Differential
CHAPTER Equations

15.1 Concepts Review 7. Roots are 2++/3. General solution is

_a2X \@x —\/§x
1. r? +ar+ay =0; complex conjugate roots y=e7(Ce™™ +Coe )

_as .
2. Cpe* +Cye" 8. Roots are —3++/11. General solution is

y=e 3 Cle‘/ﬁx +C2e“/ﬁx :
3. (Cy+Cyx)e*
) 9. Auxiliary equation: r? +4=0 has roots +2i.
4. Cycosx+Cysinx

General solution: y = C; cos2x+ C, sin 2x

Ifx=0andy=2,then 2=Cy; if x="2 and
Problem Set 15.1 4

y =3, then 3=C,.

1. Roots are 2 and 3. General solution is Therefore, y = 2c0s 2x +3sin 2x.

y=Ce2X +Cre®.
10. Roots are +3i. General solution is

2. Roots are -6 and 1. General solution is y = (C, cos3x+C, sin3x). Particular solution is
y =Ce® +C,ex. y = —sin3x-3cos3x.

3. Auxiliary equation: r246r-7=0, 11. Roots are -1 + i. General solution is
(r + 7)(r— 1) = 0 has roots -7, 1. y= e‘X(Cl cos X+ C, sinx).

General solution: y = Cje™"* +C,e*

- .2 _

y = —YCle‘“ +Cye’ 12. Auxnjiy equation: r=+r+1=0 has roots

Ifx=0,y=0, y'=4, then 0=C;+C, and ;i;i.

4=-7C;+Cy, 50 C; = 1 and C, :1_ General solution:

2 2 (-1/2)x \/§ 1/2)X \/g
eX _p X y=Cse cos| — x+Cze(‘ Psin| X2 |x

Therefore, y = — 2 2

4. Roots are —2 and 5. General solution is .
o . ) o y=e*2]C cos V3 X+ C, sin ﬁ X
y =Ce™" +C,e”". Particular solution is 2 2
12) sx 9 2x
y=(7je ‘(7}9 : 13. Rootsare 0,0, -4, 1.
General solution is

5. Repeated root 2. General solution is y =C; +Cox+Cae™ +Cye”.

2X
= +Cyrx)e ",
Y =(CarCox) 14. Roots are -1, 1, #i. General solution is

6. Auxiliary equation: y =Cie7* +Cye* +C3cosx+Cysinx.
r? +10r+25=0, (r+ 5)2 =0 has one repeated
root —5. 15. Auxiliary equation: r*+3r?-4=0,
General solution: y = C;e™* +Cyxe™* or (r+1)(r -1)(r? +4) =0 has roots -1, 1, #2i.
- General solution:
y = (Cy +Cax)e™™

y =Cie7* +Cye* +C3c082x +Cysin 2x
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16. Roots are —2, 3, +i. General solution is y = C;e™2X +C,e3* + C3 cos x+C, sin x.

17. Roots are -2, 2. General solution is y = Cje X + Ce?*.
y = C; (cosh 2x —sinh 2x) + C, (sinh 2x + cosh 2x) = (-C; +C5)sinh 2x + (C; +C,) cosh 2x
= Dy sinh 2x + D, cosh 2x

u

18. eY =coshu+sinhu and e™ =coshu —sinhu.

Auxiliary equation: r?—2br-c? =0

/a2 2
Roots of auxiliary equation: w =b++b%+c?

[2. 2 [2. 2
General solution: y = Ce®+Vb™+e™)x ¢ e(b-Vb+c)x
=™ {Cl (cosh (\/ b% +c? x) +sinh (\/ b% +c? XD +C, (cosh ( b2 +c? x) —sinh (\/ b%+c? xjﬂ
=™ [(Cl +Cz)cosh(\/b2 +c? xj+ (C +C2)sin(\/b2 +c? xﬂ =™ [Dl cosh (\/bz +c? x)+ D, sinh( b2 +c? xﬂ

19. Repeated roots (—%ji{gjl

General solution is y =e™*/? {(Cl +C2%) COS[%} X+ (Cz +CyX)sin (%J x}.

20. Roots 1 + i. General solution is 22. Asdone in Problem 21,

=e*(Cy cosx+C, sin x 2
dz dx? dz

=e*(csin ¥ cos X + ¢ cos y sin x) = ce* sin(x + 7).

* " ' Therefore, a d_zy +(b—a)(ﬂj+cy =0
21 (*)x“y"+5xy'+4y=0 " g2 dz e
Let x=e”. Thenz=Inx;
,_dy dydz dyl, 23. We need to show that y"+ay'+a,y =0if r, and
dx dzdx dzx r, are distinct real roots of the auxiliary equation.
”_yi(m]_ﬂ—_udzvz We have,
dx dx\dzx) dzx? xdz2 dx y'=Cire"™ +C, e
_dy-1 1d’y1 y" = G2 4 Cyry2e™
dz x2  x dz? x When put into the differential equation, we
btain
dy d®y | (edy), ., _ °
(_E+(jz_2 + 5& +4y=0 y"+ay'+a,y = Cin2e™ + C,r,%e
(SUbStItUtlng y! and yn into (*)) +a1(C1r1e"1X +C2r2erzx)+az (Clerlx +Czerzx) (*)
d2y dy The solutions to the auxiliary equation are given
—2+ 4d—+4y =0 by
dz z
1 [2
Augxiliary equation: r? +4r+4=0, (r+2)?>=0 = E(_al —Va—4a, ) and

has roots -2, —2.
= r, :%(—a1+\/a12—4a2).

General solution: y = (C; +C,z)e 27,
y = (Cy +C, Inx)e~2Inx
y=(C;+CsIn x)x'2

Putting these values into (*) and simplifying
yields the desired result: y"+a y'+a,y =0.
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24. We need to show that y"+ay'+a,y =0if o+ i are complex conjugate roots of the auxiliary equation. We
have,

y'=e"((aC; + BC,)cos(BX) +(aCy — BCy)sin( px))
y"=e¥ ((a201 - B2C, +2a8C, )cos(ﬁx) +(a202 - p%C, - 2aﬁCl)sin(ﬁx)) '
When put into the differential equation, we obtain

y'+ay'+ayy = e ((azcl ~ B°Cy +2a3C; |cos( ix) +(a”C, — B°C, — 2a8C; )sin (ﬂx))

+2,e” ((aCy + BCy ) cos( Bx) +(aCy — BC; )sin(BX)) +ay (Cleax cos( Ax)+Ce**sin (ﬁx)) *)
From the solutions to the auxiliary equation, we find that

Putting these values into (*) and simplifying yields the desired result: y"+ &y +a,y =0.

) 2 3 4 i\5 2 4 .6 3 .5 L7
25. a. eb':1+(bi)+(b|) +(bl) +(b|) +(b|) +...:(l—b—+b——b—+]...+i[b—b—+b——b—+...]

2! 3! 41 51 21 41 6!
=cos (b) +isin (b)

b, e =3P = e[cos(b) +isin(b)]

c. Dy [e(‘“ﬂi)x} = D,[e?*(cos fx +isin £x)] = ae® (cos Bx +isin Bx) +e** (—i fsin Bx +iB cos BX)

=e™[(a + Bi)cos fx+ (ai - f)sin Ax]
(a+ B PX = (a + Bi)[e?* (cos Ax+isin AxX)] =e™ [(a+ Bi)cos fx+(ai - B)sin BX]
Therefore, D,[e(**X] = (a +iB)el@+/X

26. ce @)X 4 c,el@ )X o and c, are complex constants.]
= e [cos Bx +isin Bx]+ e [cos(=Bx) +isin(=AX)] = e?*[(c; +Cy) cos Bx + (¢ —Cy)isin BX]
=e?*[C; cos Bx +C, sin Bx], where C; =¢; +Cy, and C, =¢; —Cy.
Note: If ¢; and c, are complex conjugates, then C; and C, are real.

27. y= 0_565.16228x + 0.58_1'162278)(
28. y=35xe > 42072
29. y=1.29099e"%°* sin(0.968246Xx)

30. y =e%333333X[2 5005(0.471405x) — 4.949755in(0.471405x)]
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15.2 Concepts Review

1. particular solution to the nonhomogeneous equation; homogeneous equation

2. —6+Ce X+

3. y:Ax2+Bx+C

1y
4. y=Bxed

Problem Set 15.2

1. Yh = Cle_sx + C2e3X

1
Yp :(—ij+0

y= (—éj x+Cpe X + C e

2. yp =Cre X +Cpe
e
P 3 9 54
1) -, (1 7 —-3x 2x
=l —-=[x"=| = |x=| = [+CeT" +Cse
RO IR

3. Auxiliary equation: r>-2r+1=0 has roots 1, 1.
Yh = (Cp +Cox)e”
Let Yp = AXZ 4 Bx+C; yio =2Ax+ B;
yp =2A.
Then (2A)-2(2Ax+B) + (Ax2 +Bx+C) = X2 + X,

AX? + (~4A+B)X+(2A-2B +C) = x> + X
Thus, A=1,—-4A+B=12A-2B+C=0,50
A=1B=5C=8.

General solution: y = x? +5x+8+ (C; + Cyx)eX
4. Yh=Ce*+Cy-yp = 2x2 + (-4)x

y=2x2 —4x+Ce ¥ +C,
5.y, =Ce?¥+Ce®*. Yp :(ljex -y

= (%)ex +Ce?* +Ce¥
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6. Auxiliary equation: r’+6r+9=0, (r +3)2 =0 has roots -3, -3.

Yn = (C1 +Cox)e™™
X

Let y, =Be™™;y, =-Be™;yp =Be™™.

Then (Be™*)+6(-Be ™)+ 9(Be™*)=2e7%; 4Be™* =2¢7%;B :%
General solution: y = (%j e +(Cy +Cyx)eX

7. yp =Cle ¥ +Cpe*

e

y= [—%} xe X 4 Cle™¥ 4 Cpe

8. yp =e*(Cycosx+Cysinx)
h 1 2

3)
v =3

y = (gj e +e7%(Cy cos x+C, sinx)

9. Auxiliary equation: r>—r-2=0,
(r + 1)(r—2) =0 has roots -1, 2.
yh =Cre X +Cre?X
Let y, =Bcosx+Csinx; y, =-Bsinx+Ccosx; yp=-Bcosx-Csinx.

Then (—Bcosx—Csinx) —(—Bsin x+ C cosx)

—2(Bcos x+Csin x) = 2sin x.
;C :_—3.
5

gl

(-3B-C)cosx+(B—-3C)sinx=2sinx, so—-3B-C=0 s0o-3B-C=0andB-3C=2; B=

General solution: (%) COS X — (gjsin X+Cpe?* +Cpe™

10. y,=Ce™+C,

y —(—i COSX + 4 sin x
P 17 17

y= (—%)cos X +(%)sin x+Ce™ 4G,

11. y, =C;cos2x+C,sin2x

yp = (0)xcos 2x+[%jxsin 2X

y= (%) xsin 2x + Cy cos 2x + C, sin 2x

Instructor's Resource Manual Section 15.2 895

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No
portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



12. Auxiliary equation: r? +9=0 has roots +3i, s0 Y = C; cos3x+C, sin3x.
Let y, = Bxcos3x+Cxsin3x; yb = (-=3bx+C)sin3x+ (B +3Cx)cos3x ;

Yp = (-9Bx +6C)cos3x+ (-9Cx — 6B)sin 3x..
Then substituting into the original equation and simplifying, obtain 6C cos3x-6Bsin3x =sin3x,so C =0 and

B=——.
6

General solution: y = (—%) x€0s3x + C; cos3x +C, sin 3x

13. y, =C;cos3x+C5 sin 3x
1 . 1 ZX
=(0)cosx+| = [sinx+| — |e
o =0 (8) (13]

y= (ljsin x+(ijezx +C; cos3x+C, sin 3x
8 13

14. Yh = C]_e_x +C2

Yp :(5 X +(§) X% + (=3)x

y= (%)ex +(gj X2 —3x+Cie ¥ +C,

15. Auxiliary equation: r? —=5r+6 =0 has roots 2 and 3, so yj, = C;e?* +C,e*.
Let y, = Be”; y, = Be*; yp = Be”.
Then (Be*)-5(Be*)+6(Be*) =2¢*; 2Be* =2¢*;B=1.
General solution: y =e* +C;e?* +C,e*

y' =X +2Ce%* +3C,e>
Ifx=0,y=1, y'=0, then 1=1+C; +C, and 0=1+2C; +3C,; C; =1,C, =-1.
Therefore, y =X +e2X —e%*,
16. yp =Ce X +Cpe?*
43 .
=(0)cos x+| —— |sinx
¥p = @cosxe -3
4\ —-2X 2X
yz(—g)sm X+Cie™" +Coe

y= “Hsinx+[ 2 ]e2x [ )e2¢ satisies the conditions.
5 5 5
17. y, =Ce¥ +Cpe?
Yp = (%) (10x+19)

y = Gj (10X +19) + Ce* + C,e2¥
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18. Auxiliary equation: r?> =4 =0 has roots 2, -2, 50 yj, = C;e?* +Cye ¥

Let y, =vie? +v,e7? | subjectto vie?* +vie 2 =0, and v{(2e%X) + v} (-2e2X) = e2X,
1 X 4x
Then v{(4e%¥) =e?* and vj(-4e ) =e®; vi == and v =—e*/%; vy == and v, =——.
4 4 16
X 2X e2x p )
General solution: y = ——+Ce* +Cpe™¥
16
19. y, =C;ycosx+C,sinx
yp = —cosIn|sin x| - cos x — xsin x
y = —cosxIn|sin x| - xsin x+Cz cos X + C, sin x (combined cos x terms)
20. yn =Cjcosx+C,sinx
yp = —sinxIncsc x +cot x|
y ==sinxIn|csc x +cot X| + C; cos X + C, sin
21. Auxiliary equation: r? —3r+2=0 has roots 1, 2, 50 yj, = Ce* +C,e?*.
Let y, =ve* +Vv,e? subject to vie* +v5e?* =0, and v{(e¥) + V5 (2e2X) = eX (ex+1) 7
Then vy =——— so vlz.[ dx:.[ du
e*(e* +1) e*(e* +1) u(u+1)

—J'(—+—jdu=—lnu+ln(u+1) [”—”j L e
u e

X
’

Vh = S0 Vo =—e X +In(l+e7%)

e?X(e* +1)
(similar to finding vy )
General solution: y =e*In(L+e7*)—eX +e®X In(l+e7%) + Cje¥ + C, e

y = (" +e?¥)In(L+e7%) + DieX + D,e?¥

22. yp =Ce?X +CpeX; yp =€”
y =eX +Ce?* +Ce¥

23, L(yp) = (viug +Voup)" +b(viug +VoUp )"+ c(Vqly +VouUy)
= (V{Up + ViU +V5Uy +VoU5 ) +b(ViUy +VyU{ +VaUs + VU ) + C(VqUy + VoUy)
= (V{Uy + ViU + V{U{ + VU] + V35U +V5US +VoUs + VU3 ) +b(V{Uy + VU] +VoUs + Vols ) + C(VqUy +VoUs)
=Vy (u{ +bu{ +cuy) +V, (Us +buj +cuy) +b(Viug + Voo ) + (ViU +ViUf +V5Uy +VoUs ) + (VU] +V5U))
= vy (u{ +bu{ +cuy) +V, (U5 +buj +cus ) +b(viug +VoUs ) + (ViUy +VaUs) + (ViU +VaU))
=V1(0) + Vv, (0) +b(0) + (0) + k(x) = k(x)
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24. Auxiliary equation: r? +4=0 has roots +2i.
Yh = C cos2x+C, sin 2x

Now write sin®

cos JX’s.

3

X in a form involving sin fx’s or

. 3. 1.
sin” X = —sin x ——sin 3x
4 4

(C.R.C. Standard Mathematical Tables, or derive it using half-angle and product identities.)
Let y, = Asinx+Bcosx+Csin3x+ Dcos3x;

Yp = Acosx - Bsin x+3C cos3x —3Dsin 3x ;
Yp =—Asinx-Bcosx—9Csin3x-9Dcos3x .
Then

Yp +4y, =3Asin x+3Bcosx —5Csin3x —5D cos3x =§sin x—lsinSX, S0

Azl, B=0, Czi, D=0.
4 20

General solution: y = %sin X +2iosin 3x+C; cos2x+C, sin 2x

15.3 Concepts Review
1. 3«
2. 7 ; decreases
3.0
4. electric circuit

Problem Set 15.3

1. k=250,m=10,B% =k/m=250/10=25B =5
(the problem gives the mass as m=10kg )
Thus, y"=-25y. The general solution is y = C; cos5t + C, sin5t. Apply the initial condition to get y = 0.1cos5t.

The period is 2?” seconds.
2. k=100 Ib/ft, w =1 Ib, g = 32 ft/s?, y, = % ft,

B= 40v2.Then y= [ﬁjcos(m\/ﬁ)t.

Amplitude is L ft=1in.
12

27

40/2

Period is ~0.1111 s.

3. y=0.1cos5t = 0 whenever 5t="4 7k or t=%+£k.
y'| Z+Zk | =05sin5| Z+Zk | =05
10 5 10 5
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4. |10 = k@] s0 k =30 Ib/ft, w = 20 Ib,

g=32ft/s?, yg=-1ft vy =2 ft/s, B=4+3

Then y = C; cos(4+/3t) + C, sin(4+/3t).

V3t
6

y = cos(4«/§t) +[ Jsin(4«/§t) satisfies the initial conditions.

5. k=20 Ib/ft; w=101Ib; yg =1 ft; q=% s-Ib/ft, B=8, E =0.32

E2-4B? <0, sothere is damped motion. Roots of auxiliary equation are approximately —0.16 + 8i.
General solution is y ~ e %164 (C, cos8t + C, sin8t). y ~e %16 (cos8t+0.02sin8t) satisfies the initial conditions.

6. k=20 Ib/ft; w=101Ib; yg =1 ft; q = 4 s-Ib/ft

B= /w =8; E :M:H.& E2-4B%2<0, so damped motion.
10 10
E+VE?-4B2

Roots of auxiliary equation are —— 5

General solution is y = g o4 (Cycos4.8t +C,sin4.8t).
y'=e % (_4.8C, sin4.8t +4.8C, cos4.8t) — 6.4 4 (C, cos 4.8t + C, sin 4.8t)

=-6.4+4.8i.

Ift=0,y=1, y'=0, then1=C; and 0=4.8C, -6.4C;, so C; =1 and C, =%.

Therefore, y = g o4t [cos 4.8t + [%)sin 4.8t}.

7. Original amplitude is 1 ft. Considering the contribution of the sine term to be negligible due to the 0.02 coefficient,

the amplitude is approximately g 016t

e 018 £ 0.1 ift ~14.39, 50 amplitude will be about one-tenth of original in about 14.4 s.
8. C;=1and C, =-0.105, so y =e 2% (cos8t +0.105sin8t).

9. LQ”+RQ'+%=E(t); 10°Q'+10°Q =1 Q'+Q=10"°

Integrating factor: €'

D[Qe']=10"%¢"; Qe =107%¢! +C;
Q=10"%+ce™

Ift=0,Q =0, then C=-10"°,

Therefore, Q(t) =10° -10%¢t =108 (1-e™).

10. Same as Problem 9, except C = 4-107%, so QM) = 1076 + (4—10‘6)e_t.
Then I(t) =Q'(t) = —(4-10"%)e™".

L_(} =120sin377t

[2(L07)]

a. Q(t) =0.00024 sin 377t

b. I(t)=Q'(t) = 0.09048cos 377t
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12, LQ"+ RQ'+%:E; 10‘2Q”+i7:2o; Q" +10°Q = 2000
10~

The auxiliary equation, r? +10° = 0, has roots +10%'2i.

Qp =C; cos10%/2t + C, sin10%/ 2t

Qp = 2000(107%) = 2(10°) is a particular solution (by inspection).
General solution: Q(t) = 2(10_6) +C c0s10°/?t +C,sin 10%/2¢

Then I(t)=Q'(t) =-10%2¢C;sin10%/2t+10%2C, cos10°/2t.
Ift=0,Q=0,1=0,then 0=2(10")+C; and 0=C,.

Therefore, 1(t) = -10°'?(-2[107%])sin10%' 2t =2(107%/?)sin10%2t.

13. 3.5Q"+1000Q +L6 =120sin 377t
[2(107°)]

(Values are approximated to 6 significant figures for the remainder of the problem.)
Q" +285.714Q" +142857Q = 34.2857sin 377t

Roots of the auxiliary equation are
—-142.857 + 349.927i.

Qp =e 14287 c05349.927t + C, 5in 349.927t)
Qp = -3.18288(10*) cos 377t +2.15119(10°) sin 377t
Then, Q= —3.18288(10‘4) cos377t + 2.15119(10‘6)sin 377t + Q.

I =Q'=0.119995sin 377t +0.000810998c0s 377t + Qy,
0.000888 cos 377t is small and Qf, — 0 as t — oo, so the steady-state current is | ~ 0.12sin 377t .

14. a. Roots of the auxiliary equation are +Bi. 15. Asin(ft+y) = A(sin Btcos y +cos Btsin y)
yp = Gy cos Bt +C; sin Bt. = (Acosy)sin Bt + (Asin y)cos St
Yo = c sin At =C1$In.ﬁt+C2 cos St, where C; = Acosy and
(B? - A?) C, = Asiny.
The desired result follows. [Note that

C12 +sz = A? cos? ¥+ A? sin? y= AZ.)
b. vy, :(—%jtcoth, SO

c 16. The first two terms have period 2n and the last
y =C; cosBt+C,sin Bt—(gjtcos Bt. ) B
has period Kn Then the sum of the three terms

c. Due to the t factor in the last term, it o o
increases without bound. is periodic if m(Ej =n (Ej for some integers

m, n; equivalently, if %zm, a rational number.
n
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17. The magnitudes of the tangential components of _
the forces acting on the pendulum bob must be 15.4 Chapter Review

equal.
Concepts Test

1. False: y2 is not linear iny.

2. True: yand y" are linearin y and y”,
respectively.

2

3. True: y' =sec” X +secxtan x

2y' - y2 = (Zsec2 X+ 2sec x tan x)

—(tan2 X+ 25€C X tan X + sec? X)

Therefore, —mE =mgsiné. ) 2
dt? =sec® x—tan“ x =1
2 2
s=Lg so d—: = Ld—f. 4. False: It should involve 6.
dt dt
Therefore —mLﬁ — masing 5. True: D? adheres to the conditions for
' dt2 g ) linear operators.
d%0 g D2 (kf) = kD?(f)
Hence, —-=--=sind. 2 2 9
dt? L D°(f +g)=D“f +D"g
18. a. Since the roots of the auxiliary equation are 6. False: Replacing y by Cyu(x) +Cyuy ()
g. . y g . would yield, on the left side,
+, /=i, the solution of 8"(t)+| = |8 =0 is
\[ ® [L) CLf (X)+Co f (x) = (Cy +C) F ()
g g ) which is f(x) only if C;+C, =1 or
0=C cos\/EtJrCz sin \/Et, which can be f(x) = 0.
written as @ = C ﬁtw 7. True: -1 is a repeated root, with multiplicity
L 3, of the auxiliary equation.

(by Problem 15).

The period of this function is 8. True: L(up —uz) = L(up) - L(up)

= f(x)-f(x)=0

[ r2
ﬁ = 2713L= 27 £ = ZRR‘/L.
\/% JG GM GM 9. False:  Thatis the form of yy. y, should

0 have the form Bx cos 3x + Cx sin 3x.
;o 2™Riew  RiLy

Therefore, — = = . 10. True: See Problem 15, Section 15.3.
P2 27R, 'GLT\ZII RZ\/E

b. To keep perfect time at both places, require Sample Test Problems

Py = P,. Then 1:RZ— "80'85’ S0 1. u’+3u=e*. Integrating factor is e
396081 D[ue®] = e

R, ~3963.67.

The height of the mountain is about y= (ijex +Ce~

3963.67 -3960 = 3.67 mi (about 19,387 ft). 4

y/:(ljex+ole—3x
4
_ 1) -3x
y= Z e” +Cze" +Cy
2. Rootsare-1,1. y=Ce™™ +Cye*
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3. (Second order homogeneous) 12. (Fourth-order homogeneous)

The auxiliary equation, r? —3r+2 =0, has roots The auxiliary equation, r*—3r>-10=0 or

1, 2. The general solution is y = C;e* +C,e?*. (r> =5)(r? +2) =0, has roots —/5,~/5, +/2i.
y'=CreX + 202e2X General solution:

Ifx=0,y=0, y'=3, then 0=C; +C, and y= Cle\/gx +Cze_\/gx +C3 cos+/2x+Cy sin/2x

3=C1+2C2, SO Cl =—3,C2 =3.
13. Repeated roots +2

Therefore, y = -3¢ +3e?*.
y=(C;+C, x)e“/EX +(Cq+ C4x)e‘/§X

3 g
4. Repeated root ——.. y = (Cy +Cpx)el*/2 14. a. Q'(t)=3-0.02Q

b. Q'(t)+0.02Q =3
Integrating factor is e
D[Qe®02t] = 36002

6. (Second-order nonhomogeneous) The auxiliary Q(t) =150+ Ce 092

equation, r? +4r+4 =0, has roots -2, —2.
Y = Cie X +Coxe™2X = (Cp + Cyx)e X

5.y, =Cie ™ +Cye* (Problem 2) 0.02t
Yp =-1+Cie™ +Cpe*

Q(t) =150 - 3067292t goes through (0, 120).

Let yp:BeX;yb:BeX;yg:Bex. c. Q—-150¢g,ast—>wo.
X X Xy _ aaX 21 15. (Simple harmonic motion)
(Be™)+4(Be™)+4(Be”)=3e", so B_3. k=5 =10 yp =1
X
General solution: y:%+(Cl+C2x)e‘2X B (5)1(32) _4

Then the equation of motion is y = —cos 4t.
7. yp =(Cy+Cyx)e 2 (Problem 12)

The amplitude is |1 =1; the period is 27: :g.
Y :[%sze-m
16. Itis at equilibrium wheny = 0 or —cos 4t = 0, or
y:{(%}x2+cl+C2x}e‘2X LA
8 8

. '(t) = 4sin 4t, so at equilibrium |y'| = |+4| = 4.
8. Roots are +2i. y'(® q |y =[+4

y = Cy cos2x + C, sin 2x

17. Q"+2Q'+2Q =1
y = sin 2x satisfies the conditions. Q+2Q'+2Q

Roots are -1 £ i.
9. (Second-order homogeneous)
The auxiliary equation, r? +6r+25=0, has
_ ; . _t . 1
roots -3 * 4i. General solution: Q=e"'(C cost+C,sint)+=
y = e ¥(Cy cos4x + C, sin 4x)

Qn =e7'(C; cost +C, sint) and Qp :%;

I(t) = Q'(t) = —e'[(C, - C,) cost + (C, + Cy)sint]

10. Roots are £i. yp =C; cosx +C;sinx I(t)=etsint satisfies the initial conditions.

Yp = XC0SX—sin x+sin xIn|cos x|

y = xcos x—sin xIn|cos x|+ C; cos x+ C3sin x
(combining the sine terms)

11. Rootsare—4,0, 2. y=Cie ™ +C, +Cqe?*
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