See write-up of Problem 26, Section 13.7.)

12-2
jo r? rdzdrdé = 24x

jz“j le 2% 2dr do - 128

‘<|w

=0 (by symmetry)

14. Letdx,y,2)=1.
(See comment at beginning of write-up of
Problem 26 of the previous section.)

m= Ioznj.lzj;z_rz rdzdrdé =f()2nf()2r(12—r2)dr do

2 47 57
=j“6r2-r— 46 = j ( jde_ T
0 41 2

Myy = j;njlzjgz_rz zrdzdrdé

2\2
:J’Z’T.[waw

18.

4 4
12
zj-n na sm¢d¢_na

2 2
|\/|Xy:j;lzjjﬁj(:p4Sin¢COS¢dpd6’d¢
(z=pcos @)

5 .

_(n/2 2rna’sin2¢
_IO IO 0 dodg

5
/2
=I(;[ ma S|n2¢d¢

(3

a;X =y =0 (by symmetry)

ol

ma

a ‘

S
mlm

Q

T

~ ‘

Assume that the hemisphere lies above the xy-
plane.

AX, Y, 2) = psin ¢ (letting k = 1)
_ n/2¢2npa 3 . o _ 1)\ 2.4
m_jo _[0 Iop sin ¢dpd9d¢—(§jn a

Mxy=j;[/2f§nf§p4

(2}
15

16a ~ 0.3395a
15

T

X =y =0 (by symmetry)

sin® gcosgpdpdfdg

N
Il

2n113 - 83 273n
= do = _ 2,2 2, (2412
Ih = 5 19. 1, = [[ 062+ yA k(e +y2)H 2av
2731 12 ¢2n ca . k
91 _ (" 5 cind _ 2.6
7-_2 704 = kp°sin" ¢gdpdfdg=| — |n°a
Therefore, 7 = o _E~4'7895' Io _[0 .[o P gdpdodg [16%
X =y =0 (by symmetry) /2
20. Volume = j“ j jp singd pdodg
15. Lets(x, y, z)=kp B n/2J-2n64sm¢d9d¢ In/2128n5|n¢d¢
21 ¢b . = — 5
m:j;‘jo"jakpp2s|n¢dpd9d¢=kn(b4-a4) ni4 3
- 64*3/—” ~94.7815
nl2¢ml2 2 2 .
16. n/ﬁj jacsc¢kp plsingdpdodg
nen/6pl o . s
=[?jkna5\@ 21 [ [ e singd pdodg =~ 03491
17. Assume that the hemisphere lies above the xy- 22. j; Joznjj p3p2 singdpdgdl = 486n ~1526.81
plane.
Let &%, Y, 2) = p.
(Letting k = 1 - - see comment at the beginning of 23. Volume = j Isme roin? rdzdrdé
the write-up of Problem 26 of the previous _
sectlon.l)z oo :J'JJ';' r(rsma—r )drdé = In—SIn ede
T T .
mzjo IO IOp3SIn¢dpd6d¢ 1 ¢n 1+cos460
1y a b =ﬁj0 [1-2cosze+T}de
:J-n jna Sm¢d0d¢
0o Jo 4

=" ~0.0082
32
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24. Consider the following diagram:

Method 1: (direct, requires 2 integrals)

V=I+Il
_ ;fj%jZkaw Zmnwdpd6d¢+JﬁMj71?P29n¢dpd9d¢
- 2*/35”+ (2_5)” 283 s

Method 2: (indirect, requires 1 integral)
= upper sphere volume —1lI

sinpdpdfde

8\/_7I_J-7r/4J-2;rJ.2\/_cos(p 2

a2z 2(W2-8)7 2(8-3J2)x
B B T3

~ 7.8694
3 3
25. a. Position the ball with its center at the origin. The distance of (x, y, z) from the origin is (x + y +1 )1’2 p.
1/2 _ nl/2¢ml2 . _
ms(x +y%+7%) o|v_8j0 jo jo p(sinGp?)d pdodg = na*
mat 3a

Then the average distance from the center is Ay =—
Unas

&

b. Position the ball with its center at the origin and consider the diameter along the z-axis. The distance of (X, y, 2)

Y2 - psing.

[I[, 02 +y?)¥2av =8jg’zjg’2j§(psin $)(p?sin0)d pdodg =

{azlfz} e
(]

c. Position the sphere above and tangent to the xy-plane at the origin and consider the point on the boundary to be
the origin. The equation of the sphere is p = 2a cos ¢, and the distance of (x, y, z) from the origin is p.

from the z-axis is (x2 + y2)

a*n?

Then the average distance from a diameter is

4
12 ¢2m 2
[ 02+ y?+ 22 2av = 75 050 2 sing)d pdodg = T2
8na4
. L 5 6a
Then the average distance from the origin is a5
[(é)ﬁa J

Instructor's Resource Manual Section 13.8 845

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



26. Average value of ax + by +cz+don Sis
ms(ax+by+cz+d)dv amskxdv +bmskydv +cjjjskde+dekdv

Mlsev [Hskav

_aM; +bMy; +cM, +dm

=ax+by+cz+d=f(X,V, 2).
m

_ _ nl2 ra ra . 2 . Lad (sine)
27. a. Myz_ﬂskxdv _4kj‘0 .[o _[0 (psingcosB)(psing)dpdfdg =ka nT

m =[], kav :4kjglzj:j§pzsin¢dpd9d¢ = 4"";"“

4 )
Therefore, X = _ 3an(sina) .
[4a3ka} 16a
3

b. % (See Problem 25b.)

28. a. |szsk[(x2+y2)“2]2dv

o [T2r2ra Lo o _8a’nk  2a’m (4 s
=8k [ f) [ (psing) (P sing)d pdodg === = == (since m=| 2 |na’k

2

2
b. I’=I+d2m=2615m+a2m=7a m

5

o

2 2 2
| =2{2a5m+(a+b)2m} _ 2m(7a +150ab+5b )

29. Let my and m, be the masses of the left and right balls, respectively. Then my :%na?’k and m, :gna3(ck), o)

m, = cmy.
—_my(-a-b)+m,(a+b)
' My + My
m(-a-b)+cm(a+b) -a-b+c(a+b)
) My +CMmy B 1+c
_(atb)(=1+c) _ C_l(a+b)
1+c c+1
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13.9 Concepts Review 4.

1. u-curve; v-curve A

2. the integrand; the differential of dx dy; the region

4
of integration A /K;‘

3. Jacobian o o
1
4.3 (uv) L L
Problem Set 13.9 5.
I
1. v L
| v ! T
S 3k sk
4 Ik
B 3
2k L x - x
1+ 2F ]
1 1 1 1 1 1 . =T ; -I’ 'I\ All 5' (I -
1 2 3 4 5 6 4 - u
1= 1
-1k
2 6.
p v AV '
4k 3_-1. sL s
i i 1 1 1/\l'\ 1 1 > : T
2k 1 2 4 12 x
L 2r % 1 1
4L
1 | 1 1 1 | -5k 1 1 1 Il | 1 1 | | | .
1 2 3 4 5 & " 6= 1 3 4 5 [ 1 3 4 5 [0 .
I= 1 1 -
3. 7. X=U+2v; y=u-2v
A7 G(0,0)=(0,0); G(2,00=(2,2)

4k 3 G(211) = (470)1 G(011) = (21_2)
T 2 The image is the square with corners (0,0),
i ] -\ (2,2), (4,0),and (2,-2) . The Jacobian is
[ : s
= 2 3 4 8 u _Iy J:‘l 2‘:—4.
it 2 1 -2
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8. Xx=2u+3v; y=u-v 12. u=2x-3y; v=3x-2y Solving forxandy

. 2 3 3 2
G(0,0) = (0,0); G(3,0)=(6,3) gives x=—§u+gv, y=—§u+§v. The
G(3ll) = (9! 2)1 G(Ovl) = (31_1) 2 3
) ) ) ) o 5 5 4 9 1
The image is the parallelogram with vertices Jacobianis J=| 3 3 ==t xE"%
(0,0), (6,3), (9,2),and (3,-1). The Jacobian 5§
isJ{%_ﬂ:—s
13. u:x2+y2; v =X. Solving for x and y gives
9. x=u24+v2 y=v X=V; y= u—v? . The Jacobian is
0 1 1
G(0,0) =(0,0); G(1,0)=(10) =1 A P
2
GLD =1 GOH=@D i Juv?| 2u-v
Solving for u and v gives 2 2 ;
14, u=x“-y“; v=x+y. Solving for
[ 2
U=4/x-y° and v=y _ V2 41U V2 _u
_ 5 ) xandy gives x = ;Y= . The

The u=0 curveis 0=4/x—y* = x=y*. 2v 2v

The u=1 is 1 2 21 11 u

e u= CUI‘VEI.S =4X—y° = x=y +.. Jacobianis J—| 2V 2 2|1

The v=0 curveis y=0,and the v=1 curveis 1 1+L 2V

y =1. The image is the set of (x,y) that satisfy v 2 22

y"=x<y”+1,0<y<1. The Jacobian s 15. u=xy; v=x. Solving for x and y gives

J= 261 21\/‘:2u Xx=vV; y=ul/v. TheJacobian is

0 1
10 - _ 2 2 J = 1 _i :_1_
. X=U; y=u‘-v v 2 v

Solving for u and v gives )
Uex and v x2—y 16. u=x“; v=xy. Solving for x andy gives
The u=0 curveis x=0, and the u=3 curve is x=~Ju; y=
x=3. The v=0 curveis

. The Jacobian is

0=+x°—y = y=x%andthe v=1 curve is — 0
y y 2\/5 1 1

1= x2—y = y:x2—1. The image is
therefore the set of (x,y) that satisfy

x2-1< y§x2; 0<x<3. The Jacobian is

1 0

u v~V

J=

11. u=x+2y; v=x-2y Solvingforxandy
gives x=u/2+v/2; y=uld-v/4. The

o2 12|11 1
Jacobian is J_‘1/4 _1/4‘ -

8 8 4
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17. Letu=x+y,v=x-y. Solving forxandy 19. Let u=2x-y and v=y. Then
gives x=u/2+v/2 and y=u/2-v/2. The X=u/2+v/2 and y=v. The Jacobian is
EEY I 3=4? Y21 s
Jacobian is J = % 21 == 2
> 73 ”sin(;z(Zx—y))cos(;r(y—Zx))dA
The region of integration gets transformed to the
triangle in the uv-plane with vertices (1,1), (4,4), _.[ .[ sm(ﬂu)cos(ﬁ( u)) du dv
and (7,1). The integral in the uv-plane is more
easily done by holding v fixed and integrating u.
Thusy y 9 grating I J'8+;%Zsm u)cos(zu)dudv
X+Yy . 4c8v ull v
-Llnx—ydA_Jl _[V '”VEdUdV —ZJ'OJ' sin(27zu)dudv
8—v —V
cos2zu
=—j [ —u+uln } dv =—j‘{ ”} dv
\% V+2
14 8-v = Pleos(22(v+2))—cos(272(8-v))]dv
:EL [—8+2v+(8—v)lnT}dv 872"[0[ (27(v+2))~cos(22(8-v)) |
13
:%{3—64In4+%ln7+16ln16} :5_[0 [ cos(27v+4r) - cos(167 - 27v) |dv
13
~3.15669 o [, [cos(27v)~cos(2zv) [dv =0
18. Letu=x+Yy,v=x-y. Solving forxandy 20. Let u=2x—y and v=y. Then

gives x=u/2+v/2 and y=u/2-v/2. The

X=u/2+v/2 and y=v. The Jacobian is

l l 1/2 1/2 1
Jacobianis J =[2 2 =—l, I="g 1 ‘ . Thus,

i1 2

2 2 H(Zx— y)cos(y —2x) dA

The region of integration gets transformed to the
triangle in the uv-plane with vertices (1,1), (4,4),
and (7,1). The integral in the uv-plane is more
easily done by holding v fixed and integrating u.
Thus, with the help of a CAS for the outer
integral, we have

X+y 48V El

fRf XTydA—UV \fvz
132 T

2.[1 {5?,17} dv

e

dudv

1/2 v1/2
:4—9-£—4 +16tan 17
6 6
~6.57295

—j j ucos dudv

8—v

2dv

:—I [usmu+cosu]

=E(—20052+100055—80058

+2sin2—4sin5+2sin8)
~ 6.23296
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21. The transformation to spherical coordinates is
X = psingcosd

y = psingsin g
Z=pCos¢
The Jacobian is
aé'fyo 68;9 % singcosd —psingsind pcosgcosd
J=|— — —|=[singsingd psingcosd pcosgsinf
8,0 06 6¢ COS¢ 0 —pSin¢
a a a
op 00 0¢
_COS¢—psin¢sin¢9 pCOSPcosd| _gisingcosd pcos¢cos€+(_ Sin¢)sin¢cos€ —psingsing
- psingcos®  pcosgsing| “|singsingd  pcosgsind P singsing  psingcoséd

= COS¢(—p2 singsin @cos¢gsin H—pz cos@sin ¢cos2 9)—psin ¢(,osin2 ¢cos2 49+psin2 ¢sin2 9)
= —,02 cos? @ sin ¢(sin2 6+ cos? 9)—,02 sin® @

=—p?sin ¢(0052 ¢ +sin? ¢)

=— p2 sing
a 0o0
22. Let x=ua, y=vb, z=wc . Then the Jacobianis J ={0 b 0=abc and the region of integration becomes the
0 0 c

sphere with radius 1 centered at the origin. Thus,

v=[I[ 2av= [[] 1dzdyox= ] 1abcdwdvdu:%7zabc

ellipsoid ellipsoid unit
sphere

The moment of inertia about the z-axis is

M, = j_” (X2+y2)dzdydx
ellipsoid

= [[] (a%? +b*?)abedwavau

unit

sphere
ZJSEJgJ;(aZpZSin2¢COSZ9+b2p2 sinzqﬁsin2 9)psin2¢abcdpd¢d9
4
4
_a_bc 2
32
= 332;”2 (a2+b2)

johj;[(az cos? @sin* o+ b2 sin? gsin* ¢) degda
fj”j;sin4 ¢(a2 cos? @ +b? sin? 9)d¢d9

(Sazzrcos2 6 +3b%sin? 0) do
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23. Let X =x(U,V) and Y =y(U,V). If R isaregion inthe xy -plane with preimage S in the uv -plane, then
P((X,Y)eR)=P((U,V)eS)
Writing each of these as a double integral over the appropriate PDF and region gives

” f(x, y)dydx :”g(u,v)dvdu
R s
Now, make the change of variable x = x(u,v) and y = y(u,Vv) in the integral on the left. Therefore,

”g(u,v)dvdu :” f(x,y)dydx = _U f (x(u,v), y(u,v))|3 u,v)|dvdu
S R S

Thus probabilities involving (U,V) can be obtained by integrating f (x(u,v), y(u,v)|J(u,v)| . Thus,
f(x(u,v), y(u,v)|J (u,v)| is the joint PDF of (U,V).

24, Letu=x+y, v=X-Y.
a. Solving for x and y gives x=u/2+v/2 and y=u/2-v/2. The Jacobian is

12 1/2|_ 1 1 1
1/2 -1/2 4 4 2
The joint PDF for (U,V) is therefore

1-|

_ % ifO<(u+v)/2<2,0<(u-Vv)/2<2
0, otherwise

- % if0<u+v<40<u-v<4
0, otherwise

v=4-—u

-2 v=—4+u

To find the marginal of U , we fixa u and integrate over all possible v. For 0<v<2,

ul u 4-u 1 8-2u u
gy (u) :'[_ugdv:z and for 2<u<4, gy (u) :'[_4+u§dv: 5 :1—2.
Therefore,
u/4, ifO0<u<?2
gy (U) =41-u/4, if2<u<4
0 otherwise
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25. a.

Let u=x+y,v=x. Solving for x and y

_ o 7. False: Letf(x,y) =X, g(x, y) = x2,
gives x=Vv, y=u-v. The Jacobian is R={(x y): xin [0, 2], y in [0, 1]}.
3= 0 1|_ 1 The inequality holds for the integrals
1 - : but (0.5, 0) > g(0.5, 0).
Thus
' 8. False: Let (0, 0) = 1, f(x, y) = 0 elsewhere
g(u,v) = f(v,u-v)|-4 2., .2
for x=+y~ <1.
_ {e"(”"), ifO<v,0<u-v
0, otherwise 9. True: See the write-up of Problem 26,
:{e‘”, ifOsv_su Section 13.7.
0, otherwise 10. True: For each x, the density increases as y
. . . increases, so the top half of R is more
b. The marginal PDF for U is obtained by dense than the bottom half. For each
integrating over all possible v for a fixed y, the density decreases as the x
u. Ifux=0,then increases, so the right half of R is less
gy (U) = L;J oY dy = yeY dense than the left half.
_u . 11. True: The integral is the volume between
Th —Jue if0<u X =
us, gy (u) = {0 " otherwise concentric spheres of radii 4 and 1.
' That volume is 847 .
12. True: See Section 13.6.
13.10 Chapter Review A(T) = (Area of base)(sec 30°)
e[ 2|2
Concepts Test J3 3
1. True: Use result of Problem 33, Section 13. False: There are 6.
13.2, and then change dummy
variable y to dummy variable x. 14. False: The integrand should be r.
2. False: Let f(x, y) = x. 1st integral is %; 2nd 15. True: ,lfxz + fy2 +1<9=3
is 1 i
6 16. True: J(r,0)= g?nsg _rrcf)lgﬁe =r
3. True: Inside integral is O since sin(x3y3) is 2 0
an odd function in x. 17. False: J(uv)= ‘0 2‘ =4
4. True: Use Problem 33, Section 13.2. Each
2 2
integrand, X~ and %Y, determines Sample Test Problems
and even function. 1 1
1. I = (x2 —x3)dx:—z0.0417
. 2.2 0\ 2 24
5. True: It is less than or equal to L Io ldxdy
; 2
which equals 2. 2. I_ZOdy =0 (Integrand determines an odd
function in x.
6. True: f(x, y)zw in some )
2sing
neighborhood N of (xg, yg) due to 3 Inlz r? cos o d9—jﬁl225inzecos€d9
the continuity. Then “ o 2 . Jo
r=
1
- /2
Il rox ez [, (5] . vpen Jowrel” 2
3 0 3

= (%J f(Xg, Yo)(AreaN) > 0.
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4 szsx(gjdydx = Jf(%)(x—@dx = —g C. BJJ/ZIJIZISpZ singd pd@dg¢

Ley T psinx _5m
5. jojo f(x, y)dxdy 10. -[0 -[0 (x+y)dydx = A ~3.9270

]
1 2

y=sinx

2=

/2 £COSX
6. jo 0 f(x, y)dydx

\cos x
| 1 1 X

n

[S1E]

2=

7. j;lzj‘;_zyj‘;_zy_z f(x, y, z)dxdzdy

k3

2n 3, _ 2
12. jO“jz (r 2)rdrd0=jon[ln ride
= [*"n [Ejda =2zln [Ej ~ 2.5476
o (2 2

13. m= .[02 .[13 xyzdx dy = %
My = I;jfxy3dx dy =16
My = j;fxzyzdxdy :%

o = 13 3
(Xv y):[E,Ej

203 4 128
14. |X:j0jl xy*dxdy === =256

15. z=f(x, y)=©@-y*)?: f,(x, y)=0;
fy(x, y) =-y(@-y*)™?

a rVa2_x2 \/az_xz_yz
9 a 8.[0!0 .[o dz dy dx Area:_f;’J‘;/B\/yZ@—yz)_1+1dxdy

%5 3ry 2\-1/2
& rdzdrde IOIV’3

nl2 ra
b. 8|7, 3
= [ ©O-y) 2 @2y)ty =[-20-y*)' 1§ = 6

X
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16. a jg/zjozj(?rrdrdzde:gnz28.2743 Review and Preview Problems

1. Answers may vary. One solution is

x =3cost, y=3sint, 0<t<2rx
/22 \14—r2 2\1/2
b. Io JO ,[0 z(4-r7)"“rdzdrde Then: x? +y? =9cos?t+9sin®t =9 as
required.
= (gjn ~5.0265 a
5 2. Answers may vary. One solution is
X=cost+2, y=sint+1, 0<t<2rx
17. &%, y,2) =k
X yn)h'g - Then: (x—2)2+(y—1)2 =cos’t+sin’t=1 as
m=[,[s |, kp p®singdpdodg = 80mk required.
. 3. Answers may vary. One solution for the circle is
2 ¢ 4(L+sing .
18. m:” 1dA=I T[.[ (fsin )rdrde X =2cost, y=2sint
R 0 Jo .
o 1—c0s20 To have the semicircle where y > 0, we need
= 8J'0 (1+ 2sin ¢9+—jd0 =247 sint >0, so we restrict the domain of t to
O<t<r.
2n r4(1+sin6) .
M =IijdA=IO .[o (rsing)rdrdo 4. Answers may vary. Consider
=80n x =acos(-t), y=asin(-t), 0<t<rx;this
7223()_7::@;?:0 (by symmetry) |sas.em|C|r.cIe. . . .
24n 3 a. Since sin(-t) = —sint, and since sint >0 on

[0,7r], y <0 on [0,7[].

_ra (b/a)(a—x) ¢(c/ab)(ab—bx-ay)
19. m_jo -[o -[o kxdz dy dx b. As t goesfrom 0 to =, -t goes fromO to
_[ k ) 2pc —r so the orientation is clockwise.
5. Answers may vary. One solution is

x=-2+5t, y=2 for t €[0,]].

2
2
2. [7] s'”ejr rdzdrde =T ~ 4.7124
o Jo 2

0 6. Notethat x+y=9,so0asimple

parameterization is to let one variable be t and
the other be 9 —t. Since we are restricted to the

u+v v-u
21. Let x= 2 and y = 2 - Then we have, first quadrant, we must have t>0 and 9-t>0;

sin(x—y)cos(x+y)=sinucosv and hence the domain is t e (0,9). Finally, since
11 orientation is to be down and to the right, we
J(u,v): 21 i :1_(_1]:1_ want y to decrease and x to increase as t
-2 3 4 L 4) 2 increases. Thuswe use x=t and y=9-t.
Thus,

7. Notethat x+y=9,soasimple

parameterization is to let one variable be tand

J.'[sin (x—y)cos(x+y)dxdy
R the other be 9 —t. Since we are restricted to the

= J';Lf%sin ucosvdudyv first quadrant, we must have t>0 and 9-t>0;
1ex hence the domain is t < (0,9). Finally, since
V4
= Ejo cosv[—cosu]; dv orientation is to be up and to the left, we want y
. to increase and x to decrease as t increases.
:jo cosvdv=0 Thusweuse x=9-t and y=t.

8. Since we are restricting the parabola to the points
where y >0, a simple parameterization is
x=t, y=9-t%, te[-3,3]
Note that the orientation is left to right.
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9. Since we are restricting the parabola to the points S0
where y >0, a simple parameterization is —2X

_2y
Vi(x,y,2) = i
X =—t, y:9—t2, te[-3,3] 2+y2+29)?2 (P ry?+2%)?
Note that the orientation is right to left. + -
(x2+y2+22)2
b |(dx)? dy 2 . . .
10. L:J'a (Ej +(Ej dt . Using the 15. VE(x,y,2)= fyi+f, j+ f, k. Nowif
f = hen f =
parameterization in problem 6, (%y,2) =xy+xz-+yz, then T (xy,2) =y+2,
dx dy fy(x,y,2)=x+z,and f,(x,y,z)=x+yso0
x=t,y=9-t,a=0,b=9,—=1 —=-1and . .
dt dt Vi, y,2)=(y+2)i+(x+2)j+(x+y)k

S0 L=j: 12 412 dt:[ﬁt]zzgﬁ.

16. Vi(x,y,2)= fyi+fyj+ f, k. Now if
(Note: this can be verified by finding the

distance between the points (0,9) and (9,0) ). f(x, y,z)=;, then
X +y2 472
11 VE(xy) = fr (% y) i+ fy(x,y) j. Now if ‘- —x
— s XT3/
f(x,y)=xsinx+ycosy, then (x2+y2+22)4
fy(X,y) =xcosx+sinx, fy(x,y)=cosy-ysiny
fp=— Y and
Thus: Yoo, y
VE (X, y) = (xcosx+sinx) i+ (cosy—ysiny) j (x“+y“+27)2
-z
. . . f=— -
12. Vi(x,y)=f,(x,y)i+ f,(x,y)j. Now if z 3/
(x, ) = f(x, y)i+ fy(x, )] (X2+y2+22)4
f(x,y)=xe™ +ye, then -
e y) = (yxe ™ +e7Y) +(y%e) iy )= i Y
= (1-xy)e ™V +y%eY 0C Y222 (R ryPead) 2
and +_—Z3k
fy(xy) = —(x%e7Y) + (xye™ +eY) XC+y?+ ZZ)A
— _y2aXy Xy
=-xe"7 +(1+xy)e T . 9 71-c0s2t
Thus, 17. jo sin tdt:j0 dt
VE(X, y) =[A-xy)e™ +y?eM]i x
(x.) =[A-xy)e™ +yZe ] L -cos)a
+[-x%e ™ £ L+ xy)eM] 270
R S i
13. VE(x,y,2)=f, i+ fy j+ f, k. Now if =5t .
22,52
FOy,2) = x5 y"+2”, then =EK;T—lsin(zzz)]—(o-isin(z-o)ﬂ
f (X, y,2) =2x%, fy(x,y,2) =2y, f,(x,y,2) =2z 2 2 2
) T
VI(X,y,2) =2xi+2yj+2zk 2

14. Vi(xy,2) = fy i+ fy j+ f, k. Now if 18. j(;rsintcostdt :L;r%sin(Zt)dt

1
f(xy,z)=————, then (-1 i
(*y.2) X2+ y2 422 —[ 4cos(2t)}O
—-2X -2y 1
fo=——"° E—) S— =—=(cos(27)—cos(0)
" (x2+y2+22)2 y (x2+y2+22)2 i'( )
_ —2z =->(1-1)=0
and f, SRy 4

Instructor's Resource Manual Review and Preview 855

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



12 12 10 9 7V=2
19. jjxydydx:jlj‘xydy]dx:j{%} dx
01

0Ll
1
l(3xj w3
=||—|dx=|—| =—
2 4|4

14 1[4
20. .f .[(x2+2y) dydx=j[j(x2+2y)dy]dx:
-11 -1l1

o —_—

}[xz + 2Jyﬂldx—'l[(Bx2+15)dx—
J y+y y1 —71 =

[x3 +15x} ' _16+16-32

27 2 =2
21. Ijr drdé = I[Jr dr]dé? J[ }
0 r=1
2
fzdgzzgz”:“_um.se
43 3 3
2r 7w 2
22. [ [[p?singdpdgde=
001
2r |2
J
0

jpz sin¢dp]d¢d6:

L1

2r [ 3 p=2
[ ”—sin4 dpdeo =
3
0 p:]_
T 27 g==
jzsin¢d¢] do = J‘[—Zcow} do=
3 3
0 0 #=0

jEde:ZS—”z 29032
173 3

856 Review and Preview

23.

24.

Note that
27 ©# R

j j jpz singdpdgdo =

0O0r

27z 7| R

H[jpz sin¢dp]d¢d9—

0O0Lr

2r 3 p=R

J‘J[’D—sind dgdo =

00 3 p=r

2 7r1

j[j—(R r )sm¢d¢}d¢9—

o Lo

2z 1 p=n

J‘[——(R3—r3)cos¢} do =
3

0 $=0

2

J‘[E(R3—r3)}d0:—7rR3—im3

0 3 3

which we recognize as the difference between the
volume of a sphere with radius R and the volume
of a sphere with radius r . Thus the volume in
problem 22 is that of a spherical shell with center
at (0,0,0) and, in this case, outer radius = 2 and
inner radius = 1

Let f(x,y)=z2 =144-x? - y2 ; then:

fy (X, y) =-2x fy(x,y)=-2y
We note that z =36 when x>+ y2 =108 ; thus
the surface area we seek projects onto the
circular region inside S = {(x, V)| X2 + y2 :108}

Hence A= ”\/4x2 +4y2 +1 dA; or, converting
s

to polar coordinates (r? = x% +y? and r =63

when r? =108),
27 643

A= j j(\/4r +1) rdrdg =

27 r=6

| {i(m2 +1)%}
12

0 r=0

i I [4334 -1]d@ ~1501.77 ~ 4717.7
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25. This will be the unit vector, at the point (3,4,12)
, in the direction of VF , where
F(x,y,z)=x2+y2+22.

Now

VE(X,y,2) = Fi+Fy j+ F, k=2xi+2yj+2zk
so that VF(3,4,12) = (6,8,24) and the unit vector
in the same direction is

VF _[6 8 24\ /3 4 12

IVF| \26'26'26/ \13'13'13/

This agrees with our geometric intuition, since
X2 + y2 +22 =169 s the surface of a sphere with

center at O =(0,0,0) and radius = 13. Now the
plane tangent to a sphere (center at (0,0,0) and
radius r ) at any point P = (a,b,c) is
perpendicular to the radius at that point; so it
would follow that the vector OP =(a,b,c) is

perpendicular to the tangent plane and hence
normal to the surface. The unit normal in the

direction of OP is simply 1(a,b,c), or in our
r

1
case E<3’4’12>'
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