Limits
CHAPTER

X2 —4x2 +X+6

1.1 Concepts Review 9. lim
x—>-1 X+1
1. L;c _lim (x+1)(x* =5x+6)
26 x—>-1 x+1
' = lim (x% —5x + 6)
3. L;right H’lz
=(-1)%-5(-1)+6
4. limf(x)=M =12
X—C
10 “mx4+2—x3—x2
Problem Set 1.1 © x50 NG

— i 2 Ny
1. lim(x-5)=-2 —erg)(x +2x-1)=-1
x—3

2 2
2. lim(-2t)=3 11, tim X2 i D=
t—-1 x—>-t X+t x>t X+t
. 2 2 = ||m (X—t)
3. lim(x*+2x-1)=(-2)*+2(-2)-1=-1 x—>-t
X2 =—t-t=-2t
4. lim (x> +2t-1)=(-2)?+2t-1=3+2t 2 _9
X—>—2 12. lim
x—3 X—3
5. lim (tz—l):((—l)z—l):o im X =3)(x+3)
t>-1 x—3 X-3
. ) , = Iirr13(x+3)
i — =((=1)" = —-1— X—>
6 tl—lml(t X) (( 1) X) 1=x =3+3=6
2 _ _ _9\4
7. tim X4 ji X222 13 i VA2
x>2 X=2  x->2 X=2 52 (3t-6)°
= lim(x+2) _jim =244
=2+2=4 t—o2 g(t_z)z
. t2 4 4t-21 _fimYtHe
t—>-7 t+7 -2 9
(t+7)(t-3) _N2+4 6
= lim ———~ = =
to-7  t+7 9 9
=tlim7(t—3) -
o -7
=-7-3=-10 14. lim L
to7t t-7
. (t-7)Vt-7
to>7+ t-7
= lim Vt-7
t—>7*
=7-7=0
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15.

16.

17.

18.

19.

20.

64

x* —18x2 +81 i (X% -9)?
=i
(x=3)> x93 (x-3)°
= lim (X_S)Z(X_;g)z
(x=3)

Xx—3

x—3

=36

fim B4+ 4)(2u 2° _ jim 8GU+ 4)(u -1)°
(u-1? (u-1?
= lim8(3u +4)(u ~1) = 8[3(1) + 4]1~1) = 0

u—l u—l

__4+4h+h%*-4
=lim
h—0

. (2+h)?>-4

2
—1im A  fim(h4)= 4
h h—0

X2 +2xh+h? —x?

= rI]lﬂrrg)(h+2x) =2X

X sinx.
2X

1. 0.420735
0.1 0.499167
0.01 0.499992

0.001 | 0.49999992

-1. 0.420735
-0.1 0.499167
-0.01

—-0.001

0.49999992

. sinx
lim——=
x—>0 2X

0.5

1-cost
t 2t

1. 0.229849

0.1 0.0249792

0.01 0.00249998
0.001 | 0.00024999998

-1. -0.229849

-0.1 —-0.0249792
-0.01 | -0.00249998
-0.001 | -0.00024999998

Section 1.1

=lim(x+3)? = (3+3)? 21.
X—3

h—0 h 22.

0.499992 23.

1-cost

lim =0
t—0 2t
X (x—=sinx)?/x?
1. 0.0251314
0.1 2.775x107°
0.01 2.77775x107%°
0.001 | 2.77778x107%
-1. 0.0251314
0.1 2.775x107°
-0.01 | 2.77775x107%
-0.001 | 2.77778x107*
. 2
lim (x—5|2n X) _0
x—0 X
X (l—cosx)2 /x2
1. 0.211322
0.1 0.00249584
0.01 0.0000249996
0.001 | 2.5x107"
-1. 0.211322
-0.1 0.00249584
-0.01 | 0.0000249996
-0.001| 25x1077
_ 2
lim (1-cosx) _0
x—0 x2
t % - 1) fsin(t - 1))
2. 3.56519
1.1 2.1035
1.01 2.01003
1.001 | 2.001
0 1.1884
0.9 1.90317
0.99 1.99003
0.999 | 1.999
: t?-1
t->1sin(t-1)
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27. X (x—714)? [(tan x —1)?
24, X X33 1L+% 0.0320244
4, 0.158529 0.1+% 0.201002
31 0.00166583 0.01+7% 0.245009
3.01 0.0000166666 0.001+% | 0.2495
3.001 | 1.66667x10°"
-1+% 0.674117
2. 0.158529 -0.1+% 0.300668
2.9 0.00166583 -0.01+% | 0.255008
299 | 0.0000166666 —0.001+7 | 0.2505
2.999 | 1.66667x1077 ( X_ﬂ)z
. 33 lim ——*— =0.25
lim x—sin(x-3) - -0 x—>Z (tan x —1)
x—3 X—3
28. u (2-2sinu)/3u
25. X @+sin(x—=37/2))I(x—7)
1.4Z 0.11921
1.+ 7 0.4597 2
01+7% 0.00199339
01+ 7 0.0500 .
001+ 0.01+% 0.0000210862
e 0.0050 0.001+2 | 212072x107
0.001+ « 0.0005
-1.+% 0.536908
Lz ~0.4597 -0.1+% | 000226446
01+ 7 ~0.0500 -0.01+Z | 0.0000213564
-0.01+ 7 ~0.0050 -0.001+Z | 2.12342x10”
-0.001 + ~ s
m 0.0005 lim 2 gsmu 0
1+sin(x—3& u-y o
lim M -0 2
on Xem 20. a. lim f(x)=2
x—-3
26. t (1-cott) /(L/t)
1 0.357907 b. f(-3)=1
0.1 —0.896664 c. f(-1) does not exist.
0.01 -0.989967 5
d. lim f(x)==
0.001 -0.999 Jim £ =3
-1 -1.64209 e. f(1)=2
0.1 -1.09666 f.  lim f(x) does not exist.
-0.01 -1.00997 x-1
-0.001 -1.001 g lim f(x)=2
x—>1"
lim 2=t _
=0y h.  lim f(x)=1
x—1*
i lim f(x)= >
x—-1" 2

Instructor's Resource Manual Section 1.1 65

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form
or by any means, without permission in writing from the publisher.



30. a. lim f(x) does not exist. b. lim f(x) does not exist.
x—-3 x—1

b. f(-3)=1 c. f)=2
c. f(-1)=1 d. lim f(x)=2
x—1"

d lim f(x)=2
x—-1

34. ¥
e. f1)=1
f. lim f(x) does not exist.
x—1
g. lim f(x)=1 [ L1 |
x—1" -5 ~ 54X
h. lim f(x) does not exist.
x—1"
i. lim f(x)=2 -5
x—-1*
31 a. f(-3)=2 a. limg(x)=0
b. f(3) is undefined. b. g(l) does not exist.
¢ lim fy=2 c. limg(x) =1
X—2
d. lim T()=4 d.lim g(x)=1
x—2"

e. lim f(x)does not exist.
X—>-3 35. f(x)=x- [[X]J

f.  lim f(x) does not exist.
x—3"

32. a. lim f(x)=-2

x—-1"

b, lim f(x)=-2

x—-1"

c. lim f(x)=-2
x—>-1

d f(-1)=-2
. limf(x)=0
e limf( a. f(0)=0
f. £(1)=0 b. lim f(x) does not exist.
x—0
33. y
Un c. lim f(x)=1
- x—0"
- d. Iimf(x):l
- xa% 2
I _I L1
-5 L 5 X
3
a. limf(x)=0
Xx—0
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36, £(x) zﬁ 41. 112 f(x) exists fora=-1,0, 1.
X
Ay 42. The changed values will not change lim f(x) at
5K X—a

any a. As x approaches a, the limit is still a2.

—— 43. a. I|m| _]4 does not exist.
I [ I Xl X —
— X
- lim——=-1and lim——=1
B x-1" X—=1 x—1" x—1
f— X_
-3 . b. I|m| ]4——1
a. f(0) does not exist. xo1" X—1
b. lim f(x) does not exist. xP—|x=1-1
X—0 c. Ilim————=-3
x—1" |X—1|
c. lim f(x)=-1
x—0"
. 1 1 .
d lim|—~- does not exist.
d. lim f(x) =1 o1 | Xx=1 |[x—1
xaz
2 44. a. lim \x—[x] =0
37. lim—— does not exist. -1t
x»l|x 1|
2 . 1 .
lim -1 5 and I|m -1 _5 b. xlT*ﬂ;ﬂ does not exist.
xel’|X 1| x—1" [X ].I
1/x]]
5 C. I|mx 1[[
x—>0
(Jx+ ~V2)(Jx+2+42) d. - lim [x]- pl
X—>0 x(\/x+2+f)
_lim X+2-2 _ lim X 45. a) 1 b) 0
x>0 x(\/x+2+f) HOX(\/X+2+\/§) 0 1 4 -1
_Ilm 1 — 1 — l —ﬁ .
x>0 x 1242 012442 242 4 46. a) Does not exist b) 0
39. a i (x) does ot exist. 0 1 d) 0556
X—
47. Iirr?)\& does not exist since +/x is not defined
b. limf(x)=0 x>
xI—rI?) (x) forx < 0.
40. LYy 48. lim x* =1
4+~ x—0*"
I~ 49. lim
- x—>0\/7
> 50. lim|x|" =1
® P— x—0
| 1 I I Y N I e i
o e 51, fimSN2X_1
| x—>0 4x 2
1+
Instructor's Resource Manual Section 1.2 67

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form
or by any means, without permission in writing from the publisher.



sinbx 5 7. If x is within 0.001 of 2, then 2x is within 0.002

52. lim =—
x—0 3X 3 of 4.
1 ~ ¥
53. lim cos(—) does not exist. 4.004
x—0 X Lo /
54.  lim xcos l -0 1,098 1999 7001 7002 :\_
' x—0 X 1998 '
/ 3.996
. x3-1
55. lim———> -6 o 2
x—l2x 42 2 8. If x is within 0.0005 of 2, then x“ is within 0.002
of 4.
56. lim X" 2X _ Ay
x=0sin(x%) 4,004 /
2 4.002
XS =Xx=-2
S7. “”2[ W =-3 1098 1.999 001 2oz
X—> - ;
H9%
/‘}'}6
9. If x is within 0.0019 of 2, then +/8X is within
59. Iirré\/;; The computer gives a value of 0, but 0.002 of 4.
X—
lim v/x does not exist. A
Xx—0" 4.004
4,002
B 1.998 1.99 2.001 2.002 >
1.2 Concepts Review 3,008 x
1. L-¢ L+¢ 3.996

2. 0<|x-al<s; [f(x)-U<e 8
10. If x is within 0.001 of 2, then — is within 0.002

> % of 4. X
4. ma+b wns
\ 4002
Problem Set 1.2 1995 199 i 00T T2,
1. O<t-a<s=|f(t)-M|<e oo \

2. O<|u-b|<s=]g(u)-L|<e 11 0<[x-0[<5=|@2x-)-(-])|<¢
|2x-1+1 <& < |2x| <&

3. 0<|z—d|<5:>|h(z)—P|<€ o 2x<e

4. 0<|y-¢<5=1p(y)-Bl<e <:>|x|<§

5. 0<c-x<d=|f(x)-Ll<e
5z§;0<|x—0|<§

6. O<t—a<s=|g(t)-D|<e |2x-1)-(-D)|=[2x|=2|x|< 26 = ¢
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12. 0<|x+21 <5 =|Bx-1)-(-64)| <«
|3x—1+64| < £ < [3x+63| < &
e B(x+21)| <&

o 3x+21<e

<:>|x+21|<£
3

5=§;O<|x+2q<§

|(3x—1) - (-64)| =|3x+ 63| =3|x+ 21| <35 = ¢

2
13. 0<|x-5<6= "2 _10<¢
X-5
2
X _25—1O<gc>££199$52—1%<5
X—5 X-5
< |x+5-10/<e
o|x-5<e
5=¢60<|x-5/<s
2
X =25 g0 w—m‘:ms—m
X—-5 X—-5
=|x-5<5=¢
2
14, 0<[x-0]<5 =2 X (p[<e

2x2 _x
+ll<e s
X

= |2x—1+ﬂ <e

MH{Q
X

ol2x|<e

o 2x|<e
&
o<
2
s=2;0<[x-0/<s
2
@H.‘:Px—hﬂ

=|2x|=2|x|<26:g

2x% —x
==
X
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15.

16.

17.

2x* ~11x+5
X=5

- (2x-1)(x-5) _
x-5

0<|x-5<6= 9<e

2x* ~11x+5
X=5

9<¢ 9<¢

o2x-1-9|<¢

< |2(x-5)|<e

(:>|x—5|<E
2

s=2;0<|x-5<5
2
2x2—11x+5_9 |@x-1(x-5)
x-5 | x-5
=[2x-1-9|=|2(x-5)| =2|x-5| < 25 = ¢

9\

0<|x—]j<§:>‘\/ﬂ—\/§‘<g
55 <o

W2x-\2)W2x+42)|
NP

- 2X-2
V2x ++/2

x-1
2x+\/§

5:%;0<|x—ﬂ<6

o |2 =V2)2x ++2)|
V2 \/E‘_| J2x+42 |
| 2x-2
V2x+42
2x-1 _2[x-1 25

<—F==¢

Vax+2 7 2 2

\V2x-1
s -7|<e

p=—4

<&

=2 <&

0<|x—4|<5:>

V2x=1 [V2x=1-7(x=3)
VXx-=3 ﬁ<€<:>| VXx-=3
(\/2x—1—\/7(x—3))(\/2x—1+\/7(x—3))|<g
IX=3(2x=1+,/7(x=3)) |
- 2x-1-(7x-21) e
Vx=3(2x-1+7(x-3))
-5(x-4)
Vx=3(2x-1+7(x-3))

|<g

=

Section 1.2 69



5 |10x® - 26x% + 22x - 6
—4]. _ _
<:>|X | \/X—3(\/2X—l+\/7(x—3))<8 19. 0<|x ]4<5:>| o 4 <eg
. 103 - 26x® +22x-6 |
To bound , agree that -
: IX=3(2x-1+./7(x-3)) J | (x-1)?
2
s<iirs<k thenL<x<2 so o [BOX=0)X=17 .
2 2 2 2 (x—1)2
5
0.65 < <1.65 and < [10x-6-4|<e
Jx=3(2x-1+,/7(x-3)) = 100D <
hence |x—4|- > <e¢ < 10|x-1<e
x=3(2x-1+7(x-3))
£ <:>|x—1|<i
Y <2
=[x |<1.65 10
For whatever ¢ is chosen, let & be the smaller of S :i;0<|x—]1 <5
1 and = 10
2 165 |10X3—26x2+22x—6_4‘:|(10x—6)(x—1)2 4
5:min{1, i} O<Ix-4l<s | (x-1)° (x-1)°
2 165 = [10x—6 -4 =[10(x ~1)|
VX1 o |x-4)- > ~10[x-1|<105 =&
Jx-3 VX =3(/2x-1+/7(x-3))
<|X‘4|(1-f5)<1-655£f 20, 0<|x—q<5:‘(2x2+1)—3‘<g
since o =— only when — <— so 1.656 < e 2 9
2 27 165 [2x +1-3 =[2x? - 2| = 2[x+1x -1
To bound |2x+2|, agree thats <1.
14x% —20%+ 6
18. 0<|x—]4<5:>T—8 <e Ix=1 <3 implies
WX -20x+6 ] |20x=3(x-1) | [2x+2|=|2x-2+4
x—1 x—1 <[2x-2|+ |4
e [2(1x-3)-8/<e <2+g4=6 .
Sax-1<e 5£€;5:min{1,€};0<|x—]4<5
e lx-Y<e ‘(2x2+1)—3‘:‘2x2—2‘
<:>|x—]4<i
14 =|2X+2||X—1|<6‘(%j=8
5:§;0<|x—11<5
|14x2 -20x+6 | _[20x-3)(x-D) g
| x—1 - x—1
=[2(7x-3)-§|
=[14(x-1)| =14|x -1 <146 = ¢
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21.

22.

23.

24,

0<|x+]4<5:>‘(x2—2x—1)—2‘<g
‘x2—2x—1—2‘:‘x2—2x—3‘:|x+]“x—3|
To bound |x-3| , agree thats <1.
|x+1 <& implies

|x=3|=|x+1-4| <|x+1+|-4/<1+4=5

5s£;5:min{1,£};0<|x+]4<5
5 5
‘(x2 —2x—l)—2‘=‘x2 —2x—3‘
—[x+1|x-3<5-£=¢

5
O<|x|<5:‘x4—0‘:‘x4‘<g

‘x4‘=|x|‘x3‘. To bound ‘xs‘ , agree that

S < 1. x| < 6 < 1 implies ‘x3‘ =|x|3 <1 so

25.

26.

217.

Forall x#0, OSSinz(ljﬁl )
X

x* sin? (EJ <x* forallx=0. By Problem 18,
X

lim x* = 0, so, by Problem 20,
x—0

lim x4sin2(lj =0.

x—0 X
0<x<5:>‘x/;—0‘=‘\/;‘:\/;<5
For x>0, Wx)?=x

Vx<eo (Wx)2=x<e?
5=52;0<x<5:>\/;<\/3=\/5_2=5

lim
x—0"

Forx>0, X =x.

X

:0<x<5:||x|—0|<5

5:3;0<x<5:>||x|—0|:|x|=x<5=g

o<e¢.
s=min{l, e};0<|X <5 = ‘x4‘ =|x|‘x3‘ <el Thus, XI_':QJXI: 0.
=g Iim_|x|:0<0—x<§:>||x|—0|<g

Choose £> 0. Then since lim f(x) =L, thereis
X—C

some o1 > 0 such that
0<|x-c|<g=|f(x)-L<e.
Since lim f(x) = M, there is some &, >0 such

x—0

For x <0, |x] = —x; note also that ||X|| =¥
since [x|> 0.
5:5;0<—x<5:>||x||:|x|:—x<§:g
Thus, lim |x|=0,

X—C x—0"
that 0 <|x—c| <&, =|f(x)-M|<e. since lim |x|= lim |x|=0, lim |x|=0.
x—07" X—0~ x—0

Let 6 =min{5;, &} and choose xg such that
0<|xg-¢ <5.

Thus, [f(x)-L|<e=>-e<f(x)-L<e
=-f(Xg)—e<-L<—f(xg)+¢

= f(xg)—e<L<f(xg)+e

Similarly,

f(xg)—e<M < f(xg)+e.

Thus,

2¢<L-M<2s. Ase=0, L-M—0, so
L=M.

Since lim G(x) =0, then given any £ > 0, we
X—C

can find o> 0 such that whenever
|x—c|<3,|G(x)|<e.

Take any &> 0 and the corresponding ¢ that
works for G(x), then |x—c|< & implies

|F(x) -0 =|F(x)| <|G(x)| < & since
lim G(x) = 0.

X—C
Thus, lim F(x)=0.

X—C

28.

Choose ¢> 0. Since lim g(x) =0 there is some
61 > 0 such that .

0<|x-al<& :>|g(x)—0|<—§.
Let 5 =min{lL, 5}, then |f (x)| < B for
|x—a|< & or [x—a| <& =]|f(x)|<B. Thus,
|x—al<s=|f()g(x)-0]=|f(x)g(x)|

=[f(0)||g ()| < B~%:g 0. lim 1(x)g(x) =0.
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29. Choose ¢> 0. Since lim f(x) =L, thereisa
X—a

&> 0 such that for 0 <|x—a| < &, |f(X)—L|<g.

That is, for
a-o<Xx<aora<x<a+o,
L-e<f(X)<L+e.

Let f(a) = A,

M :max{|L—g|,|L+g|,|A

}.c=a-g

d=a+ . Then for x in (c, d), |f(X)| <M, since

either X = a, in which case
|f(x)|:|f(a)|=|A|£M or O<|x—a|<5 SO

L-e<f(X)<L+e and |f(x)|<M.

30. Suppose that L> M. Then L - M = o> 0. Now

take & <§ and & = min{5;, S} where

0<|x—aj<s; =|f(x)-L|<e and
0<|x-a| <& =[g(0)-M|<e.

Thus, for 0< |x—a| <0,
L-e<fX)<L+ecand M-—e<g(X)<M + ¢
Combine the inequalities and use the fact
that f (X) < g(x) to get

L — e<f(X) £ g(X) <M + gwhich leads to
L-e<M+egorL-M<2e

However,

L-M=a>2¢

which is a contradiction.

ThusL<M .

31. (b) and (c) are equivalent to the definition of
limit.

32. Forevery £> 0 and > 0 there is some X with
0<|x—c|<& such that |f(x)—L| > e.

X3 —x%2 —2x—4

33. a. X) =
9(x) X~ 43 +x2+x+6
X+6
b. No, because 7 R +1 has
X7 —4X7 +X° +X+6

an asymptote at X = 3.49.

1
C. If5£2, then 2.75 <x <3

or 3 <X <3.25 and by graphing

| x> —x2 —2x—4 |
2

= X)) =
y |g( )| |x4—4x3+x +x+6|

on the interval [2.75, 3.25], we see that

x> —x%—2x—4

3 |<3

+ X+ 6|
so m must be at least three.

0<|
|x4—4x3+x
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1.
2.
3.
4.

1.

1.3 Concepts Review

48
4
—-8;—4+5c

0

Problem Set 1.3

lim(2x +1) 4

x—1

= lim 2X + lim 1 3
x—1 x—1

=2 lim X+ lim 1 2,1
X —1 x—1

=2(1)+1=3
lim (3x% - 1) 5
Xx—>—1

= lim 3x> — lim 1 3
X——1 X——1

=3 lim x> — lim 1 8
X——1 X——1

2
:3( lim Xj — lim 1 2,1

Xx—-1 X——1

=3(-1P% -1=2

lim [(2x +1)(x —3)] 6

X—0

= lim (2x +1)- lim (x —3) 4,5
x—0 x—0

=(lim2x+liml)~(limx—lim3) 3
x—0 Xx—0 Xx—0 Xx—0

:(2 1imX+lim1j~(limX—lirn3j 2,1

x—0 Xx—0 x—0 x—>0

=[2(0)+1](0-3)=-3

lim [(2x% +1)(7x% +13)] 6

x—>2

= lim_(2x* +1)- lim_(7x* +13) 4,3
X2 X2

=(2 lim_x%+ lim 1]-(7 lim x*>+ lim 13] 8,1
X2 X2 X2 X2

2 2
= 2[ lim Xj +1 7( lim Xj +13 2
{ X—)\/E X—)\/E

=[2(2)? +1[7(2)? +13] = 135
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. 3 13
lim 2x+1 7 9. t1_1)11[32(2t +15) 8
x—25-3X - 13
lim(2x +1) = lim (28> + 15)} 4,3
_ X2 4,5 Lt—>-2
lim(5—-3x) r 13
x>2 =2 lim t* + lim 15} 8
lim 2X+ lim 1 L t>-2 to>-2
X—2 X—>2
— 1 r 13
lim 5 — lim 3x 3 R
X—2 X2 =|2| limt]| + lim 15 2,1
2 lirré x+1 L t—>-2 t—>-2
__x>2 _ 3 13 _
P TT— 2 =[2(-2)° +15] 1
X—2
_2+1 10.  lim V3w +7w? 9
5-3(2) Wes—2
= | lim (3w +7w?) 4,3
A+ W2
lim 7 3 3
x—>-37_2%x>2 = /-3 lim w +7 lim w 8
. 3 wW——2 wW—>—2
lim (4x” +1)
X3 45 3 2
lim (7 —2x?%) ’ = —3( lim w) +7( lim wj 2
X——3 w—-2 w—-2
. 3 .
_ i, 4x"+ lim, 1 - =32 +7(2)% =213
lim 7— lim 2x?
X—-3 X—-3 3 1/3
4 lim x> +1 11 lim | 2 +8Y 9
= Lz 8 y—2 y+4
7_2}5{13)( e 1/3 7
. 3 =| lim Sy +oy
4( lim Xj +1 y—2 y+4
X—>-3 2
- 2 ro. 3 1/3
7_2( lim x) lim (4y* +8y)
X—-3 — y—2 4.3
4(-3P% +1 107 lim (y +4)
7-2(=3)2 11 - "
41im y* +8 lim y
lim /35 9 _| 2 y=>2 8, 1
x—3 lim y+ lim 4 ’
= [lim(3x-5) 5,3 yo2 o Y2
X—3 _ 1/3
. . 3
=2 m x = lim > 21 4(1im yj +8lim y
_ y—2 y—2 2
=y33)-3 =2 lim y+4
y—2
lim v5x% +2x 9 -
X—>-3 I 1/3
_|4’ 8|,
= [ 1im (5x% +2x) 4,3 T ora |
X—-3 L
=\/5 lim %2 +2 lim X 8
X—>-3 X—>-3
2
= 5( lim x) +2 lim X 2
X—-3 X—>-3

=5(=3)% +2(-3) =+/39
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12, lim @w* —9ow® +19) 12 AT L (x+2)(X45)

w5 18. lim
1 x>2  X+2 x—2 X+2
= hm# 7 = 11m(X+5):7
WS owt —ow? +19 x->2
lim 1
= w—>5 1.9 19, limx2+x—2:hm(x+2)(x—1)
lim v 2w* —9w3 +19 ol 321 xsl (x+D(x=1)
5
o X2 12 3
= = 4,5 x>l X+1  1+1 2
lim 2w* —9w® +19)
5
v X2 14x—51 . (x+3)x=17)
1 20 llm 2— = m =
= n 1,3 Xx—>-3 X* —4x =21  x>-3 (X+3)(x-7)
lim 2w* — lim 9w’ + lim 19 o ox-17 -3-17
W—>5 W—5 W—5 = lim = =
Xx—>-3 X—=7 -3-7
\/2 lim w* =9 Tim w® +19 oy WSR2 (Ue2)u-x)
w—5 wW—5 ’ U—-2 u2_u_6 _u_>72(u+2)(u73)
= ! 2 .oU=x x+2
n 3 = 11m2u_3:—5
\/Z(lim w) —9(lim wj +19 i
wW—5 wW—5
| S X2 +UX—X—U . (X=1)X+U)
. m-—-5 _ ____=uum--_
= n 3 x>l X242X=3  xol (X=1)(X+3)
V2(5)" =9(5)" +19 . X+u 14+u u+l
= |l1m = =
_ 11 x»>1X+3 1+3 4
Vs 12
Co2x2—6xn+4n? . 2(X—m)(X-27)
. 5 23. lim 7 2 = lim —
W2 _4 hm(x —4) 4_4 X—>n X% -1 xon (X—7m)(X+m)
13. lim — :Xf’z 5 = =  lim 2(X—2n):2(n—2n):_1
x>2x% +4 ){anz(x +4) 4+4 xon X+T T+7
W+ 2) (W2 —w— 6
14, i X6 (X23)(x=2) 2. lim { 2)( )
M= um (x—2) w2 w ;§W+43
W W —
~lim (x-3) = -1 = g WD o)
X—2 w—-2  (W+2) w—-2
- 2-3=25
2 _ox— X=3)(x+1
5. fim X223 g, (230D e
x>-1  X+1 x>-1  (x+1) 25. lim 4/ f(X)+ g~ (X)
X—a
= lim (x-3)=—4
x—>—1( ) = [lim f2(x)+ lim g2(x)
X—a X—a
2 lim (x* +x 2 2
16. lim =% - fim (€ +x) 9y =\/( lim f(x)) +(lim g(x))
x—>-1 %2 +1 lim (X2+1) 2 X—a X—a
-1
" =3+ =10
(X=X =2)(x=3) . Xx-3
17, m e = Jim lim[2 f (%) - 3g(0)]
x>-1(X=1)(X=2)(X+7) x>-1Xx+7 26 hmzf(x)—3g(x)_)Ha
_-1-3_ 2 Cooa F(0+g(x) ){i_fg[f(X)Jrg(X)]
-1+7 3 : ST
A T390 233 _9
lim f (x)+ lim g(x) 3+(C) 2
X—a X—a
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217.

28.

29.

30. 1
u

31

32.

33.

34.

lim 3/ g(X)[ f (X)+3]= lim3/g(x) - im[ f (x) + 3]
= 3[lim g(x) -[lim f (x)+ lim 3} =Y-1-3+3)

=6

4
lim[f(x)—3]" = { lim(f(x)—S)}
X—a

X—a

4
[hm f(x)— hm 3} =(3-3)*=0

X—a

lim [ | f () +[3g(®)[] = lim | f (t)]+ 3 lim [g (1)]
t—a t—a t—a

=|lim f (t)[+3|lim g(t)‘
t—a t—a
=[3|+3|-1|=6

3
im[f(u)+3g(u)]° = ( lim [ f(u)+ 3g(u)])
—a u—a

3
= [lim f(u)+3 lim g(u)} =[3+3-DI’ =0
u—a u—a

o 3x2-12 3(x—2)(x+2)
lim — = -
x—2 X—2 X—2 X=2
=3 lim (x+2)=32+2)=12

X—2

Gx2+2x+1)-17 . 3x>+2x-16
lim = lim
X—2 X—2 X—2 X—2
L BxE(x-2)

x—>2 X—

=3 lim x+8=3(2)+8:14
X—2

hm (3x +8)

_1 2-x _Xx=2
lim Z = lim —2*— = [im —2%
X252 X—2 x52X—2 x-2X-2
~ S B |

i
x—2 2X

> |—

2limx 2(2) 4
X—2
_3 3(4-x%) SB(x+2)(x-2)
2 4

= lim —4 — Jjm — ¢
Xx—>2 X—2 x—2 X—-2

Xx—2 X—2

e 3+2) 3@;“12”2) 302+2)

2 e 4( lim sz 42)°

X—2

3
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35.

36.

Suppose lim f(x) =L and lim g(x)=M
X—C X—C

[ (0900 - LM|<|g0] f (¥) = L|+|L|g () - M|
as shown in the text. Choose £; =1. Since

lim g(x) = M, there is some J; > 0 such that if
X—C

0<|x—c|<d, |[g(x)-M|<g =1 or
M-1<gX)<M+1

|M —l|S|M|+1 and [M + 1/ <[M|+1 so for
0<|x—c|<&},|g(x)| <[M]|+1. Choose &> 0.
Since lim f(x)=L and hm g(x) = M, there

X—C
exist 0, and 03 such that O < |x - c| <Oy =

|f(x)—L|<m and 0 <[x—c| < &3 =
&
|g(X)*M|<W Let

5 =min{d, 5,, 83}, then 0<|x—c|<5=
[T (0)g(x)— LM|<|g(0)] f () — L]+ |L|g(x) - M|

<(ImM]+1)

|L|+|M|+1 |L|+|M|+1_

Hence,
lim f(x)g(x)=LM :(lim f(x))(lim g(x))
X—C X—C X—C
Say lim g (X) =M, M %0, and choose
X—C

1
&= M|
There is some ) > 0 such that

0<|x—c| <4

s0 |g(x)| >

=190 -M|<¢g =%||v|| or
M —%|M|<g(x)<M+%|M|.

and

M+1
2

2

M| and ——
" FER

Choose £> 0.
Since lim g(X) = M there is 0, > 0 such that
X—C

0<|x—c|<§2:>|g(x)—M|<%M2.
Let 6 =min{d;, 07}, then
L 1] Mg

0<|x—c|<5:|g(x) v —| 0OM |

L g0 MI<E g (x)-M|=—2 .12
“flgo] 20 Ml MI e

=&
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1 1 1
Thus, lim —— =— =—"——
x>c g(x) M 11m gx)’
Using statement 6 and the above result,
lim F(x )— lim f(x)- llm;
x=>c g(X) x-c x—c g(Xx)
1 lim f(x)
= lim f(x)-— =22¢C )
X—C lim g(x) lim g(x)
X—C X—C

37. lim f(x)= L < lim f(x)=lim L

X—C X—>C X—>C
& lim f(x)— lim L=0

X—>C X—>C
& lim[f(x)—L]=0

X—C

2
38. lim f(x)=0 <:>[hm f(X)}

X—C
< lim f (X):O

X—>C
lim f2(x) =0
X—>C
< lim+/f2(x) =0
X—C

& lim|f(x)|=0
X—C

39. hm X| 1/ hm /11m [hmx

(hm x) —\/7—|C|

X—C

40. a. If f(x)—x—+1,g( x) ==

; and ¢ =2, then
hm [f(X)+g (x)] ex1sts, but neither
-

hm f(Xx) nor hm g(x) exists.
X—C

b. If f(x):g,g(x):x, and ¢ = 0, then
X

lim [ f(X)-g(X)] exists, but lim f(x) does
X—C X—C

not exist.
. V3+x  A/3-3
41. lim = " =0
x—»>-3t X -3
3.3 3, 3
42, lim Vo ex’ e m )
X——n X -

76 Section 1.3

43.

44,

45,

46.

47,

48.

49.

. X—-3 (x 3)\/ X" =
lim
x—3"\x2 -9 x—>3+ x> -9

(x 3)\/x - VX2 -9

x—>3+ (X=3)(x+ 3) x—>3+ X+3

I
343

1+ Ji+1 Q
8

g

lim = =
w1~ 4+4x  4+4(1)

(x? +1)[[x]] (22+1)[[2]] 52
G-2-1% 5%

lim
xa2+ (3 X— 1)

W o

lim (x=[x])= lim x— lim [x]=3-2=1

X—3" X—3" X—3"

lim L:—l
X—0" |X|

lim Hx2+2xﬂ=[[32+2~3]|:15

x—3"
f(X0900 =1 g(X) = ——
’ f(x)
hm gd(x)=0< lim ;: 0
x—a f(X)
1
&S —=
lim f(x)
X—a
No value satisfies this equation, so lim f(x)
X—a

must not exist.

50. R has the vertices (il + lj

2772
Each side of Q has length m so the
perimeter of Q is 4 x% +1. R has two sides of
length 1 and two sides of length \/Xi so the
perimeter of R is 2+ 2\/X72 .
lim perimeter of R - § 2\/X_2 +2
x0T perimeter of Q o+ ax2 +1
270?42

_2_1
4Wo2yr 42
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5. a NO= /(0_0)2+(1_0)2 -1 4 lim 3Xtan X _ lim 3X(sin X/ cos X) —lim 3x

x—0 sin X x—0 sin X x—0 COS X
OP:\/(X—O)2+(y—O)2 —\/x +y 0

:—:O
=Vx% +x 1
NP = J(x—0)2 +(y-1)> =yx2 +y? 2y +1 Csinx 1. _sinx 1. 1
5 lim——==lim——=—-1=—
=\’X2+X—2\/;+1 x—0 2X 2 x>0 X 2 2

MO:\/(1*0)2+(0*0)2:1 6. i sin 36 — lim 3sm349 31. sin 36

lim —

00 260 902 30 2600 360
MP = (X 12 +(y—0)2 =+/y? + 52 —2x+1 3 s
:\/xz—x+1 :2'1:2
lim Perimeter of ANOP sin 30 sin 30 cos@sin 30
x—s0* perimeter of AMOP 7. lim = lim ——— = lim

-0 tan@ 6—0 M€ 90 sin@
cos@

lim 1+\/x2+x+\/x2+x72\/;+1 30
= sin 1
+ 2 2 =1 -3 — . —
x—0 1+\/x +x+\/x -x+1 Q%{COS 30 31291
_1+\ﬁ_1
1441 ~3lim| cos0- S0 L\ 523
00 39 sino

1
b. Areaof ANOP= E )(x) = .
tan 59 sin 56

X
2 .

! Jx 8. lim— = lim <252 _ {jm sin 5.0
frea of AMOP = E(I)W) P 6->0s8in20 6-0sin26 60 cos56sin 20

~ lim 1 5. s1n549 l 20
area of ANOP . 3 . 6—0[ cos 56 50 2 sin26
— = lim == lim —
HO+ area of AMOP o+ g 0t VX 5 [ 1 sin50 20 }
~ lim VX =0 29»0 cos5¢ 560 sin260
x—>0" —2.q.1.1=2
2 2
. . cosnl
1.4 Concepts Review 9. lim Sotrosing _ . sinz SN0
-0 2secl 0—0 2
1. 0 cos @
. cosmdsinfcosl
=lim————
2. 1 0—0 2sinmté
. Ocosd sind 1 o
3. the denominator is 0 when t =0. - lim cost@cosf sinf 1 'n
6—0 2 0 = sinmd
4.1 =Llim {cosnﬁcos& sin¢ Tl',_@j|
27 60 6 sinmé
1 1
Problem Set 1.4 =7 l=5=
cosX 1 .2
1. lim =-=1 . osin“3t . 9t sin3t sin3t
' I =lim— .22 =0-1:1=0
x>0 x+1 1 0 o T2 Ta
2. lim c9cosé?—z 0=0 . n?3t sin? 3t
Or/2 2 11. hm =lim
t-0 2t t-0 (2t)(cos’ 3t)
2 2 3(sin3t) sin3t
3 lim cos.t :cos.O: 1 _1 _}—mﬁ p —=0:1=0
t>01+sint 1+sin0 1+0 cos
12, fim—22t _ 0
t->0sin2t—1 -1
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13, limw=lim(m+i) 19, tim 1. S0X _ o

t—-0 tsect t—>0\ tsect tsect x—0 X
sin3t . 4t A
=lim——+lim—— g
t->0tsect t—0tsect
=lim3cost~sm3t+lim4cost l
t—0 3t t—0
=3.1+4=7 =S . 2%
) . . 20. The result that lim cost =1 was established in
. sin“ @ . sin@ sind t—0
14.  lim = lim
00 92 650 6 0 the proof of the theorem. Then
. . lim cost = lim cos(c + h)
= im SO SO to>c -0
0—-0 0 o050 0 = lim (cosCccosh—sincsin h)
h—0
; ; — = lim cosc lim cosh—sinc lim sinh
15. ){1_1‘)1%) Xs1n(1/ X) 0 hso e st
A =cosC
sint limsint sinC
21. limtant = lim =1=2¢ = =tanc
t—c t>c cost limcost coscC
- t—c
- . . _cost PE;COSt cosC
limcott =lim——=—"——=——=cotC
t—c toc sint limsint sincC
t—>c
. . ) . . 1
16. lim XSln(l/X ):0 22. limsect=lim——= =secC
x—0 t—c t>ccost coscC

LY
N

limesct :limL: =cscC

t—>c t>csint  sinc

23. BP= sint,@ =cost
area(AOBP) < area (sector OAP)
< area (AOBP) +area(ABPQ)

=¥

%@-ﬁs%t(lf s%@-ﬁﬂlf@)ﬁ

17. lim (l—cos2 X)/X =0 lsintcost < lt < lsintcost+(l—cost)sint
X—0 2 2 2
[

t
cost <——<2—cost
i sint

1 <smt< 1

oY

V4 V4
< < for ——<t<—.
2 —cost t cost 2 2

g, . 1 . sint .
' lim—< hmﬂ < lim
t>02—cost t—0 t t—0 cost
_ 1< 1im 3 <
18. limcos® x =1 o0 1 -
X—0
7 ¥ Thus, 1imﬂ =1.

l“ t—0

=2 ] 1 T
-1
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24. a.  Written response 2
. X . 1
6. lim 2—: lim T:1
AR.RD X —> —_ X—>w]-8 4212
b. D=%AB~BP:%(1—cost)sint X7 —8x+15 x>

>

_ sint(1-cost) 3

. X . 1 1
2 7. hm23 1002:llm2 10025
P — : X—© )X~ — X X—oo ) — ==
E:lt(l)z—lOB~BP:£—SthOSt X
2 2 2 2 S
D _ sint(l-cost) 8 lm —0 - lim " -x
E t-sintcost 00> —50* 9%*001—%
c. lim [EJ:OJS 33 x2 3.1
+ . X" =X . X
t—0 9. lim ———= lim =
X—><>07cx3—5x2 X—>og-2 W
. 2 2
1.5 Concepts Review 10. 1im 3290 <sin2 9 <1 forall fand
O0—0 92 -5
1. Xincreases without bound; f(x) gets close to L as 1 s
X increases without bound lim I _ lim 0? -0 so lim ™ 9 -0
65002 _5 Oon]-—3 -0 92 _5
2. f(x) increases without bound as x approaches ¢ 0?
from the right; f(x) decreases without bound as x
approaches ¢ from the left B \/XT 3 332 43y
11, lim = lim 372
3. y = 6; horizontal x> [ry3 N
3
4. X =6; vertical _ 5 3+ﬁ_ 3
= lim =—
X—0 \/E \/5
Problem Set 1.5
3 3
12 limi/ X 3+3x :i/lim X 3+3x
1 lll’n —X = llm—:l X—0 \/EX +7X X—)oo\/ix +7X
x—0 X —5 X—>0017§
e 4
2. lim = lim =0
x—0 5 _ x3 Xaoo%—l 2 2
X 13. lim i/ﬂ =§/lim 1+ 8
X0 | X +4 x—0 x% 44
2
3. lim =1 ;_—1
t—>-o07 _t2 t——o0 L — —
t2
4. lim —= lim L—1
Ctsot—5 towl]-3 . X2 +x+3 . X2 4+x+3
t 4. lim,|—— =, lim ———
x—oo | (X—1)(X+1) x—o  x2 _1
2 2
5. lim—— = ljm——
x—o (X=5)(3-X) X—>°°—X2+8X—15 =
1
= lim ——=-1
X —> 0 —1+%—%
X 15 lim — :lim%:l
noo2n+1 n—>002+7 2
n
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2 1
16, lim—— = lim—— =1 9yl AR
n—on< 41 oy 1 1+0 23.  lim = lim T =
JF,T2 yo—oyT —2y+2 y—>—o<>lfy+—2
y
2 lim n )
17, lim = fim 2 g o fim 20X X" o F A X+ay
oMl oy D lim(1+1j 1+0 x> box +bx" 4 b, x+by
n n—w n a an| a
+ 44D A
| ~ lim a0 X -1 4N :@
h 0 0 Xﬁwb0+ﬂ+...+—b”*%+b—” by
18. lim = lim = = X X0
n—->on° +1 n—>001 L 1+0
2
n n 1 1
25. lim = lim = =1
0 2 )
\/72 n— [n +1 ™ 1+i V140
19. Forx>0, x=vXx". n2
2+1 2+ 1
I 2"2”  fim “—= = lim ——% 2
X—>00 X—>0 4/ X“+3 X—>0 3
Vs e Vit . n’ . L %
26. lim = lim =—=m
_2_, eynteoner e 02 1]
q ot
V2x+1 2, 1 27. As x—>4",x—> 4 while x—-4 > 0".
N 2 X 2
20, tim Y2 iy 2 V12 m X o
x> X+4 xoo 1+4 x5 [+4 4
X X x4t X—4
2
21, lim (\/2x2+3—\/2x2—5) 28, fim L2 _ qiyp =3
X—>0 ' + t+3 a + t+3
t—>-3 t—>-3
(\/2x2+37\/2x275j(\/2x2+3+\/2x275j — lim (t-3)=—6
= lim t—>-3"
X—>® V22 43 442x% =5 , ,
—_ . +
' 2x2+3—(2x2—5) 29. Ast—>37,t" ->9 while 9t - 0".
= lim 2
X_’°<’\/2x2+3»+\/2x2—5 lim S =®
8 8 t—>3~ 9t
= lim = lim —%*——
x>0 [2x2 13 4 \ax2 —5 X9 axP4323 s 30. As x— 35 . x% = 5%% while 5-x3 50"
X2 XZ
8 lim ;="
= lim X =0 xo¥5T 5—X
X2 X2
31. As X—5,x> —>25%x-5—0", and
22. 3—-X—>-2.
2
lim (\/x2 +2X —x) lim X —
X x5~ (X=35)(3-X)
(\/x2+2x—x)(\/x2+2x+x)
= lim 32. As 0 >nt,07 - n? while sin6— 0.
X—0 \/x2+2x+x 2
2 2 lim ——=-w
= lim M: lim L f—snt SInG
20 x2 L ox+x X x% 1 2x 4 x
- lim 2 =2
2 2
X—>°°1/1+X+1
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33. As X >37,x° =27, while x-3 0. 3 fim 2 .3

lim —=0, lim —=0;
3 x—0 X+1 x——o0 X+1
lim ——=-o Horizontal asymptote y = 0.
X—3" X-3 3 3
lim ——=o00, lim —— =—o0;
ot nz x—-11 x+1 X—>—1" X+1
34. As 0> 3 ,mo —>7 while cos 8 —>0 . Vertical asymptote X = —1
lim ”‘99 =—
€_>%+ cos
2 p— f—
35 lim X" —X—-6 _ lim (xX+2)(x-3)
x—>3~  X=3 X—=3" x=3
= lim (x+2)=35
X—3
2
36.  lim X+2—2X8: lim % \ \
xo2t XE—d ot (X2)(x-2) 44. lim ~=0, lim =0;
_ fim X4 X+4 6 3 x>0 (X +1) X—>— oo(x+1)
B x>t X+2 4 2 Horizontal asymptote y = 0.
. 3
HX]] llm+ 02 =oo, lim " 7 =%
37. For 0<x<1, [x]=0,s0for0<x<1, L4 =0 o1 (D o ()’
X Vertical asymptote X = —1
X y
thus lim U=0 : 10
x—0T X 1
1
1
38. For-1<x<0, [[X]]z—l so for—1 <x<0, :
1
X
U thus lim U :
X X x—0~ X :
1 1
(Since x <0, —=— >0.) 1
X . |
_5 1 | 5 X
39. Forx<0, |x| =—X, thus
" 45, lim 2% = fim =2,
lim —= lim —=-1 x—0 X—3 x—ow]-3
x—>0" X x507 X X
" lim 2—’(3= lim %:2,
—o0 X — o] -2
40. Forx >0, |X|—X thus lim —= lim —=1 Xz ol X
x—0T X x0T X Horizontal asymptote y = 2
lim i—oo lim i——oo‘
41. As Xx— 0" ,1+cosXx — 2 while sinx > 0. syt X—3 xo3 X—3 ’
i I+cosX Vertical asymptote X =3
m = = by
X—0" Sin X _,'
- 14_ |
42. —1<sinx<1 for all X, and L :
liml:O,so lim SlnX:O. : :
X—o0 X X—owo X |
— 1
_____ e —
L : I I
-6 ™\ | 14X
1
— K1
-6 |
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1
46. lim 3 =0, lim 3 =0; 49. f(x)=2x+3-—5—, thus
X—0 9 _ ¥ xa—oo9_X2 X" =1
Horizontal asymptote y = 0 lim [ f (X)— (2x+3)] = lim | - LI B
. . X—0 X—00 )(3 _1
lim =—o00, lim =0, . .
w3t 9— X2 xs3— 9—x2 The oblique asymptote is y = 2X + 3.
3
lim =00, lim = —00; 4x+3
vy 3t 9—x2 X3~ 9—X 50. f(X)=3X+4—X2+1, thus
Vertical asymptotes X =-3, X =3 i3
R lim [ f(x)—(3x+4)] = lim [— X+ }
| X—>00 X—>0 X2 +1
- 4,3
xt 2

— = lim | -——2-|=0.
— x—>o|  1+-L
L] Jk-Jh L] 2

L)
-10 j, B |r- 10+ The oblique asymptote is y = 3X + 4.

— 51. a. Wesaythat lim f(x)=—c ifto each
+

— X—C
=5 negative number M there corresponds a 6> 0
» suchthat0 <x-c< 8= f(x) <M.
47. lim =0, lim =0; . .
x—0 2x2 +7 X—>—0 %% +7 b. Wesay that lim f(X)=o0 ifto each

X—C
positive number M there corresponds a 5> 0
suchthat 0 <c—x<d = f(x)> M.

Horizontal asymptote y = 0
Since 2x° +7 > 0 for all X, 9(X) has no vertical
asymptotes.

51 52. a. Wesaythat lim f(x)=o0 ifto each
X—o0
— positive number M there corresponds an
/ N > 0 such that N <x = f(x) > M.
- - - b. Wesaythat lim f(x)=o0 ifto each
. - X—>—00

positive number M there corresponds an
- N <0 such that X <N = f(x) > M.

5t 53. Let &> 0 be given. Since lim f(x)= A, there is
X—00
2% 2 2 a corresponding number M; such that
48. lim ———= lim ——=—F—=2, e
X—® /X2+5 X—® 1+% NIl X > M :>|f(x)fA|<E. Similarly, there is a
X
Em —2X 2 2, number M, such that x> M, = |g(x)—B| < <.
X—>—00 /X2 15 X>—w_ 1+ f\/I 2
x2 Let M =max{M;, M5}, then
Since Vx> +5 >0 for all X, g(x) has no vertical x>M = [f(x)+g(x)~(A+B)
asymptotes. = | f(X)—A+g(x) - B| < | f(x)- A| +|g(x) - B|
l 3
5 & & €

<—+—=¢

B Thus, Lim[f(x)+g(x)]=A+B
X—00

54. Written response
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55. a. lim sinX does not exist as sin X oscillates My

X—>00 56. lim m(v) = lim ————==
between —1 and 1 as X increases. v=e voe y1-v?/c?
1 N )
b. Letu=—, thenas X —>owo,u—>0". . 3x +x+1 3
X 57. lim —————— ==
1 X—0 2 T2
lim sin—= lim sinu=0
X—>00 X U‘)0+
| 58.  lim /2" —3X \f
c. Letu=—, thenas X —>oo,u—0". x>0\ 5x7 41
X
. ! .1 ) i . 3
lim Xxsin—= lim —sinu= lim sy =1 59. lim (\/2X2+3x—\/2xz—5j=——
X X ysotu unot U X—>-—00 22
1
=— . 2x+1 2
d. Letu= o then 60. 1 X+1

m-——==—
o0 33241 3

1 3/2
lim x*?sin—= lim|—| sinu
X—>0 X u-o0*\ U

1 10
1 Y sinu 61. lim (1+—j =1
= lim || — — o X—>00 X
u—>0*|:(\/aj[ u j:|
1

e. As X — oo, sin X oscillates between —1 and 1, 62. lim ( j =e~2.718
1 X—»00 X
while x V2 =— 0.
\/; X
lim x 2 sinx=0 63. lim (Hlj _
X—>00 X—>00 X
1
f. Letu=—, then sin X
X 64. lim [1+ j
.o (m o1 . . (m X—>0 X
lim sin| —+— |= lim sin| —+uU
X—>0 6 X u—0" 6
1 _sin | X— 3|
—sint-2 65. lim ————=-1
6 2 X—>3_ X _3
g. As X—>oo,X+l—>oo, so lim sin(x+lj 66. lim sin|x 3| -1
X X—>00 X 3™ tan(X — 3)

does not exist. (See part a.)

cos(X—3)
h. sin(x+lj:sianosl+cosxsinl 67.  lim x—3
X X X X—3
lim | sin| X+ ! sin X cos X
b X 68. lim =1
xt X— s
1 1 x—>§ 2
= lim [sin X(cos— - lj +Cos Xsin —}
X—>0 X X
As X—>oo,cosl—>l 50 cos~—1 0. 69. lim (1+vx)V* =e~2.718
X X x—0"
1
From part b., lim sin— =0.
P T X 70, fim (144%)"* o0
As X — o both sin X and cos X oscillate x—07"
between —1 and 1.
. 1\ . 71 lim (1+/%)% =
lim | sin| X+— |—sinX |=0. x0F
X—>0 X
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13. lim f(t)= lim 3-t)=0

1.6 Concepts Review t—>37 t—>3*
lim f(t)= lim (t—3)=0
1. lim f(x) t—3" t—3"
X—C

lim f(t) = f(3); continuous
t—3

2. every integer
14. lim f(t)= lim 3-t)> =0

3. lim f(x)="f(a); lim f()="f(b) o o
X—a X—b
lim f(t)= lim (t>-9)=0
4. a;b; f(c)y=W t—3" t—3"
lim f (t) = f (3); continuous
t—>3
Problem Set 1.6 15. lim f(x)=-2= f(3); continuous

t—>3

L i1_)m3[(x ~3)(x=4)]=0=1(3); continuous 16. g is discontinuous at X =-3, 4, 6, 8; g is left

continuous at X =4, 8; ¢ is right continuous at

2. lim(x2 -9)=0=g(3); continuous x=-3,6
X—3
17. his continuous on the intervals
_009_5 5 _554 5 456 5 658 5 8300
3. lim and h(3) do not exist, so h(X) is not ( ) [ ] (4:6) [ ] (8,0)
x—3X-3
ti t3. 2_ _
continuous a 18 1im X~ —49 — lim (X=T)(x+7) ~ lim (x+7)
x—=7 X—=7 xX—7 X—=7 x—7
4. lim~t—4 and g(3) do not exist, so g(t) is not -7+7=14
t—>3
continuous at 3. Define f(7) = 14.
_ 2x2 18 2(x+3)(x=3)
t-3 -
5. lim% and h(3) do not exist, so h(t) is not 19. i1_)m3 3_x il_)m3 3_x
-3 11—
continuous at 3. = i1_>m3[72(x +3)]=-2(3+3)=-12
6. h(3) does not exist, so h(t) is not continuous at 3. Define f(3) =-12.
7. lim|t| =3 = f(3); continuous 20. lim sin@) =1
t—3 0—-0 6
Define g(0) =1
8. lim|t - 2| =1=g(3); continuous
t—3
o1 Mol GR-DEEED
9. h(3) does not exist, so h(t) is not continuous at 3. tol t=1  tol t-DHt+1)
. t-1 . 1 1
10. f(3) does not exist, so f(x) is not continuous at 3. =lim =lim =—
>l (t-)t+1) tolft+1 2
3 a2 1
t=>3 -3  t53 t-3
= lim(t?> +3t+9) = (3)> +3(3)+9 =27 =r(3) 4 50 2 a2
3 29 X +2X° -3 ~ fim (xX*=D(x* +3)
continuous X—-1 X+1 x——1 X+1
, , . (X+D(x=1(X* +3)
12. From Problem 11, lim r(t) =27, so r(t) is not = lim
=3 x—>-1 X+1
continuous at 3 because lim r(t) = r(3). = lim [(x— 1)()(2 +3)]
t—3 X—-1
= (1-D[(-D* +3]=-8
Define ¢(-1) =-8.
84 Section 1.6 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this material may be reproduced, in any form
or by any means, without permission in writing from the publisher.



23.

24,

25.

26.

217.

28.

29.
30.

31

32.

33.

34.

35.

36.

[ xr .
lim sin = lim sin
X——1 X+1 X——1

(

X+1

(x=D)(x +1)j

= lim sin(X—1) =sin(-1-1) =sin(-2) = —sin2

X—-—1

Define F(-1) = —sin 2.

Discontinuous at X = 7,30

2
f(x)= _38-x
(m—x)(x-=3)
Discontinuous at X =3, 7

Continuous at all points

Discontinuous at all & =nw +

integer.
Discontinuous at all u<-5
Discontinuous at U =—1

Continuous at all points

1
Gz ——
o J2=%2+x)

% where n is any

Discontinuous on (-, -2]U[2,0)

Continuous at all points since
lim f(x)=0= f(0) and lim f(x)=1= f(1).
Xx—0 Xx—1

lim g(x)=0=g(0)
x—0

lim g(x)=1, lim g(x)=-1

x—1t X—1

lim g(x) does not exist, so g(X) is discontinuous

x—1
atx=1.

Discontinuous at every integer

. . 1 . .
Discontinuous att= n +§ where N is any integer

N

(]

N/

2+
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=Y

37.

38.

41.

42.

43.

44,

45.

46.

AV
2
|
.\..

1 2 x
AV
2
1/

1 2 3 45 6

. -5 .

Discontinuous at all points except X = 0, because
lim f(x)= f(c) forc=0. lim f(x) exists only
X—C X—C

atc=0and lim f(xX)=0= f(0).
X—0
Continuous.
Discontinuous: removable, define f(10) =20

Discontinuous: removable, define f(0)=1

Discontinuous: nonremovable.

Discontinuous, removable, redefine g(0)=1

Discontinuous: removable, define F(0)=0

Section 1.6
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47. Discontinuous: nonremovable.

48. Discontinuous: removable, define f(4) =4

49. The function is continuous on the intervals
(0,1],(1,2], (2,3, ...

“COSt$

0.72 -

0.60 [~ o—e
B O—=9

0.48_ o -

0.36 (o

0.24 -
—g

0.12 -
_||||||||||||=

1 2 3 4 5 6
Length of call in minutes

50. The function is continuous on the intervals
[0,200], (200,300], (300,400], ...

A Cost $
80—
jo )
60 [— - .
40— Ouummly
I R R R R

100 200 300 400 500
Miles Driven

51. The function is continuous on the intervals
(0,0.25], (0.25,0.375], (0.375,0.5], ...

A Cost §

| | | [
0.25 0.5 0.75 1
Miles Driven

86 Section 1.6

52.

53.

54.

55.

56.

Let f(x)= x> +3x—2. fis continuous on [0, 1].

f(0) =-2 < 0 and f(1) =2 > 0. Thus, there is at
least one number C between 0 and 1 such that
x3 +3x-2=0.

Because the function is continuous on[0,27] and
(c0s0)0® +6sin> 0-3=-3<0,

(cos2m)(2n)° +6sin® (21) —3 =87 —3 > 0, there
is at least one number C between 0 and 27 such
that (cost)t3 +6sin°t-3=0.

Let f(X)=x*—7x> +14x—8. f(x)is
continuous at all values of x.

f(0)=-8, f(5)=12

Because 0 is between —8 and 12, there is at least
one number € between 0 and 5 such that

f(x)=x—7x> +14x -8 =0.
This equation has three solutions (x = 1,2,4)
iy
4
2

— .
v 5

-2 X

4

6

-8

Let f(x)= X —cosx.. f(x) is continuous at all

values of x>0.  f(0)=-1, f(n/2)= 7z /2

Because 0 is between —1 and ~/7z/2 , there is at
least one number ¢ between 0 and 7t/2 such that

f(X):x/;—cosX:Q

The interval [0.6,0.7] contains the solution.
Ly

0.2

06 0.65 07
X

=02

Let f(X)=X +4x> —7x+14

f(x) is continuous at all values of X.

f(-2) =36, f(0) = 14

Because 0 is between —36 and 14, there is at least
one number C between —2 and 0 such that

f(x):x5+4x3 —7x+14=0.
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57. Suppose that f is continuous at ¢, so 63. Let f(x) be the difference in times on the hiker’s
lim f(x)= f(c). Letx=c+t, sot=x-c, then watch where X is a point on the path, and suppose
x—>C X =0 at the bottom and x = 1 at the top of the
as X—>cC, t—>0 and the staFement mountain.

lim f(x) = f(c) becomes tlm(l) f(t+c)=f(c). So f(x) = (time on watch on the way up) — (time
SX_>C hat Tim f (t _ ? dletx=1t+ on watch on the way down).

uppose that lim f(t+c)=1(c) and letx= f(0)=4—11=—7,f(1)= 12— 5 =7. Since time is
¢, s0t=X— C. Since C is fixed, t —> 0 means that continuous, f(X) is continuous, hence there is

x —> ¢ and the statement lim f (t+¢) = f(c) some C between 0 and 1 where f(¢) = 0. This ¢ is

t—0 the point where the hiker’s watch showed the
becomes lim f(x)= f(c), so fis continuous at same time on both days.
X—C
C. T
64. Let f be the function on 0’3 such that f(6) is

58. Since f(X) i ti tc
;ncef ((x; I_S :(()(1:1)1r>ut)ou(s:§ ’ —f ( c) th the length of the side of the rectangle which
Xl_r)r:: B - Ln00se &= - Hhen makes angle & with the x-axis minus the length of

there exists 2 & > 0 such that the sides perpendicular to it. f is continuous on
Vid

0< |X_C| <= | f (X)_ f (C)| <& {O’E} . If f(0) = 0 then the region is
Thus, f(x)-f(c)>-s=-f(c),or f(x)>0. circumscribed by a square. If f(0)# 0, then
Si Iso f(c)>0, f(x)>0 forallxi

ince also f (¢)>0, f(x)>0 forallxin observe that f(0)=-f (zj Thus, by the
(c=5,c+0). 2

Intermediate Value Theorem, there is an angle

59. Let g(x) = X — f(x). Then, s
since 0< f(x)< 1 on [0, 1]. If g(0) =0, then Hence, D can be circumscribed by a square.
f(0) =0 and ¢ = 0 is a fixed point of f. If g(1) =0,
then f(1) =1 and ¢ = 1 is a fixed point of f. If 65. Yes, g is continuous at R .
neither g(0) = 0 nor g(1) =0, then g(0) <0 and . GMm .

g(1) > 0 so there is some ¢ in [0, 1] such that rhan_ 9(r)- RZ rhr;r 9(r)
g(c) = 0. If g(c) = 0 then ¢ — f(c) = 0 or - -
f(c) = cand c is a fixed point of . 66. No. By the Intermediate Value Theorem, if f

60. For f(x) to be continuous everywhere, \(;ve{e to chggge[slg]rl s %rll [a’F]’ thfen f rm{[st be
f(1)=a(l)+b=2and f(2) = 6 =a(2) + b at some C in [a,b]. Therefore, f canno

a+b=2 change sign.
2at+bh=06 67. a. f(x)="1f(x+ 0)="f(x)+f(0), sof(0)=0. We
—a=-4 want to prove that lim f(x)= f(c), or,
X—C
a=4, b=-2 equivalently, lim[f(x)— f(c)]=0. But
X—C

61. For x in [0, 1], let f(X) indicate where the string f(x) —f(c) =f(x—c), so
originally at X ends up. Thus f(0) =a, f(1) = b. lim[ f(x)— f(c)]= lim f(x—-c). Let
f(x) is continuous since the string is unbroken. x=C x=C
Since 0 <a, b <1, f(x) satisfies the conditions of h “x=c then as X=¢, h— 0 and
Problem 59, so there is some ¢ in [0, 1] with il_)mc f(x-c)= gf}) f(h)=f(0)=0. Hence
f(c) = ¢, i.e., the point of string originally at C lim f(x) = f(c) and f is continuous at .
ends up at C. X5 C

. . Thus, f is continuous everywhere, since ¢

62. The Intermediate Value Theorem does not imply was arbitrary.

the existence of a number ¢ between —2 and 2
such that f(c)=0. The reason is that the

function f(x) is not continuous on [-2,2].

b. By Problem 43 of Section 0.5, f(t) = mt for
all tin Q. Since g(t) = mt is a polynomial
function, it is continuous for all real
numbers. f(t) = g(t) for all t in Q, thus

f(t)y =g(t) foralltin R, i.e. f(t)=mt.
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B

68. If f(x) is continuous on an interval then . [ 3 3}
Domain: | ——,—|;

lim f(x)= f(c) for all points in the interval: 4’4
X—C
lim f(x)= f(c)=> lim |f(x) Range: {E,O,E}
X—C X—>C 4’ 4
2
= lim  f2(x) = f(limf(x)j b. Atx=0
X—C X—C
2
= (f(e)" =|f (o) c. If x=0,f(x)=0,if x:—%, f(x)=—% and
69. S £(x) {“fxzo fx) 3 3 303
. Suppose = . . is .
_ if x==,f(X)==, so x=—=,0,— are
1ifx<0 2 1 0=7 207
discontinuous at X = 0, but g(x) = | f (x)| =1is fixed points of f.
continuous everywhere.
70. a. AV .
- 1.7 Chapter Review

Concepts Test

1. False. Consider f(x)=[x] at x=2.

2. False: ¢ may not be in the domain of f(x), or
it may be defined separately.

3. False: ¢ may not be in the domain of f(x), or
it may be defined separately.

4. True. By definition, where ¢ =0,L =0.
b. Ifris any rational number, then any deleted

interval about r contains an irrational 5. False: If f(c) is not defined, lim f(x) might
1 X—C
number. Thus, if f(r)=—, any deleted 2 _4
) ) q ] exist; e.g., T(X)= .
interval about r contains at least one point C X+2
1 1 2 _
such that | f(r)y—f (C)| =|——0| =—. Hence, f(-2) does not exist, but lim X4 _ —4,
q q Xx—>-2 X+2
lim f(x) does not exist.
X—=>r 2
X7 =25 L (X=5)(X+5
If ¢ is any irrational number in (0, 1), then as 6. True: lim = lim ( X )
D p x5 X=5 x5 X=5
X=-——>C (where — is the reduced form = lim(x+5)=5+5=10
q q X—5
of the rational number) q — «, so o
7. True: Substitution Theorem
f(X) > 0 as x > c. Thus,
lim f(x)=0= f(c) for any irrational . sinX
X—C 8. False: lim——=1
Xx—=>0 X
number C.
9. False: The tangent function is not defined for

71. a. Suppose the block rotates to the left. Using 1L val fe
all values of c.

geometry, f(Xx)= f%. Suppose the block

.. . sin X
rotates to the right. Using geometry, 10. True: If X is in the domain of tan X = osx’
f(x)= 2 If x =0, the block does not rotate, then cos X # 0, and Theorem A.7
4 appli
pplies..
so f(x) = 0.
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11.

12.

13.

14.

15.

16.

17.

18.
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True:

True.

True.

False:

False:

True.

False:

False.

False:

True:

True:

False:

True:

True:

Since both sin X and cos X are
continuous for all real numbers, by
Theorem C we can conclude that
f(x)=2sin? x—cos X is also
continuous for all real numbers.
By definition, lim f (x)=f(c).

X—C

2¢€(1,3]

lim may not exist
X—>0"

Consider f(X)=sin x.

By the definition of continuity on an
interval.

Since —1<sin X <1 for all X and
lim ~ =0, we get lim $2% — .
X—0 X X—o X

It could be the case where
lim f (X) =2

X—>—00

The graph has many vertical
asymptotes; €.g., X =+ /2, + 3m/2,
+57n/2, ...

X=2;x=-2

As X — 1" both the numerator and
denominator are positive. Since the
numerator approaches a constant and
the denominator approaches zero, the
limit goes to + .

lim f(x) must equal f(c) for f to be
X—C

continuous at X = C.

lim f(x)= f(lim Xj: f(c), sofis
X—C

X—C
continuous at X = C.

lim Hgﬂzlz f(23)

x—2.3
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25.

26.

217.
28.

29.

30. False:

31.

32.

True:

False:

True:

True:

False:

True:

True:

Choose ¢ =0.001f(2) then since
lim f(x)=f(2), there is some &
X—2

such that 0 <|x-2|< 6 =

[f(x)— f(2)|<0.001f(2), or
~0.001F(2)< f(x) - £(2)
<0.001f(2)

Thus, 0.999f(2) < f(x) < 1.001(2) and
f(x) < 1.001f(2) for 0 <|x —2| < 6.
Since f(2) < 1.001f(2), as f(2) > 0,
f(x) < 1.001f(2) on (2 -6, 2+ &)

That lim[f(X) +g(X)] exists does
X—C

not imply that lim f(x) and
X—C

lim g(X)exist; e.g., f(x)= x=3 and
X—C X+
g(x) = X+7 for c=-2.

X+2

Squeeze Theorem

A function has only one limit at a

point, so if lim f(x)=L and
X—>a

lim f(x)=M, L=M

X—a

That f(x) = g(x) for all X does not
imply that lim f(x)# lim g(x). For
X—C X—C

2
example, if f(X)= X+—X26 and
X —

g(x) = %x, then f(x) # g(x) for all x,

but lim f(x)= lim g(x) =5.
X—2 X—2

Iff(x) <10, lim f(X) could equal 10
X—2
if there is a discontinuity point (2, 10).
For example,
F(x) = X~ +6X" —2x-12
X—2
all x, but lim f(x)=10.

X—2

<10 for

lim | f ()] = lim y/ f *(x)
X—a X—a

2
= [nm f(x)} =) =|p|
X—a

If f is continuous and positive on
[a, b], the reciprocal is also
continuous, so it will assume all

1 1
f(a) and b))

values between
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Sample Test Problems

10.

11.

12.

13.
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Xx-2 2-2 0
m-————-=—=
x>2X+2 2+2 4

-1 12-1

lim = =
u-l u+1 1+1

2
fim 4! i UEDUED e

u>l U-1 u-l u-1 u—l
=1+1=2

.ou+l u+l . 1
lim

= lim = lim ;
usly2 -1 uslU+Du—-1) uslu-1
does not exist

X—2

1-2 R 1
lim X_ = lim X = lim ——
x=2x2 _ 4 x=2(X=2)(X+2) x=2X(X+2)
N SR
T 2(2+2) 8

2
lim z° -4 ~ lim (z+2)(z-2)
15272176 1-2(2+3)(z2-2)

= lmm = =
7—>272+3 2+3 5

tan x sin X 1
lim — = lim —2oX = lim 5
x=>08in2X x—02SINn XCOSX x—02cos” X
1 1
2c0s20 2

3 2
Yol =Dy

lim 3

y=ly” -1 y=>1 (Yy=D(y+D
e Yyl il 3
y—>1  y+1 1+1 2

_ox—4 . Wx-2x+2)
lim = lim
x—>4\/;—2 x—4 \/;—2
= lim(Vx+2)=4+2=4
X—4

. COSX .
lim —— does not exist.
x—>0 X

tim o fim ;)(": lim (-1)=-1

x>0~ X x50~ x—0
lim [[4X]] =2
x—1/2)t

lim ([t]-t)= lim [t]- lim t=1-2=-1
t—>2" t—>2" t—>2"
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

o x=1 o 1—x .
lim = lim =—1 since X—1<0 as
X—1" x—1 x—l” X—
X—>1
. sin5x . 5sin5Xx
lim = lim —
x—0 3X x—03 5X
5. sin5x 5 5
=—lim =—xl==
3x->0 5X 3 3
. 1—cos2x . 21-cos2x
Iim—=lim————
x—0  3X x—03 2X
=2 i 1200s2X 2 50
3x>0  2X 3
-1
fim X =L = fim §=1+0=
X—w X + 2 XDy 2 1+0
X

Since —1<sint <1 foralltand lim % =0, we
t—0

get lim Lnt:O.
too 1

t+2

lim =o becauseas t—0, t+2—>4

t—2 (t _ 2)2

while the denominator goes to 0 from the right.

. CosX
lim
x—>0t X
while the denominator goes to 0 from the right.

=, becauseas X = 0", cosx > 1

lim tan2x=oo becauseas X —(7/4) ,
X—>r/4"

2x—(7/2)", 50 tan2x — oo,

. l+sinXx

lim
x—0" X

1+sin X — | while the denominator goes to

0 from the right.

=, becauseas x — 0",

Preliminary analysis: Let &€ > 0. We need to find
a 6 > 0 such that
0<x-3|<s=](2x+1)-T < e.

[2X-6|<e=2|Xx-3k ¢

Sl x-3 £ Choose 5 = <.
2 2

Let£>0. Choose 0 =¢/2. Thus,

|(2x+1)=7| = [2x- 6] = 2[x 3| < 2(¢/2) = <.
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24. a. f(1)=0 28.

b. lim f(x)= lim (1-x)=0

xo1t x—1
c. lim f(x)= lim x=1
X—1 X—1 | | | |
. -2 | 8 X
d. lim f(x)=-1 because
X—-—1 —
lim f(x)= lim x> =-1and —
X—>—1" X—>—1" —
lim f(x)= lim x=-1 -5
x—>—17 x——17
29. a(0)tb=-landa(l)tb=1
25. a. fis discontinuous at X = 1 because f(1) =0, =-1; a+b=1
but lim f (x) does not exist. f is a-1=1
Xx—1 a=2
discontinuous at X = —1 because f(—1) does
not exist. 5 3
30. Let f(X)=x"—4x" —3x+1
b. Define f(-1) =-1 f(2)=-5,1(3)=127
Because f(X) is continuous on [2, 3] and
26. a. 0< |u - a| <d=> |g(u) -M | <¢ f(2) < 0 <f(3), there exists some number C

between 2 and 3 such that f(c) = 0.

b. 0<a-x<s=[f(0-Ll<e 31. Vertical: None, denominator is never 0.

27. a. 1lim[2f(X)—49(X)] X
X—3 Horizontal: lim 3 = lim 5 =0, so
=21lim f(x)—4lim g(X) x>0 X% +1  X—>—0 X% +1
X3 X—3 y =0 is a horizontal asymptote.

=2(3) - 4(-2)= 14

5 32. Vertical: None, denominator is never 0.

b, lim 900> =2 = lim g(x)(x+3) 5 5
X—3 X=3 x>3 . . X .
; . Horizontal: lim = lim =1,s0
= lim g(X)- lim(X+3)=-2-3+3)=-12 X—0 X* +]1 X—>-0 X* 41
X—3 X—3 . .
y =1 is a horizontal asymptote.
c. 93)=-=2 5
33. Vertical: X=1,Xx=-1 because lim ;( =0
d. lim g(f(x)):g(lim f(x)j:g(3):—2 x—1T X7 -1
X—3 X—3 2
) X
and lim =
. 2 1~ x2 -1
e. lim+ f=(x)-8g(x) x=-
X—3
2 2
2 . D Sl X<
_ \/[ lim f(x)} 8 1im g(x) Horizontal: Xh_r)lso 2 X]_IEIOO 2 1,so
X—3 X—3 . .
y =1 is a horizontal asymptote.
=B -8(-2) =5
_Jg0-90)| [2-903)| |-2-(-2)
f.  lim = =
x—3 f(x) 3 3
=0
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34. Vertical: X=2,Xx=-2 because

3 X3
lim =ow and lim =00
x—2t X7 -4 x—>—2" X*—4
3
Horizontal: lim =o and
X—00 X< —4
3
lim 5 = —o0, so there are no horizontal
X——00 X“ —4
asymptotes.

35. Vertical: x==x7/4,£37/4,+57/4,... because

lim tan2X =oo and similarly for other odd
X—7z/4~

multiples of 7 /4.

Horizontal: None, because lim tan2X and

X—00
lim tan2X do not exist.
X—>—0
36. Vertical: x =0, because
. sinX . 1sinX
lim = lim — =
x—0t X x—0t X X

Horizontal: y =0, because

. sinX . sinX
lim = lim =0.

X—>00 x2 X—>—00 X2

Review and Preview Problems
1. a f(2)=2"=4
b. f(2.1)=2.1"=441
c. f(21)-f(2)=441-4=041

f(21)-1(2) 041

=—" =41
2.1-2 0.1

e. f(a+h)=(a+h)2 =a’+2ah+h?

f(a+h)-f(a)=a’+2ah+h*-a’

f.
=2ah+h?

f _ 2

g. (a+h) f(a):zah+h =2a+h

(a+h)-a h

h. 1mwzlim(2a+h):2a

h—0 (a+ h)—a h—0
92 Review and Preview

Loa

g(2)=1/2
9(2.1)=1/2.1~0.476
9(2.1)~g(2)=0.476-0.5 = ~0.024

9(2.1)-9(2) _-0.024 _

=-0.24
2.1-2 0.1

g(a+h)=1/(a+h)

g(a+h)—g(a):1/(a+h)—1/a:a(;ih)
“h

g(a+h)-g(a) a(a+h) -1
(at+h)-a ~  h a(a+h)
limg(a+h)—g(a):__1
h-0 (a+h)-a a2
F(2)=+2~1414
F(2.1)=v2.1~1.449
F(2.1)-F(2)=1.449-1.414=0.035
F(2.1)-F(2) 0.035 035

21-2 01
F(a+h)=+va+h
F(a+h)-F(a)=+a+h—-+a
F(a+h)-F(a) +Ja+h-+a
(a+h)-a h
F(a+h)—F(a)_1. Ja+h-+a
s (a+h)-a "0 h

(Va+h—a)(Jarh+a)
h—0 h(va+h+/a)

— lim a+h-a

">0h(Ja+h++a)

h

=lim———
h—0

h( a+h+\/5)

. 1 1 +a
= lim = =—
—oJa+h+ia 2/a 2a
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4. a.  G(2)=(2) +1=8+1=9 10. v0=%;z(2)3=32_”cm3
b. G(2.1)=(2.1) +1=9.261+1=10.261 v, =iﬂ(2,5)3 _ 0257 _125x s
3 3 6
c. G(2.1)-G(2)=10.261-9=1.261 AV =V, -V, = 1B o _ 327
6 3
G(2.1)-G(2 o0l 5 3
g S(@1-6(2) 1261 = rem’ ~31.940cm

21-2 0.1

11. a. North plane has traveled 600miles. East
plane has traveled 400 miles.

p 4= V600? + 4002

e. G(a+h)=(a+h)3 +1

=a’ +3a’h+3ah? +h’ +1

f. G(a+h)-G(a)=[(a+h)’ +1]-[a’+1] " =721 miles
_ (43 2 2, p3 (a3
—(a +3a“h+3ah“ +h +1) (a +1) i d:m
=3a%h+3ah? + h? =840 miles

G(a+h)-G(a) _3a’h+3ah’ +h’

g (a+h)-a h
=3a’ +3ah+h’
h. 1mw = lim3a® +3ah +h?
h—0 (a+h)—a h—0
=3a’

5. a (a+b)’=a’+3a’b+-
b. (a+b)4:a4+4a3b+~--
c. (a+b)5=a5+5a4b+~~
6. (a+b)'=a"+na""b+---
7. sin(x+h)=sinxcosh+cosxsinh
8. cos(x+h)=cosxcosh—sinxsinh

9. a. The point will be at position (10,0) in all

three cases (t =1,2,3) because it will have
made 4, 8, and 12 revolutions respectively.

b. Since the point is rotating at a rate of 4
revolutions per second, it will complete 1

. 1
revolution after 7 second. Therefore, the
point will first return to its starting position

attimet:l.
4
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