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Description of the problem
Consider

x — f(x, ) (DS)

» £ e CKRN xR2,RN), k > 1 sufficiently large
> f(-,a) is a diffeomorphism for all o € R?

» ¢ € R is a saddle fixed point of (DS) at some o = ag
An orbit xz € (]RN)Z of (DS) is called homoclinic if

lim x, =
n—too " 5
Further we call the homoclinic orbit xz tangential if the stable and

unstable manifolds of £ intersect tangentially along the connecting
orbit xz
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Let Ni, N_ € Z, N_ < 0 < Ny. Define the discrete intervals
J=[N_,N]NZ and J=[N_,N, —1]NZ

and let 55\/ C (RN)J be the space of bounded sequences in RV. A
homoclinic orbit can be approximated by zeroes of the operator

S_IIVXIR2 — S_I,V

T 00) = (et — e )0 DO xw, 0)

where b : R?N x R? — RN represents a boundary condition
(periodic or projection)



Numerical Approximation (Tangential)
(Kleinkauf, PhD Thesis, Bielefeld, 1998)

A tangential homoclinic orbit can be approximated by turning
points of the operator [ defined previously, for example



Numerical Approximation (Tangential)
(Kleinkauf, PhD Thesis, Bielefeld, 1998)

A tangential homoclinic orbit can be approximated by turning
points of the operator I defined previously, for example

SijSijRz — SijSijIR
F(XJ,a)
(XJ,UJ,O[) g rXJ(XJ’ )UJ

N
ity Muill? =1



Numerical Approximation (Tangential)
(Kleinkauf, PhD Thesis, Bielefeld, 1998)

A tangential homoclinic orbit can be approximated by turning
points of the operator I defined previously, for example

59’><S}’><IR2 — SijSijIR
F(XJ,a)
T
(XJ7 uy, Oé) g LXJ (XJa CM)UJ
Zi:N_ H“iH2 -1

In this setting, we have a free parameter (ay or ap) for the
continuation of a curve of tangential homoclinic orbits.



Numerical Approximation (Tangential)
(Kleinkauf, PhD Thesis, Bielefeld, 1998)

A tangential homoclinic orbit can be approximated by turning
points of the operator I defined previously, for example

59’><S}’><IR2 — SijSijIR
F(XJ,a)
(XJa uy, a) = rXJ (XJ’ a)uJ

N.
Zi:N_ H“iH2 -1

In this setting, we have a free parameter (ay or ap) for the
continuation of a curve of tangential homoclinic orbits.
Main Question: How to find a first solution of T(xy, uy,a) = 07?
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Some Methods
» Set a first approximating orbit to

(ga"'aéaxla"'vxr)gv'”75)

where x; € R" are, basically, randomly chosen vectors
» Trial and error
» Brute force, “luck”
» Spurious solutions are easily obtained
» Compute the stable and unstable manifolds of £ and use the
intersections as an approximating orbit
» Computation of the manifolds can be expensive
» Applicable for planar systems
» We should know a priori the parameter values at which the
homoclinic connection occur

Thus we will propose a theory-based starting method for
constructing an “educated” initial guess of tangential homoclinic
orbits near 1:1 resonances (for arbitrary dimension N > 2)
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1:1 Resonances (R1)

> f(x0,0) = X0

01

» ab # 0 (nondegeneracy condition)

» Jordan block of f(xo, ap): < 11 >

Where a, b are coefficients of the R1 Normal Form:

o B up + up
( " > — G(u,0) = ( Uy + 61 + Opus + au? + buyuy )

where u,§ € R?
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Starting Procedure

N-dimensional

CMR
Planar | Homological
y—g(y,a) Equation (H, K)

NFT

(H,K) [ 6(u9)

Flow App

u=F(u,0)

Beyn,1994
Rodriguez-Luis, 1990
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Center Manifold Reduction
Homological Equation (Meijer, PhD Thesis, Utrecht, 2006)

» Assume that (DS) has a R1 point at the origin

» Local representation of a parameter-dependent center
manifold:

Wy = {x e RN : x = H(u,9),(u,6) € R? ><IR2}

» By the invariance of Wy, there exists a smooth parameter
transformation K : R? — IR? such that

f (H(u,6), K(8)) = H(G(u,d),5) (HE)

» A rigorous discussion about the local validity of (HE) can be
found in Pdez, PhD Thesis, Bielefeld, 2009
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Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Let

G(u 5): up + uo
’ Up + 61 + Satn + au? + buyuy + O((u? + |urwa))|10]])

+O(||ull?)

)
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Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Let
up + up
G(u,d) =
(u,9) (uz+51+62u2+au§+bu1u2+0((u§+|u1u2|)||6||)
+ O(||ul?)
K(5) = Ko + O([5]P)
Hu,6)=(vo w )ut D6+ O ([ul®+ llullllsl] + 116)

)
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At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)
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Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Let

G(u,5):< 2 vt i 2 >
up + 01 + 02 + aug + buyus + O((uf + |uruz])]19]])
+O(|[ul]®)
K(8) = K16 + O(|[6]]%)
H(u,8) = (vo vi ) u+Ds+ O (|lull>+[[ulllls]| +[[6]1)
where a, b are the normal form coefficients, vg, v; denote critical

eigenvectors of fxo .= £,(0,0), and K; € R22 D c RN2 are
constants to be computed. Consider also the Taylor expansion of f

1
F(x,0) = £2x + fla+ 5 B(x, x) + O (|Ix[* + [lo][* + [|x]l|al)



12

Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Inserting f, G, H, K into the Homological Equation yields the
following relations:



Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Inserting f, G, H, K into the Homological Equation yields the
following relations:

1 "
a= Ep(;rB(vo, v), b= p{ B(v,v)+pg B(vo,vi) (Meijer, 2006)

where pg, p1 denote critical left eigenvectors of 2,

12



Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Inserting f, G, H, K into the Homological Equation yields the
following relations:

1 "
a= Ep(;rB(vo, v), b= p{ B(v,v)+pg B(vo,vi) (Meijer, 2006)

where pg, p1 denote critical left eigenvectors of 2,
(1 0)=(f f)K
whereOyé(ﬁl ﬁg) OTfO?, nd

12



Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Inserting f, G, H, K into the Homological Equation yields the
following relations:

1 "
a= Ep(;rB(vo, v), b= p{ B(v,v)+pg B(vo,vi) (Meijer, 2006)

where pg, p1 denote critical left eigenvectors of 2,
(1 0)=(f f)K
whereOyé(ﬁl ﬁg) OTfO?, nd

(F—I)D=(wv 0)-~fK

12



Center Manifold Reduction
At a R1 point (Pdez, Int. J. of Bif. and Chaos, 2010)

Inserting f, G, H, K into the Homological Equation yields the
following relations:

1 "
a= Ep(;rB(vo, v), b= p{ B(v,v)+pg B(vo,vi) (Meijer, 2006)

where pg, p1 denote critical left eigenvectors of 2,
(1 0)=(hKh B)K
whereOyé(ﬁl ﬁg) g—fo?, nd
(F—I)D=(wv 0)-~fK

Remark:These relations do not define K1 and D uniquely
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Flow Approximation
(Kuznetsov, Elements of Applied Bifurcation Theory, 2004)

Let ¢'(-,d) be the t-flow of
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Flow Approximation
(Kuznetsov, Elements of Applied Bifurcation Theory, 2004)

Let ¢'(-,d) be the t-flow of

U= Fapp(u,0) := Fo(6) + F1(u,0) + Fo(u)

1
Fo(8) = ( —50 )
01

1 1 1 5
up+ | =b—=a) dug + —a——b)d —
. 3 2 5 12
Fi(u,0) = 2 1 1 1
<§a—§b> (5]_U1+ <<§b_63> 51+(52
1 2 1 1 1
—Zau?+ (Za—zb)uuwm+ (=b—=a ) ul
o 2 3 2 3 6
Fa(u) = 11
au? + (b — a)urup + <63 §b> us

—52> uo
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Flow Approximation
(Kuznetsov, Elements of Applied Bifurcation Theory, 2004)
Then the dynamics of the normal form
ur G(u,9)
are approximated quantitatively by the system
w1 (u,9)

Therefore a homoclinic ¢(-, d)-orbit can be used as an
approximation of a tangential homoclinic orbit of the normal form.
But we also need an approximation of the solution of

Upi1 = Gu(tn, 6)Un, neZ
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is a solution of the variational equation along uz because:
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Flow Approximation

Assume uy, € (IR2)Z to be a homoclinic ¢!(-, §)-orbit. We claim
that the sequence

Ui = Fapp(u;,é), i€
is a solution of the variational equation along uz because:

Take any n € Z: Uny1 = Fapp(tnt1,9)
= Fapp(¢n+1(uo,6)’5)

d
- a (¢t+1(u0’ 5)) t=n

d
= (01(6'(0.9).9)) _,

d
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Flow Approximation

Assume uy, € (IR2)Z to be a homoclinic ¢!(-, §)-orbit. We claim

that the sequence
Ui := Fapp(ui,0), i €Z
is a solution of the variational equation along uz because:
Take any n € Z: Uny1 = Fapp(tnt1,9)
= Fapp(¢n+1(uo,5),5)
= % (" (w0, 6)),_,

d
= (01(6'(0.9).9)) _,

= 0L (. 0) 5 (6 (u0,9)),_,
= (ﬁi(um 5)F3PP(¢n(u07 5)7 5)
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Flow Approximation

Assume uy, € (IR2)Z to be a homoclinic ¢!(-, §)-orbit. We claim

that the sequence
Ui := Fapp(ui,0), i €Z
is a solution of the variational equation along uz because:
Take any n € Z: Uny1 = Fapp(tnt1,9)
= Fapp(¢n+1(uo,5),5)
= % (" (w0, 6)),_,

d
= (01(6'(0.9).9)) _,

d
= ¢y (tn, 0) 7 (@"(v0,9)) .,

= (ﬁi(um 5)F3PP(¢n(u07 5)7 5)
= ¢i(un75)Un
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Numerical Examples

Normal form of the 1:1 resonance (a = b =1)

X\ X1+ X2
X2 X2 + a1 + agxo + X12 + X1x2

Applying the starting method we obtain the linear transformations:

a:R(a):<é 2)5

x:ﬁ(u,a):<(1) 11>u+<_11 8)5

and an e-dependent flow approximation (Beyn's method):

1
61: 716

d, = — 0.35714285714052¢2
2

ui(t) = % (1 — 3 sech? (%t))
up(t) = 3763 sech? (%t) tanh (gt) + %61

4
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Numerical Examples

Normal form of the 1:1 resonance (a = b =1)

Choose € = 0.9, N_ = —40, Ny =40, J = [N_, Ny]N7Z. After
some Newton iterations we find a homoclinic tangency xy, X; at

(a1, a2) = (—0.213581806538199, —0.289285714285714)
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Numerical Examples
Normal form of the 1:1 resonance (a = b =1)

(a1, ) = (—0.21528248893748, —0.28928571428382)

0.8f 4
*

0.6
0.41

X2 o2k

-0.4r
0.5

-15 -0.5
X1

20



Numerical Examples

Normal form of the 1:1 resonance (a = b =1)

(a1, 02) = (—0.2167231774074, —0.28928571428382)

.
05+
X2
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X1 = X2
Xo = o1 + Qipxo + X12 + x1X0

The discretization via Euler's method has a R1 point at the origin
(Léczi, Péez, Int. J. Qual. Theory Differ. Equ. Appl., 2009)
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Numerical Examples

Discretization of the Normal form of the Bogdanov-Takens Bifurcation

X1 = X2

X0 = a1 + aoxo + X3 + x1x
The discretization via Euler's method has a R1 point at the origin
(Léczi, Péez, Int. J. Qual. Theory Differ. Equ. Appl., 2009)
By applying the starting method with h = 0.3, ¢ = 0.15,

N_ =—-70, Ny =70, J =[N_, Ny]NZ we find a homoclinic
tangency xy, X at

(a1, a2) = (—0.039213740915248, —0.119047619050670)
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Numerical Examples

Discretization of the Normal form of the Bogdanov-Takens Bifurcation

0.2r

0.3
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Numerical Examples
Hénon 3D map

Consider the following three-dimensional version of the Hénon map
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y | = X
z y
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Consider the following three-dimensional version of the Hénon map

X a2+alz—x2
y = X
z y

This system undergoes an R1 bifurcation at
(x,y,z) = (—0.75,—-0.75,-0.75), (a1, 2) = (—0.5, —0.5625)
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Numerical Examples
Hénon 3D map

Consider the following three-dimensional version of the Hénon map

2

X Qo + o1z — X
y = X
z y

This system undergoes an R1 bifurcation at

(x,y,z) = (—0.75,—0.75,—0.75), (a1,a2) = (—0.5,—0.5625). By
applying the starting procedure with e = 0.8, N_ = —50, N = 50,
J = [N_, N;]NZ we find a homoclinic tangency x;, X, at

(a1, 02) = (—0.992975759928172, —0.478387567729272)
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Numerical Examples
Hénon 3D map

-1

-2




Numerical Examples
Hénon 3D map

log(||Xxl[)

50 -40

26



27

Acknowledgements

The speaker wishes to thank:
» Wolf-Jirgen Beyn and Thorsten Hiils, Bielefeld University,
Germany,
> Institute of Mathematics, ESPOL, Ecuador,

» Organizers of the 16th U.S. National Congress of Theoretical
and Applied Mechanics, and

» The Audience!

Thanks a lot for your attention!



