CHAPTER

Indeterminate Forms and
Improper Integrals

8.1 Concepts Review

1. lim f(x); lim g(x)
X—a X—a

,
9'(x)

3. sec’ X;1; lim cos X # 0

x—0

4. Cauchy’s Mean Value

Problem Set 8.1

1. The limit is of the form %

2X—sinX
X

2-cosX
1

lim

x—0

lim

X—0

1

The limit is of the form 9

cos X —sin X

-1

lim = lim
Xom/27/2—X  x>x/2

1

The limit is of the form %
X —sin 2X 1-2cos2x 1-2

sec? X 1

lim

X—0

= lim
x—0

tan X

The limit is of the form %

3

1 —
tan ~ 3X . 2 3
— hm 149X —

2=3
1

lim

X0 sin~ " X

x—0 L

1-x2

The limit is of the form 9

. x> +6X+8 . 2X+6
Iim ———— = lim
x>-2x%2 _3%x_10 x—>-22X-3
22

. 0
The limit is of the form 6

. x> 3% +x .
lim = lim

x—0 x3 —2X X—0 3)(2 -2

3 4+6x+1 1

-2
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The limit is not of the form %

As x—>l’,x2—2x+2—>l,andx2—l—>0’ SO
x2—2x+2_

lim 3
x—=1" X" +1

o 0
The limit is of the form 6

1
. X—22x
= lim
x—1 2X

2 1

=lim—=1
X—1 )(2

. In
lim
X—1 X2 -1

The limit is of the form %

1
sin” X

3sin% Xcos X

In(sinx)°

xo/2 T/2—X  xor/2 -1
0
-2

10. The limit is of the form %

X
. et —
lim -
Xx—0 2sin X

—X
= lim
x—0 2cos X

eXye X

11.

1 The limit is of the form %

N
=1lim
Int t—l

1 _
NG 2t
1

lim
t—l

12. The limit is of the form —.

Ak Jx
2% lim 7N In7

x—0* 2V 12

13. The limit is of the form % (Apply I’Hopital’s
Rule twice.)

—2sin 2Xx
COS2X _

14x

. Incos2x .
lim ———— = lim
x—0  7x2 x—0 x—0 14X cos 2x

_ —4cos2X -4 2

= lim = -_=
x—014cos2X —28xsin2x 14-0 7

—2sin2X

1
2
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14. The limit is of the form % 19. The limit is of the form % (Apply I’Hopital’s

lim 3sinX lim 3cos X Rule twice.)
_ - _ 1 1 —2X
x—0 X x>0 — -1 — )
[~ . tan " X—X . 2 .

2NX lim = lim X = Jim X0

= lim —6+4/—XcosXx=0 x—=0  8X x—0 24x x—>0 48X
X—0" ) 1 1
= lim—

0 x>0 24(1+x%)> 24
15. The limit is of the form o (Apply I’Hopital’s

Rule three times.) 20. The limit is of the form % (Apply I’Hopital’s
2
im _tan XX = lim sec”x—1 Rule twice.)

Xx—08in2X—2X x—02cos2X—2 ~ coshx—1 ~ sinh X ~ coshx 1
2 4 2 2 lim ————=lim = lim ==

— lim 2sec” Xtan X _ i 2sec’ X+4sec” Xtan” X x>0 X Xx—0 2X x>0 2 2

x—0 —4sin2X x—0 —8cos2x
_2+0_ 1 21. The limit is of the form %. (Apply I'Hopital’s
-8 4

Rule twice.)

L. 0 . . 1—cosx—xsinX
16. The limit is of the form —. (Apply ’Hopital’s lim —
0 x—>0" 2—2c0os X —sin” X
Rule three times.) i —Xcos X
= lim
. sinX—tanX . cos X —sec? X x—0" 28in X — 2 cos Xsin §
lim 5 = lim 5 )
X=>0  x“sin X X—0 2xsin X + X cos X — lim XsmX—cosX
i —sin X — 2sec’ Xtan X x—0" 208 X —2c0s? X+ 2sin® X
= lim
: 2 e 0
x>0 2sin X +4Xcos X — X sin X This limit is not of the form o
lim —cos X —2sect x—4sec? xtan? x
= + .
x>0 6c0S X — X2 coS X — 6Xsin X As x—0 ,X;lnx coszx—> 1 and
1-2-0 1 2cosX—2cos” X+2sin” x — 0, so
“%6_0-0 2 . Xsin X — cos X
6-0-0 2 lim -

Xx—0" 2¢0s X —2¢0s> X + 2sin X

17. The limit is of the form 9 (Apply I’Hopital’s 0
. 0 22. The limit is of the form —.
Rule twice.) 0

. x? . 2X . 2 . sinX+tanX . cosX+sec X
lim —— = lim —— = lim - lm ——= lim ——M—
x>0t SINX—X yptcosX—1 y_,ot —sinX xs0- X +e X2 x0 eX_e ¥

e 0
This limit is not of the form 6 As This limit is not of the form %
X—0",2>2, and —sinx > 0", so As X— Of,cosx+sec2 X — 2, and

2
lim —=— = —o. e —e X 50, so lim SEXTC X
x—0F S X i v~ eX_e X
. 0 LA enl> 0
18. The limit is of the form o (Apply I’Hépital’s 23. The limit is of the form — .
0
Rule twice.)
JX\/1+sint dt
« X1 lim = = lim v/l +sinx =1

. e"—In(l+x)-1 . T lax x—0 X x—0
lim = lim
x—0 X2 x—0  2X

X 1
e” +
2
T (1+x) :1+1:1
x—0 2 2
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26. Note that sin(1/0) is undefined (not zero), so

24. The limit is of the form 9
0 1'Hopital's Rule cannot be used.

X 1 . (1 . .
) ‘[0 Jtcostdt . Jxcosx As X — 0,— — o and sin (—) oscillates rapidly
lim = lim —— X X
+ +
x—0 X x>0t 2X between —1 and 1, so
~ lim 95X _ |X2 sin(l)| 2
x-0" 24/x lim < lim —— .
x—>0‘ tan X ‘ x—0 tan X
25. It would not have helped us because we proved
2 2
. sinX . o XT _ XTcosx
lim =1 in order to find the derivative of t T
¥s0 X an X sin X
sin X. _ x>cosx .. X
lim ———— = lim | | — XcosX [=0.
x—0 sinX x—0| \ sin X
x2 sin (%)
Thus, lim ——===0.
x—0 tanX
A table of values or graphing utility confirms
this.

27.a. OB= cost, BC =sint and AB=1— cost, so the area of triangle ABC is %sint(l —cost).
The area of the sector COA is %t while the area of triangle COB is %cost sint, thus the area of the curved

region ABC is %(t —costsint).

. area of triangle ABC . 3sint(1-cost)
lim = lim 22— 7

t_so+ area of curved region ABC B t=0" %(t —costsint)

. sint(l1—cost) .
= lim —_—= lim 3
t>0t t—costsint 0t 1—cos”t+sin

(L’Hopital’s Rule was applied twice.)

cost —cos® t+sin’t .. 4sintcost—sint lim 4cost—1 3

24 t0t  4costsint tot 4cost 4

b. The area of the sector BOD is %t cos’t, so the area of the curved region BCD is %cost sint f%t cos’t.

. area of curved region BCD . %cost(sint —tcost)
lim =l

t—o+ area of curved region ABC - t—0" %(t —costsint)

cost(sint —tcost) sint(2tcost—sint) lim 2t(cos2 t—sin’ t) lim t(cos2 t—sin’ t)

= lim - = lim = - -
ts0" t—sintcost t50" 1—coslt+sinZt  t—o+  4costsint t—>0* 2costsint
. cos’t—d4tcostsint—sin’t 1-0-0 1
= lim 3 3 = =—
t—0* 2cos”t—2sin“t 2-0 2
(L’Hopital’s Rule was applied three times.)
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28. a. Note that Z/DOE has measure t radians. Thus the coordinates of E are (cost, sint).
Also, slope BC = slope CE. Thus,
0-y  sint-0
(1-t)-0 cost—(1-t)
_ (I1-t)sint
 cost+t—1
_ (t-Dsint
~ cost+t—1

. . t—1)sint
t0™ tot cost+t—1

This limit is of the form %

lim (t—1sint ~ lim smt+(.t71)cost _ 0+=DH(D _
tsot cost+t—1 {0+ —sint+1 -0+1

b. Slope AF =slope EF. Thus,
t  t-sint

1-x 1-cost
t(1—cost) 1
t—sint
1_t(1+cost)
t—sint

X =
tcost—sint
Xs——""7—
t —sint
. . tcost—sint
lim x= lim ——
t—0* t>0t t—sint
The limit is of the form % (Apply I’Hopital’s Rule three times.)

tcost —sint . —tsint
= lim

lim - =
tso* t—sint tso* 1 —cost
. —sint—tcost . tsint—2cost 0-2
= lim ———— = lim = =2
t—ot sint t—0* cost 1
X X

29. By I’Hopital’s Rule (9) ,wehave lim f(X)= lim e -1 = lim L. land
0 x—0* x—0" X x—0*
e* -1 e*
lim f(x)= lim = lim — =1 sowedefine f(0)=1.

X—0~ x—0~ X Xx—=0"
y
ZX —1and

30. By I’Hopital’s Rule (%) ,we have lim f(x)= lim Inx = lim

x—1t xos1t X=1 x1*

1
lim f(x)= lim 22X~ 1im4:1 so we define f(1)=1.

X—1~ xo1” X—=1 x17
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31. A should approach 4mh? , the surface area of a sphere of radius b.

_ 5 2na’barcsin 7‘325’2 5 ~ a’arcsin Y a2a7b2
lim | 2nb” + =2nb” +2nb lim
a—h* aZ _p? a—h* aZ _p?

Focusing on the limit, we have

Ja2-p? 2aarcsin “azasz +a? {a\/ag—bz ]

a
2 2

a? arcsin

lim =
a—b* aZ _p? a—b*

[L2 2
= lim 2\/&2—b2 arcsina—b+b =h.
a

a—b*

Thus, lim A=2nb? +2nb(b) = 4nb>.

a—b"

32. In order for I’Hépital’s Rule to be of any use, a(1)* +b(1)> +1=0, sob=-1-a.
Using I’Hopital’s Rule,
axt +bx® +1 4ax® +3bx2
= lim

x—1 (X —1)sin X  xolsinmx+ (X —1)cosmx

To use I’Hopital’s Rule here,
4a(1)® +3b(1)> =0, so4a+3b=0, hencea=3,b=—4.

a4l 12x% —12x2 . 36x% —24x 12 6
- = lim — = lim - - _=
x>l (X=1)sinmX  x->1sin X+ (X —1)cosTX  x—>1 2wcosnx — w2 (X —1)sinx 27 n
a=3,b=-4, c:—E
T
33. If f'(a) and g'(a) both exist, then f and g are 38. A
both continuous at a. Thus, lim f(x)=0= f(a) : }
X—a
and lim g(x) =0 = g(a). — ra—"
X—a gt
Lt L 00— f@ A

x—»a g(X) x—ag(x)—g(a) v

f0-f@ fjm1-f@ 024
lim X2 _xoa *& _ f'(a) ol
x—a 9(0)-9@) .. 9(x)-9(@) g'(a) . . . R
a

— — 0.1 0.05 0. |’-"
x-a x—>a X >

2
_cosX—1+%-

34, lim— 2 = — o

x—0 x4 24 o}’

001

et —1-x-%-X 3

35. lim 2 6 = — -L01 0.005 0.01
x—0 x* 24 01 }
002 F

1—cos(X2) 1

>
)
w

36. lim — =5 The slopes are approximately 0.02/0.01=2 and
20 Xsinx 2 0.01/0.01=1. The ratio of the slopes is
) therefore 2/1=2, indicating that the limit of the
37. lim tanXx—x _ im 3¢ X -1 2 ratio should be about 2. An application of
x=0arcsin X —X - x-0 \/li— -1 'Hopital's Rule confirms this.
X
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39. A 41, ¥

L
Y

ol x

_m/ 005 01 x Y 0,05
o1 f

-1

0.01

-0.005 0.0035 0ol v

-"V 0005 001 ¥ 001
-0.01 f

The slopes are approximately 0.005/0.01=1/2
and 0.01/0.01=1. The ratio of the slopes is
therefore 1/2, indicating that the limit of the
ratio should be about 1/2. An application of

-0.01

The slopes are approximately 0.01/0.01=1 and
—0.01/0.01=1. The ratio of the slopes is

therefore —1/1=—1, indicating that the limit of
the ratio should be about —1. An application of

'Hopital's Rule confirms this. I'Hopital's Rule confirms this.
40. 42. If f and g are locally linear at zero, then, since
lim f(x)=lim g(x)=0, f(X)~ px and
X—0 Xx—0
- - _ g(x) ~ gx, where p= f'(0) and q=g'(0).
! Then f(x)/g(X)~ px/px=p/q when X is
N near 0.
024"
0.1
-1I.KI ’ H.i‘lﬁ 1!_‘I=.\'
0.1
0.2
oot '
001 F
-"..[JI I [J.[I)Ilﬁ l].;ll X
001§
002 F
The slopes are approximately 0.01/0.01=1 and
0.02/0.01=2. The ratio of the slopes is
therefore 1/2 , indicating that the limit of the
ratio should be about 1/2. An application of
'Hopital's Rule confirms this.
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8.2 Concepts Review

f'(x)
9'(x)
2. 1im 4 o im 3%
xoa_ 1 xsa 1
g(x) f(x)

3. w-—o0,0° wx° 1%

4, Inx

Problem Set 8.2

1. The limit is of the form —.

0

999
In X]()()() “1)00 1000x
lim = lim
X—>0 X X—>00
. 1000
= lim —=0
Xx—o X

2. The limit is of the form . (Apply ’'Hopital’s
o0

Rule twice.)
2 2(Inx) L
fim 007 _ i 20005

x—wn X x—>o 2XIn2
2In X 2(%)
= lim = lim
x—ox.25In2 x>0 2% n2(1+xIn2)
x—® x.2% In2(1+ xIn 2)
10000
3. lim =0 (See Example 2).
X—w e

4. The limit is of the form . (Apply I’Hopital’s
o0

Rule three times.)

. 3x . 3
Iim=———= lim
x> In(100x+e*) x> L1 (100+e)
100x+e
. 300x+3e* . 300+3e
= lim = lim
x>0 100+eX  xow ¥
X
~ lim 2 —3
X—00 eX
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. The limit is of the form —.

o0
. 3secx+5 . 3secXtanX
hm—:hm—2
x>% tanX - x-%  sec” X
. 3tanXx . .
= lim = lim 3sinXx =3

I secX I
X—>5 X=5

. The limit is of the form —.

—00
1 .
.2 2sin X cos X
Insin” X ~ lim sin2 x
x—0" 3Intan X x_0* 3_sec? x
tan X

. 2cos’x 2
= lim ==
x—0" 3 3

. The limit is of the form .

0
1 1 999
1000 — a6 (—1000 1000x )
hm ln(lnx ) — llm In X X
X—>00 In X X—>00 i
= lim —1000 =0
x— x In x!1 000

. The limit is of the form —. (Apply ’'Hopital’s
o0

Rule twice.)
L__2(4-8x)(-8)

iy (4 8x)% iy 480
_ - _ 2
oy S ef) e
~16cos> mx . 3271 cos X sin X

= m ————= lim —4m8————

offf ey
= lim —4cosnXsinmx=0

o(3)

. The limit is of the form .

0]
2
. cot X . —cse” X
lim = lim ———

x=>0" V—InX  x50" —
2X+/—Inx
2X+—In x

= lim 3
x—=0"  sin” X

. 2X
= lim | ——cscXy/—InX |=
x>0 | sin X

since lim ——=1 while lim cscX =00 and
x—0" s X x—0"
lim ~/—InX =00,
x—0"
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. 0
10. The limit is of the form 2, but the fraction can 15. The limit is of the form 0°.

o X2 2
be 51mp11ﬁed Let y= (3)() . then In y=X In3x
2
g 28X _ 2 2 lim x2In3x= lim 03X
x>0 cot?x  x>0cos’x 12 x>0 x>0 2
1000 The limit is of the form —.
11, lim (x1n x'9%0) = limlnxf %
x—0 Xx=0 = 1 2
X _Wm3x o33 x
o lim = lim = lim -——=0
The limit is of the form —. x—0* 2 x—0" ] x0T 2
e 0]
1 999 . 2 _ o ol
1000 1000x lim (3x)* = lim e"Y =1
lim X _ iy 2% xo>0* xos0*
x=>0 = X—0 -L
X 2
— lim—1000X = 0 16. The limit is of the form 1%.
X0 Let y = (cosX)®*°*, then Iny = csc x(In(cos X))

lim csc X(In(cos X)) = lim m
x—0 x—0 smX

2
12, 1im 3% csc? x = lim 3(L) =3 since

Xx—0 x—0 \ Sin X 0
The limit is of the form 6

lim——=1
x—0 S1n X 1 ( . X)
. In(cos x . —sm
5 lim —(' ) _ i <osx
)  1-cos? x Xx—0 sin X X—0 coSs X
13. lim (csc2 X — cot? X) = lim ——— . 0
x—0 x>0 gin? X - lim > x _ Y_ 0
2
. sin? x 1 x=0  cos” X 1 |
— = : csCX _ 1; ny _
X0 o lim (cos X) =lime"’ =1
—Usin” X x—0 X—0
. . sinx—1 . © L
14, lim (tanX—secX) = lim ———— 17. The limit is of the form 0™, which is not an
x—T x—I CosX .
2 2 indeterminate form.  lim  (Scosx)™* =0
. 0 -
The limit is of the form 6 x>(7/2)
. sinx—1 . COSX 0
Iim ——=lim ——=—=0
x—>§ cos X x—% —sinXx -1
2 2 . 2
. 2 1 . 1 1 . x2 —sin® X
18. lim| csc” X | = lim vl lim 5
x—0 X x>0\ sin“ X X x>0\ X“sin” X
X% —sin? x 0
Consider lim —————. The limit is of the form —. (Apply I’Hopital’s Rule four times.)
X—>0 X sin” X 0
. x> —sin®x . 2X —2sin X cos X . X —sin X cos X
lim 3 = lim 3 3 = lim 5 3
X=0 x“sin” X  X202xsin” X+2X“sinXcosX X0 Xsin“ X+ X“ sin X cos X
. 1-cos? X +sin® X . 4sin X cos X
= lim — > 2. 2.2, " lm 2 . 2 . )
X—=08in“ X +4Xsin X cos X+ X~ cos” X — X~ sin“ X X206Xcos X" +6cos Xsin X —4X” cos Xsin X —6Xsin” X
. 4cos® X — 4sin? x 4 1
= lim

X012 cos® X — 4x% cos® X —32Xcos Xsin X —12sin® X+ 4x>sin? x 12 3

2

. 2

. X2 —sin’ x 1 1

Thus, lim ———| =3 =2
X=>0{ X“sin” X
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19. The limit is of the form 1%.

Let y=(x+e3)** then 1ny=§1n(x+e"/3).
X
. ) I X/3
lim gln(x+eX/3): 11mM
Xx—0 X x—0 X
The limit is of the form %
3 1,X/3
/3 7(1+7e )
lim 3In(x+e*"?) i NRTE 3
x—0 X x—0 1
X/3
_imte 4y
x>0 x+eX/3 1
lim (x+eX/3)¥* = lim eV =¢*
X—0 x—0

20. The limit is of the form (~1)°.
The limit does not exist.

21. The limit is of the form 10, which is not an
indeterminate form.

lim (sin x)*** =1

x—>ZL
2

22. The limit is of the form ©*, which is not an
indeterminate form.

. X
lim X" =0
X—00

23. The limit is of the form «°. Let

y= Xl/x,then lny:llnx.
X

lim Linx = lim 22X

X—o X X—oo X

The limit is of the form —.

e 0]
In X 1 1

lim — = lim X = lim —=0
X—oo X x—o 1 X—o0 X

lim X% = lim ™Y =1
X—0 X—00
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24. The limit is of the form 1%.

1/x2

Let y=(cosx)'" , then Iny = Lzln(cos X) .
X

In(cos X)

.1 .
lim —21n(cos X) = lim 3

X—0 x X—0 X
The limit is of the form %

(Apply ’'Hopital’s rule twice.)

1 .
. In(cosx . (-sinX)  _—tanx
lim In(cos x) = lim <£0s8X = lim
x—0  x2 x—0 2X x—0 2X
. —sec?x -1 1
=lim————=—=——
x—0 2 2 2
- Ux® _ oy —~1/2 _ 1
lim (cos X) =lime"” =e =—
x—0 x—0 \/g

25. The limit is of the form 0%, which is not an

indeterminate form.

lim (tanx)*'* =0

x—0"

26. The limit is of the form oo + 0o, which is not an
indeterminate form.
lim (e* —x)= lim (" +X) =0
X—>—00 X—00

27. The limit is of the form 0°. Let
y = (sinx)*, then Iny = XIn(sin X).
In(sin x)
1

X

lim XIn(sin X) = lim
x—0* x—0*

The limit is of the form ——.,
o0

1
sin X

. In(sinx . Cos X
lim (f) = lim 1
+ A1 + 1
x—0 X x—0 2

- 1im[ X (—XCOSX):|=1-O=0

)(_)()‘L Sin X
lim (sinx)* = lim e™Y =1
x—07" x—07"

28. The limit is of the form 1. Let

1/x

y =(cosX—sinX)' ", then Iny = lln(cos X —sin X).
X

lim lln(cos X—sinX) = lim In(cos x =sin )

X—0 X X—0 X
— L (~sinX—cosX)
= lim <os X—sin X
X—0 1
— lim —sinX—CcosX |
x—0 €O0SX—sin X
lim (cos X—sin X)!/ X = lim ¥ =¢~!

x—0 Xx—0
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29. The limit is of the form oo — oo,
1 1

The limit is of the form % (Apply I’Hopital’s

Rule twice.)
X—sinX . 1—-cosX
——=lim

lim - _

X—0 XsSInX  x—0sin X+ Xcos X
. sin X 0

=lim————=—=0

x—02cosX—XsinX 2

30. The limit is of the form 1%.
Y 1
Let y=|1+—| ,then Iny=XIn| I+—|.
X X
In(1+1
lim Xln(1+lj: 1imu
X

X—>0 X—>0

X =

The limit is of the form 9

1
lim = lim —X
X—>00 1 X—>00 _ 1
X 2
X
. 1
= lim ——=1
x—o0 1+ 1

31. The limit is of the form 3®, which is not an
indeterminate form.

lim (1+2e¥)* = oo
x—0"

32. The limit is of the form oo — oo,

. 1 X . Inx—x2+x
Im|——|=lm——
x>\ Xx=1 Inx) x-1 (x-1)InXx

The limit is of the form %
Apply ’Hopital’s Rule twice.

1
m1nx—x2+x_. x ~2X+1
x=>1 (X—=1)InX x—>11nX+XTf1

o 1-2x%+x . —4x+1 -3 3
= lim = lim - -
x>l XInX+X-1 xo1lnx+2 2 2
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. 1 . . X—sinX
lim|cscx—— |=lim| ———|=lim ———
Xx—0 X x—=>0\sinX X Xx—=0 Xsin X

33. The limit is of the form 1%.

1/x

Let y=(cosx) ", then Iny = lln(cos X).
X

Jim L In(cos x) = lim 1€ X)
x—0 X X—0 X

The limit is of the form %

1 : .
. In(cos x . (-sinx) sin X
llm¥=th:hmf =0
X—0 X X—0 1 Xx—0 COs X

lim (cos )/ = lime™Y =1
Xx—0 Xx—0

34. The limit is of the form 0-—oo.

lim (X2 Inx) = lim 22X

+ + L
x—0 X—0 \/;

The limit is of the form —.
o0

1
. Inx . M .
Iim — = lim X__ = lim —2Jx =0
x—0" 7 x—0" 1) x—0"

35. Since cos X oscillates between —1 and 1 as
X — oo, this limit is not of an indeterminate form

previously seen.

Let y =e“®* then Iny = (cos X)In & = cos X

lim cos x does not exist, so lim €°** does not
X—0 X—»00
exist.

36. The limit is of the form oo — oo,

Jim [In(x-+1)— In(X - )] = lim In 20
X—>00 X—>00 X—1
1+1
lim 2 - fim X — s fim m X =0
x—o0 X —1 x—>w17§ X—0 X —

37. The limit is of the form l, which is not an
—00

indeterminate form.

38. The limit is of the form —oo-00, which is not an
indeterminate form.

lim (InXxcot X) =—
x—0"
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39. \/1+e_t >1 forallt, so
j1X\/1+e‘tdt>Lxdt=x—1.

The limit is of the form — .

o0
1+etdt X
lim J ~lim Ve
X—>00 X X—>00 1

40. This limit is of the form %

["sintat sinx
lim 2t = lim =—= =sin(l)
x>t X—1 x—1*

41. a. Let y:%,then lny:llna.
n

o1
lim —lna=0
n—oo N
lim Ya = lim &Y =1
Nn—oo n—oo

b. The limit is of the form oo°.

Let y:%,then 1ny=llnn.
n

o1 . Inn
lim —Inn= lim —
n—oo N n—owo N

This limit is of the form — .
o0

1
. Inn .7
lim — = lim =0
now N now 1

lim Yn = lim e™Y =1
n—oo n—o0

c. lim n(%—1): lim Ya-i

nN—o0 nN—oo

This limit is of the form —,

S|l oS-

since lim Ya =1 by part a.

N—oo

n —i\”/alna
va-1 . n2

m = lim
nN—o0 -1

n2

li

n—o0 1
n

= lim Yama=Ina
n—oo
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d.

42. a.

lim n(%—l): lim Un-1

nN—o

This limit is of the form

B

since lim Yn =1 by part b.

N—o0

n Un (% (1-Inn)
lim = lim n
% nN—o0 —

1
n2
= lim Yn(lnn-1) ==
n—oo
The limit is of the form 0°.
Let y=x*, thenlny=xInx.
In X

Iim XInXx= lim —

x—0" U

The limit is of the form —.

o0
1
. Inx . X .
lim —== lim Xl = lim —x=0
x—0" X x—=0" == x—0"
X
lim x* = lim e!"Y =1

x—0" x—0"

The limit is of the form 10, since

lim x* =1by part a.
x—0"

Let y=(x*)*, then Iny = xIn(x*).

lim xIn(x*)=0

x—0"
lim (xX*)* = lim ™Y =1
x—0" x—0%"

Note that 1° is not an indeterminate form.

The limit is of the form 0', since

lim x* =1 by part a.
x—0*

Let y= X(XX), then Iny = x* Inx

lim x*Inx = -
x—0"

lim x*) = fim eMY =0
x—0" x—0"

Note that 0 is not an indeterminate form.
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d. The limit is of the form 10, since

lim (x*)* =1by part b.

x—0"
Let y=((x*)*)%, then Iny = xIn((x*)).
lim xIn(x*)*)=0

x—0"
lim (X)) = lim e™Y =1
x—0" x—0"

Note that 1° is not an indeterminate form.

e. The limit is of the form 0°, since

lim (X(XX)) =0 by part c.

x—0"

)
Let y = x* "D then Iny= KO 1 x.
In X

X
lim xX*) Inx= lim
x—0"1 x—0"

<9

The limit is of the form —.

e e}
In X 1
lim = lim X -
x—0" —— x->0" 7X(XX){XX(ln x+1)In x+X—}
x(X7) X
(Y2
()
= lim 3
x—>0" X x(In X)* +x*xIn x + x*
p— 0 p—
1-0+1-0+1
2
Note: lim x(Inx)? = lim %
x—0" x—>0"
2]
= lim X = lim —2XInx=0

x>0t =5 x>0
X

x*)
lim x®) = fim MY =1

x—0" x—07"
43. ¥
20
1.5k
1ofF E—
0.5k
[ O O O I O
20 40 60 80 100
In X
ny=—%
X
. Inx . .
lim — =—o0, so lim x/* = lim e™Y =0
x—0t X x—0" x—0"

Instructor's Resource Manual

44,

1
lim — = lim X =0, so lim x!* = lim ™Y =1
X—o X x—0 1 X—>0 X—>00
1
<Inx
y_Xl/x ex

y' =0 whenx=e.
y is maximum at X = e since y’' >0 on (0, €) and

y' <0 on (e, o). Whenx=¢e, y=e!’¢.

a. The limit is of the form (1+1) =2%, which
is not an indeterminate form.

lim (1 +2X)/% =0
x—0"

b. The limit is of the form (1+1)"* =27,
which is not an indeterminate form.
lim (1* +25)% =0

Xx—0"

. The limit is of the form oo°.

Let y=(1%+2X)"% then

Iny :lln(lx +2%)
X

X X
fim Lin(1X +2%) = fim 20_*20)
Xx—o X X—0 X

The limit is of the form —. (Apply
o0

I’Hopital’s Rule twice.)
—1L_1*In1+2%n2
lim M: lim 1X+2X( § n2)

X—>00 X X—>0 1
X X 2
~ lim 2%In2 _ lim 2%(In2)
x>0 X4 2% x50 11X n1+2%1n2

lim (X + 2% = lim e™Y =2 =2
X—00 X—>00

=In2

d. The limit is of the form 10, since 1¥ =1 for

all x. This is not an indeterminate form.

lim (1% +2%)!/* =1
X—>—0
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The summation has the form of a Reimann sum
for f (X) =x* on the interval [0,1] using a
regular partition and evaluating the function at

. . I _ i
each right endpoint. Thus, AX; =—, X; =—, and
n n

Nk
f(%)= (Lj . Therefore,

n
1K +2K 4.4 nf N
lim—2 "0 qim Y~ —
nl_r)g) nkJr1 nl—g;n n
1
|
=I Xk = | L ke
0 k+1 o
1
k+1

—~ | —

1/t
n
46. Let y:(ZCixitJ , then Iny =
i=1

n
n ln(ZCixitJ
lim 1ln(20ixitJ = lim %

t-0"t g t—0*

n
The limit is of the form %, since » ¢ =1.

. 1 &
= llIIlJr n ZCiXi In X
t—0 ti=1
D Ci%i
i=1

1/t
47. a. lim (lzulstj =25 ~3.162
t—0* 2

1 4 1/t
b. lim (—2t+gstj =32.35* ~4.163

t—>0"
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n
In Ci Xit .
i=1

10

1/t
lim (%2%35‘) ~197.959 « 4562

02 04 06 08 1.0x

2
_ n-x .. 0
n?xe ™ =2 , so the limit is of the form — .
nx
e 0]
. 2 . 2nx
lim — = lim

nN—o enx N—o0 Xenx

This limit is of the form — .
o0

. 2nx . 2X
lim —— = lim
nN—oo Xenx Nn—oo XZEHX

=0

1 _ _ w1 2
j xe de=[—xe X_e X] =1-=
0 0 e
1 1
j4xe‘2xdx=[—2xe_zx—e_2’<} -2
0 0 2
1 1
J‘9xe‘3xdx=[—3xe‘3x—e‘3)‘} =l—i
0 0 e3
1 1
I16xe‘4xdx=[—4xe‘4x—e‘4x] =1—i
0 0 4

1 1
[ 25%e~ =[—5xe*5x—e*5x] _1-5
0 0 e

I;36e‘6xdx = [—6xe‘6x —e 0% I) =1 _el6

. 1 _
Guess: llmI n*xe ™dx =1
n—w*0

1 _ _ _
jonzxe ”de:[—nxe X _e ”XJ

nypop- il
n

e
. 1 _ . n+l1
hmj n?xe ™dx = lim | 1-——
N—o0 0 N—o0 en

—1— tim " if this last limit exists. The
n—ow e

0

=—(n+1)e”

. o8]
limit is of the form — .
(e 0]

. n+1 . 1
lim —= lim — =0, so
Nn—o0 en n—ow @

. 1 _
hmj n’xe ™dx =1.
n—a*0
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49. Note f(x) >0 on [0, o). IOO dx [ 1 T
25 3 X . =
lim f(x)= lim X_+X_+(Ej ~0 b 1000011 0.00001x0-00001
X—>o0 x—o| X X e 1 1
Therefore there is no absolute minimum. U (_ ().()()()01) - 0.00001 =100,000
f/(x) = (25x** +3x% + 2% In2)e >
o X 1 2.1%
03 4 4 209 8. j101+X2 dx =5[1n(1+x )]10
=(=x? +25x% =3 +3x? = 2X + 2% In2)e X L
Solve for x when f’(x) =0 . Using a numerical -® ) n|101| -
method, x = 25. The integral diverges.
A graph using a computer algebra system verifies "
that an absolute maximum occurs at about X = 25. o dx x0-00001
9. | = =0 -100,000 = 0
14099999 1 0.00001
1
8.3 Concepts Review The integral diverges.
1. converge 10 IOO X dx=|_ 1
o I 1+x%)? 2(1+x%) |,
2. lim | cosxdx
b—a0 0 —0_ (_lj _ l
4) 4
0 0
3. I_OO f (x)dx; Io f (x)dx .
11. j dx =[In(In X)J¥ = 00— 0 =0
4 p>1 e Xlnx
The integral diverges.
Problem Set 8.3 o In X 1 ? 1
12. —dX:[—(lnX)Z} =0——=0
In this section and the chapter review, it is understood Ie 2 e 2
The integral di .
that [g(X)]: means b1im[g(x)]i)1 and likewise for ¢ iiegral cverges
—0
1 1 1
similar expressions. 13. Letu=Inx, du= ;dX, dv=—dx,v= e
X
o In X blnx
® Xay _[ax1° _ 100 _ —dx=lim | —dx
1. 1ooe dx—[e ]100—00 e = .[2 x2 bﬁmj‘z X2
The integral diverges. | _Inx b T lim jb 1y
5 T b X |, bow 2 X2
Q_ISQZ_L -1 _():L ! 1P 2+l
0 4 3], 3(-125) 375 — lim [_“_X__} _n-o+
b—w X X 2 2
X e _ -1 _ l
3. L 2xe~ " dx = [—e l =0-(-e )= . 14, Loo e Xdx
1 u =X, du=dx
1 _aX _ aX
n j e4xdx=[1e4x} R dv=eXdx,v=—e
” e 4 * “xed =] —xe | +[“edx
-[1 - [7 J] * jl
o Xxdx 5 1”
5. | —=[\/1+x } =0 —+/82 =0 =[_xefx _e*XT —0-0-(el eh=2
? V1+ x> 9 1 ( )
The integral diverges. |
1 dx 1
»_dx x| 2 " L”z 33{42 32}
b T Jr 1 1
The integral diverges. T4 -0)= 2
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16. j 2/3 [3(7:—X)1/3I::oo+3\3/7r—4:oo

The 1ntegral diverges.

17. dx+j dx_[\/ﬂ}o +[ x2+9}:=(3oo)+(oo3)
x2+9 —o0

J.ww%dx J \/_

The integral diverges since both j \/_ ———dx and J. ———dx diverge.

Jﬁ

o dx 0 dx o dx
18. = +
I—°°(x2+16)2 I‘w(x2+l6)2 J (x* +16)*
J‘% = Ltan_1 X + + by using the substitution X =4 tan 6.
(x“+16)~ 128 4 32(x” +16)

0
0
e =°-H-EJ“’}=L
224162 | 128 4 32x2+16) | 1280 2 256

£ dx 1 1 X X
Jy = gt S FO-(0) ==
0 (x* +16) 128 4 32(x* +16) |, T128 256
J~oo dx n T n
- = =
~o(x2+16)> 256 256 128

0
o [ e[ s
X5 +2x+10 “®(X+1)*+9 “®(X+1)*+9 O (x+1)*+9
ltanfl XTH by using the substitution X + 1 =3 tan 6.

J.(x+1) +9 3
I

0
S S {1 -1 X+_1} =ltanll_l(_£j=l(n+2tanl 1]
_OO(X+1) +9 3 3 1e 3 330 2)06 3

1, ax+177 1(=n) 1. 41 1 1
j =|—tan —— | =—|—|-—tan —=—|n—-2tan  —
(x+1) +9 3 3 Jg 3\2) 3 3 6 3

20. 7 2 d X X4
) I—oo 2\x\ X= e72x X+ 0 e2x X
0
ForI —dx= j xe2Xdx, use u=x, du=dx, dv=e>*dx,v = 1ezx.
0 g~ 2X 2
0 o (1o " 100 o 1o 1 57 1 1
j xe dx:[—xe } ——j e dx:[—xe —-—e€ } =0-——(0)=——
o 2 L 23 2 e 4 4
For Jm dx = J' xe 2Xdx, use u=x, du=dx, dv=e 2*dx,v=— 1e’zx.
0 e2 2
o0 0
Jm xe ¥ dx ={—lxezx} +ljwe’zxdx =[—lxezx —lezx} =0—(0—1] 1
0 2 o 29 2 4 0 4) 4
IOO %dx=—l+l=0
—ooe ‘X‘ 4 4
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21. _EOOOSCCh xdx = J.io sech xdx = L:O sech xdx

= [tan"" (sinh x)1°, +[tan ! (sinh X)I

22. LOOCSCh xdx=.[1°O ! dx=J'OO 2 dx

sinh X 1 eX _pg7X

X
= 22e dx
I esX 1

Let u=¢e*, du=e*dx.

X
j 2 dx = 2 du= (L—L du

1 g2X e u2 1 e
o0
= [In(u—1)— In(U+ D = {m”—_l}
u-+

= 0—1ne—_i: 0.7719

e+
lim lnE: 0 since lim E =1
b—w b+l bowb+1

23. L:O e X cosxdx = [LX (sin X —cos X)}
2e 0

1 1
=0-—(0-1)=—=
2( ) 2

(Use Formula 68 witha=-1andb=1.)

24, I"Oe—x sin xdx = {—L(cos X +sin X)}

0 2e* 0
1 1
=0+—-(1+0)=—
2( ) 2

(Use Formula 67 witha=-1andb=1.)

30. FP= L:O e %%8100,000 +1000t)dt

25.

217.

28.

29.

The area is given by
Pt st

L gx% —1 I \2x-1 2x+1

2x -1
2x+1

1 1
= E[1n|2x—1| —n[2x+1[]" = E[m

=l 0—1n(lj =lln3
2 3 2

|

Note:. lim In = 2x-1 =0 since
X—>0 2X+1

lim (2’(_1):1

x—oo\ 2X+1

The area is

[ .

1 X2+X FAix x+1

~[inlx- e+ 1T :[m .

The integral would take the form

0 1 o0
k 3960;dx =[kIn x]3960 =

which would make it impossible to send anything
out of the earth's gravitational field.

Atx=1080 mi, F =165, so

k =165(1080)% ~1.925x10% . So the work done
in mi-lb is

o0
1.925x10°8[7 idx:1.925x108[—x_1}
1080 2 1080
8
_ 1925107 ) 2654105 mi-lb.
1080

FP = j(;” e f(t)dt = j(:°100,000e‘°-°St

= [—Lloo, 000e‘°-°8t} = 1,250,000
0.08 0
The present value is $1,250,000.

o0
_ [—1,250, 000e 098t _ 12 500te=0-8t _ 156, 250008t }0 = 1,406,250

The present value is $1,406,250.

3L
a

B 1 b 1 B
_0+—b_a[x]a+0 ——b_a(b a)

Instructor's Resource Manual

f; f(X)dXZIj)OOdX+J.:b%dX+ SOde

Section 8.3 491

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



_(b+a)b-a)
~ 2(b-a)
_a+b

==
o’ = Ii(x—y)z dx

_ra 2 b 2 1 © 2
_j_w(x—y) -0dx+ja(x—u) de +jb (X—p)~-0dx

=0+L[(X_ﬂ)3]b +0

b-a 3

1 (b-n)’~(a-u)’

b-a 3
1 b -3b%u+3bu? —a’ +3au—3au’
b-a 3
Next, substitute = (a+b)/2 to obtain
> 1 13 3p24 . 3ma2 1.3
o _3(b—a)[4b 4b a+4ba 4aJ
1 3
= -a
12(b—a)( )
_(b-a)’
12

P(X <2)=[" f(x)dx
=° 0dx+J'2de
oo 0100

2

10

1
5

Tr 7 oodk= [ odke [PL(2) e gy

In the second integral, let u = (x/ H)ﬁ . Then,

du=(B/6)t/6)’'dt. When x=0,u=0 and when
X —>oo,u — o0 . Thus,

[ oo Bls) e o

:.[goe_“ du =[—e‘”J: =—0+e’ =1
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- . p-1
ﬂ=J‘7 Xf(X)dX=J.i) X~0dx+_.'0 gx(gj e~ X790 4y
=%Iw x2e 0 g3 7
370 2

RN o N N
2 2 2
c.  The probability of being less than 2 is

[2 foode =jio0dx+_[02§(%)ﬂ_l 0V 4 :0+[_e—(x/9)ﬁ}

o? :r;(x—,u)2 f(x)dx :jio(x—y)2 ~0dx+§j§o(x—y)2xe‘(x2/9) dx

2

0
2
_1-e 0P o137 (359
33.

//-.\

u
1+
F/(x) = X—u e—(x—,u)2/20'2
o N2n
2
£7(x) = — 31 e—(X—y)2/20'2+(X5_,u) o) /207
o N2 o 21

_ (X—ﬂ)z_ 1 e—(x—y)2/20'2:
oan P\2n

1 2 20 (x-p)?/20?
[(x=p) =¥
o> \2n
f"(x) =0 when (X— 1)*> =% so X = u+o and the distance from x to each inflection point is o.
k 0
3. a [” toodc= [T gx-cm* {_Lk} :cmk[m%jzg Thus, & =1 when C =k
- M- xk+ kx* Iu kM k k

b [ 00a = 1 K™ i i * 17 L g — kv* i [° L
. y_LDx(x) X_IMXXk+1 X = J.Mx_k X = m MK X

b—oo X
This integral converges when k > 1.

b
When k> 1, u=kM¥ | lim | -————— | |=km*| 04— _ kv
b—eo|  (k—D1)X“" |, k-DM* ] k-1

The mean is finite only when k > 1.
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c. Since the mean is finite only when k > 1, the variance is only defined when k > 1.

2 k 202
0 0 kM kM 0 2kM k“M 1
Gz:jiw(x_lu)zf(x)dx:.l.M (X——) WdX:kMkJ.M [Xz— X+ J K+
X

k-1) x k=1 (k-1)%
2p g k+1 3pg k+2
—kMkJ‘ 2|(M J'OOL X+kM o 1

The first 1ntegral converges only when k— 1 > 1 or k> 2. The second integral converges only when k> 1,
which is taken care of by requiring k > 2.

o2 k| ! ” 2k " +k3Mk*2[_LT
(k-2x* 2], k-1 k-Dx ], k-D* Lk Iy

=kMX| -0+ ! 72k2Mk+1 -0+ ! +k3Mk+2(O+ ! j
(k—2)MK-2 k-1 k-DM T (k12 km

kM2 2k*M2  k2Mm?2
= - +
k=2 k-1? (k-1?

—kMm?2 o k — kM2 k? -2k +1-k?+2k _ kM 2
k=2 (k-1 (k- 2)(k - 1)? (k —2)(k — 1)

35. We use the results from problem 34: dx
36. u=Ar[" 373

a(r +x)

a. To have a probability density function (34 a.)

— I - — 0
Wenekel\jC—k,soC 3. Also, A X A . a
M= 1 (34 b.) and since, in our problem, M Jr2 4 x2 . r r21a2
#=20,000 and k =3, we have Note that J- dx S by using
20000 = 2 M I\/|_4x104 (r? +x%) r2r? 4+ %2

T or V= 3 the substitution X = rtan .
2 o 0o . o
b. By34c, ot = kM _ that 37. a. j_w sinxdx = J.—oo s1nxdx+.|.0 sin x dx
(k=2)k-1)

e 0
2 . _alir;o[ COSX]O+a1—1>moo[ cosx]a
2 §[4><10 J 4x10

Both do not converge since —cos X is

4 3 3 oscillating between —1 and 1, so the integral
diverges.
@ 4x10 . t 3
c. Lo5 fOOdx —( 3 J tlgg 105X_4dx_ b. alixzoj' szdX—algIgO[ cos X%,
) Ax10* 3 . 1 t = a11_r)r(1)o[—cosa—i-cos(—a)]
t—o| x> ]S = lim[-cosa+cosa] = lim 0=0
a—»o a—o
4x10* ) 11 64
20 dim [———} = 38. a. The total mass of the wire is
3 t>o| 1085 3] 27x10° w 1 .
~0.0004 .[0 . dx == from Example 4.

Thus %5 of one percent earn over

b. [ X dx:Bln‘nxzu which
0

$100,000. 0 1442
diverges. Thus, the wire does not have a
center of mass.
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39. For example, the region under the curve y = 1 {n’ n+ L} and | n+1 _;’ n+1
, X 2n? 2(n+1)?
to the right of X = 1.

Rotated about the x-axis the volume is will never overlap since 1.1 and
5 S

1 . 2
T I * __dx = . Rotated about the y-axis, the n
12 1
2An+1% 8
The graph of f consists of a series of isosceles
triangles, each of height 1, vertices at

volume is 27 I lw X 1 dx which diverges.
X

40. a. Suppose lim f(x)=M =0, so the limit 1 1
X—>%0 n-—-— (n, 1), and —2,0
exists but is non-zero. Since lim f(X)=M,
X—00 based on the x-axis, and centered over each
there is some N > 0 such that when X > N, integer N.
| F(X)—M | < %’ or Xh_r)r;O f(x) does not exist, since f(x) will be 1
M M at each integer, but 0 between the triangles.
M-——<f(X)<M+— Each triangle has area
2 2
. . . 1 1 1 1
Since f(X) is nonnegative, M > 0, thus —bh==|n+—-—|n——=[|(D)
2 2 2n? 2n?
—>0 and _1(1]_ |
© N 0 “ola2 ) 2
Io f (x)dx = Jo f (x)dx+jN f (x)dx 2\n n
- J'OO f(X)dx is the area in all of the triangles,
> Nf(x)dx+Idex—INf(x)dx+ Mx = 0
- J.o N 2 Jdo 2 Iy - thus
o0 o0
so the integral diverges. Thus, if the limit “F (x)dx = 1 _ I 1
exists, it must be 0. -[0 ) z n2 2 Z:: 2
o0
b. For example, let f(X) be given by l+l Z L 1 l'[ de
2 3 1 2 2 n=2 n2 2 24 )(2
2n°x—-2n" +1 ifn——23xsn -
2n 1o1f 1] 11
1 =—+—|——| =—+—(0+]=1
f(x)={-2n’x+2n° +1 ifn<x<n+— 2 20 x4 202
2n
0 otherwise (By viewing Z Lz as a lower Riemann sum
n=2N
for every positive integer Nn. for Lz )
X
f(n%}=2n (n—2J2n3+1 o
2n 2n Thus, -[0 f(xX)dx converges, although
=20’ ~1-2n* +1=0 lim f(x) does not exist.
f(n)=2n>(n)-2n’ +1=1 X
lim f(n)= lim (.2n*x+2n3 +1)=1= f(n)
x—n" x—n*
1 ) 1 3
f n+— =-2n n+— +2n° +1
2n 2n
=2n’—1+2n+1=0
Thus, f is continuous at
n —%, n, and n+%.
2n 2n
Note that the intervals
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100 Problem Set 8.4
a1, jlooidx{—l} ~0.99

X1
3 dx [ 3(x—1)?3
fmo Lo { ! TOO 3.69 L L(szhm{%
=l -——F| =3 X— >l
1l 0.1x% |, . b
3 . 3(b-1 3 3
100 1 ;7 f #i__o:}_
[ ord |- ——ger| =450 o 2 W W
Lox 0.01x"" |
100 3
) ld =[Inx]1% =100 ~ 4.61 ) I3 &x {_ 3 }
100 1 X
L 0.99 dx:{om:l ~471 el i lim— 3
X T P2 o (x—n' 32
0 1 | L0 The integral diverges.
2 "Lt x]]
n 10 10
w1+ x“) 3 J~ dx ~ lim [2 (—J
LATUL oo 3 Ux=3 post
n ' =27 - lim 2b b-3=2J7
50 50 b—3
j ;dX:l[tan_1 XJ
n(l+Xx7) T 0 o dx
4 = lim | -2+/9
1:5508 _ 0.494 IO V9 -x b—>9’[ }
100“ | | 100 = lim -2J9-b+2v9 =6
j —dX :—[tan_l X:| b—9
O m1+x%) n 0
1 dx ) . 1.
15608 oo 5. = lim [sin”" x|
~T~ . l—X2 b—1" 0
= lim sin”'b—sin~' 0 :gfoi
43. jo rexp( ~0.5x%)dx ~ 0.3413 b1
b
exp(~0.5x2)dx ~ 0.4772 6. [° X dx= lim [JHXZ}
J.O 2T leO / 2 b—w 100
2
exp(-0.5%%)dx ~ 0.4987 _ ,/ 2 _
J.O\/% blf;o 1+b* +4/10,00
4 .
I 1 exp(fO.sz)dXzO.SOOO The integral diverges.
0 2n .
3
7. —dX— lim —dX+ lim | —dx
'Ll X b o*j b—>0* "0 X3
_ b 3
8.4 Concepts Review ~ lim {_L} + lim {_L}
b0 | 2x> 1, boot| 2x°
1. unbounded
2. 2 ( lim —%+ 1j+(—i+ lim sz
b0~ 2b- 2 18 b0t 2b
3. lim —dx _ 1 1
b—>47J‘ \/_X —[—OO‘FEJ"F[—g-FOO)
4. p<l1 The integral diverges.
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5 I 128 _5/7
8. 5 de_blgg* 5 dx+bhr(r)1ﬂ[b x2/3 9. .[71 X dx
b -5/7 8 —5/7
- lim [3)(1/3} + lim [3)(1/3} bhrglj X dx+b1_1)r:)1+J'b X dx
b0t 5 po0" b b 128
= lim 3b'3 -33/5+33-5— lim 3b"/3 - lim [me} + lim [me}
b—0" b—0" b—0~ 1 b—0" b
=0-335+33/5-0=33-5-3Y5=-635
Is5+395 V=5 =395 =¥ = 1im L0¥7 L7+ L028)27 — lim Lp2/7
b—0~ 2 2 2 b0+ 2
=0_1+1(4)_0=2
22 2
10. —dX lim dx
j «I b—1" I \/
= lim[ Z(-x )2/3}
b—1 4 0
= lim —3(1—b2)2/3+3=—0+3_§
b~ 4 4 4 4
4 dx b dx dx 1 2/3 ° 1 2/3 ¥
11.[0—1/3= lim jo—m+ lim jb—m= lim {——(2—3x) } + lim [——(2—3x) }
(2-3%) 2-30"7 2P -3yl 2 0 b2l 2 b
= lim —1(2—3b)2/3+l(2)2/3—l(—10)2/3+ lim 1(2—3b)2/3
ba%7 2 2 2 bﬁ{rz

1 1 1
—0+4023 L1123 oL 23 10273
2 2 2

b
X dx= lim [——(16 2X )1/3} = lim __(16 2h2)1/3 3( 3(

12 [ X
I 16-2x3)3 " p N
4 b
13 [ %dx: lim %dm hm N de
0 16-2x b3 "0 16 —2x b 16-2x2
b —4
= lim [—m‘m 2% H + lim {—111‘16 2% H
bo>8" 0 b8~ b
, ] o 1 1 5
— lim ——1nll6-2b ‘+—ln16f—lnl6+ lim —ln1672b‘
b—>—8" 4 4 b3 4

= |:—(—oo) +%lnl6} +[—%lnl6+ (—oo):l

The integral diverges.

300X L f z}b L fo n2 _
14, —dx=1 -9 - = lim —v9-b 9=3
'[0 Vo —x? " bin;‘[ " 0 b;n;‘ +9

b
S1dx 3 3 3
15, [ ————= lim |[—————| = lim — = (~0)—3
® (x+1)*3 b—>—1_|: (x+1)”3}2 b>-1- (b+1)!'3 (1)“3

The integral diverges.
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16. Note that I 5 I o = I [ P }dx by using a partial fraction decomposition.

X“+x-2 (X—l)(X+2) 3(X—1) 3(x+2)
3 b
j #: lim -+ hm‘[ -
0x24x-2 bol "0x2+x-2 bor*Px?+x-2
| | b | | 3
= lim [—ln|x—l|——ln|x+2|} + lim [—ln|x—1|——ln|x+2|}
b—1"L3 3 0 bo1tl3 3 b
b 3
= lim lln x-1 + lim lln x-1 = lim —ln b-1 flln1+—lngf lim —ln b-1
bl L3 Ix+2[]; bort[3 [x+2l]y bor 3 [b+2] 32 35 py+3 |b+2
[ 1 1) 1. 2 j
=|-—o—=In— [+| =In—+0
3 2 3 5
The integral diverges.
17. Note that 3 = ! 5 ! + !
x> =X —x+1 2(x—1) 4(x=1)  4(x+1)
3 dx b
——— = lim —+ lim
jox3—x2—x+1 bl "0 x> —x%Z —x+1 b—>1*'[b : x2—x+
1 b | ¥
= lim [— ——1n|x 1|+—1n|x+l|} + lim {— ——1n|x 1|+ —1n|x+l|}
b1 | 2(x-1) 4 b1t 2(x-1) 4 b

lim L, L[t (——+oj lim |ty tma RN LR |
bt | L 2(b— 1) 4 |b 1| bort| 4 4 2(b— 1) 4 |b 1
:(oo+oolj+(l+—ln2+ooooj

2 4 4

The integral diverges.

1/3
X 1 9
18. Note that = + .
23 g X3 13,273 _gy
27 X3 3 27 b 3 27 27
[ 5—dx=lim [—x2/3+—ln‘x2/3—9u = lim (—b2/3+—ln‘b2/3—9D—[0+—ln9)
0 x*3_9 b—27" 2 b—>27" 2 2
:2—7— —21n9
2
The integral diverges.
n/4 1 b
19. j tan2xdx = lim [——1n|cos2x|} 20. ,[ CSCXdX_ hm [ln|cscx COtXHb
0 [ 2 0
4 ln|1 0|f hm 1n|cscb cotb|
b—0™
= lim ——1n|cos2b| —lnl =—(—0)+0
) P 1—cosb
b—T =0- lim In|—
S b0t | sinb
The integral diverges. 1—cosb 0
lim —> i3 of the form —
b—0* sin 0
. 1—cosh . sinb 0
lim - = lim =_=
b—so™ sinb b—sot cosh 1
Thus, lim In 17_COSb =—oo and the integral
b—s0t sinb
diverges.
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/2 si _
21. jﬁ SmX dx = lim [1n|1 cos XHR/Z 25. Since I-cosx :Sinzﬁ,
0 l-cosx b—s0* b 2 2
=Inl- lim In|l-cosh|=0-(-x) 1 __1. 2%
X bﬁ01+d cosx—1 2 2
The int .
e integral diverges © dx . L
A IO o x 1: hm+ COtE
/2 T -1 b0 b
2. [ dx= tim Fsm” 3 x} n 0
sin X b—0" L2 b =cot—— lim cot—=0-o
3 .02/3 3 .2/3 3 b—0*
= 5(1) —5(0) =3 The integral diverges.
b -1 dx . b
/2 26. ————== lim | 2/In(-Xx
23. L;E tan® xsec” X dx = lim [% tan’ X} '[*3 X4/In(=X) b—)—l’[ ( )]—3
n 0
b3 — lim 2In(b) —2v/In3 = 0—2/In3
1 b—-1"
= lim gtan b——(O) ~ 2Jm3
b*)i
The integral diverges. 3 eX In3
27. [ X _ fim [ e* —1}
2 b X _ b—0™ b
24 J-r:/4 sec” X dx = Tim | — 1
S0 (tanx—1) | tanx—1 =2\/3—1— lim 2veP —1=2v2-0=22
b7 0 b—0"
Clime—
bﬁ%f tanb—-1 0-1
The integral diverges.
\/ 2 _ 2 _ 152 2 .
28. Note that V4X—x~ = \/4—(x —4x+4) = \/2 —(x—=2)". (by completing the square)
b
b _ _
I = lim J. d—X = lim [sin_lx—z} = lim sin”! b 2—sin_IO L) W
\4x _x2 b4 2 VaAx—x2 b4 2 b4 2 2 2
e dx
29. I = lim [ln(ln x)]g =In(lne) - lim In(lnb)=In1-1n0=0+o
IxInx  poyr* b—1"
The integral diverges.
10
10 dx 1 1
30. —=lm|-————| =———+ lim = +©
L x1n'% x b—)l’{ 991n”’ xl, 9910°°10 b>1*991°b 9910?10
The integral diverges.
4
31. j X gim [m X+ x> —4c H ln (4+2f)c]— lim Infb++b? —4c?
2 \[XZ _402 b—2ct b—2c*
zln[(4+2\/§)c]—ln2c = In(2++/3)
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2

2 J~20 xd

X dx c 2¢ dx
[2 2
x? +xc-2¢? ,[ x+$ 1[ I 1/(x+%) -9¢?

= lim {\/xz +xc—2c2 —Eln x+£+\/x2 +xc—2¢? }
b—ct 2 2 b
2|~ im {\/b2+bc—202 —gln }

b—c™

c, |5¢c

4¢? _Eln — ++4cC

b+§+\/b2 +bc—2¢?

_2c—31n9—c— o-—1 3¢ 0l =26-Sn 204 Cin3C 2 Cin3
2 2 2 2 2 2 2
1 . . 1 1
33. ForO0<c<1, ——— is continuous. Let u= ,du=- dx .
Ix(1+%) 1+Xx (1+x)°
1
dv=—dx,v=2\/§.
NN
I 2f J-l Jxdx 2 24c I1 N 2[ I1 xdx
c\/§(1+x) 1+x ] e (14 x)? "2 Tic C+x)? e ©(1+x)>
1 1 1
Thus, lim [ ————dx = lim e, +2 xax |y 2f /xax
c—>07C /X (1+X) c>o0|  1+c ¢ (1+x)? 0 (1+x)?

This last integral is a proper integral.

1

1
34, Letu= ,du=————dx
VI+X 2(1+x)*"?
1
dv=—dx,v=2«/§.
Jx
1
For0<c<1, dx | 2Vx +J’1 Vx dxzz_*ﬁ_ 2yc +J‘1 Vx
C\/X(1+X) J1+x . C(1+X)3/2 2 Ji+c C(1+X)3/2
dx . e 1 Wx
Thus, = lim \/5— + \/7 0+ X
IO\/x(l+x c—>0J. C X1+ x) CHO{ V1+c '[C(1+x)3/2 } J‘0(1+x)3/2

This is a proper integral.

dx + f = lim [—\/ﬁ T+ lim [—ﬂ T

35 j3 =
3o x2 3 Jo_x2 0 Jo_x2 b—-3* b b3 0
=9+ lim V9-b% - lim V9-b> +/9=-3+0-0+3=0
b—-3" b3~
0 b
3 0
3. [ dex [ 2olx dex= lim [—lln‘9—xzu + lim {—lln‘9—xzu
39-x 39-x 09_x b—3" b b3~ 0
= _In3+ lim —ln‘9 bz‘— lim lln‘9—b2‘+ln3 — (~In3-o0) + (w0 +1n3)
b——3* 2 b3~ 2
The integral diverges.
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0 b
0 4
37. j ! St ! Sdx= lim X+4} + lim [1111 X+4]
“4l6-x2 416-x 016-x b4 X=4l]y boa |8 [x-4[]
L gim L PEH G dim L2 L= 04 w0) 4 (0-0)
b—s—4* b—4| p4 8 4| 8

The integral diverges.

38, J-l 1 dx :J~—1/2 1 dx+_[0 1 1/2 1 J-l 1 dx
“Tx-In|x| 1 x-In|x| ‘1/2x,/—1n|x| xJ In|x Y2 x/~In|x|
) -2 b ) 1/2 ) b
=b£r_nl+[—2 —1n|x|]b +b1£3_[—2 —1n|x|L/2+ lm B —ln|x|Jb +b11311_[—2 —ln|x|]1/2
=(-2+In2 +0) + (=00 +24/In2) + (-2+/In 2 + 00) + (0+ 2+/In 2)
The integral diverges.
_ Vo273 o 1737 _
39. Io xp j—dx+ —dx jox dx_bl_1>r51+[3x Jb_3

1
1 _ .
——x P } diverges
p+1 0

= |:—1 X p+1 i|oo
-p+l1 |

diverges since lim x P = oo
X—00

Ifp>1, I —d —{

since lim x P =0,
x—0"

Ifp<1andp#0, L°° ipdx
X

Ifp=0, j(;” dx = oo .

44,

1 1
b. V :njox_4/3dX: lim n[—3x_1/3Jb

b—0"

= 3n+3nlimb /3
b—0

The limit tends to infinity as b — 0, so the
volume is infinite.

SinceInx<0forO0<x<1,b>1

j Inxdx = lim j 1nxdx+_[ In x dx

c—>0"

1 © = lim [XInX—X]| +[XInx—X
If p=1, both .[0 ldX and J.l ldX diverge. 0+[ ] [ ]1
X X =—1— lim (clnc—c)+blnb-b+1
c—0"
- =blnb-b
40. jo f (x)dx n

b c b
= lim | f()dx+ lim | f(x)dx+ lim | f(x)dx
b1~ '[0 b—1* '[b b0 IC

Thus,bInb—-b=0whenb=¢e.

1sin X
where 1<¢ < oo, 45, I —dX is not an improper integral since
sin X
3 b is bounded in the interval 0 <x < 1.
a1, [ (x-82dx = lim [3(x—8)”3}
0 b—8~ 0
=3(0)-3(-2)=6
©)=3¢2) 46. Forx>1, 4<1so 2 ! 4<i4
1+X XT(1+x7) X
42. I (—— jdx . b |
x> +x —dx=lim|-——| =-lim —+—=
1 1 Iy b—wo| 3x b—c0 3b3 3
= lim I dx = lim [—ln‘x2+lﬂ 11
b0 "P x> +1 b—0"L2 b Ot—=—
3 3
:—1n2— lim —ln‘b2+1‘ —ln2 1
b—0" Thus, by the Comparison Test J —dx
X (1+x )
converges.
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2 2 a
> > Xt <—
A7, Forxz1l, x*2X so —x" <, thus 51. a. From Example 2 of Section 8.2, lim X _ 0
e—x2 <X X—© g
B | for a any positive real number.
o0
e Xdx = lim[-e X =— lim —+e”! ooy N
1 b—o0 b—ow @ Thus lim =0 for any positive real
1 1 X—© @
=0+—=— number N, hence there is a number M such
e e n+1
) .
Thus, by the Comparison Test, LOO e X dx that 0 < X <1 forx=M. Divide the
converges. n-1
inequality by x? to get that 0 < X < LZ
. e X
48. Since VX+2-1<+/X+2 we know that for x> M.
! ! . Consider I 1 dx
Jx+2-1 \/x+ 0 Jx+2 o 1 1P 11
o1 b. | —2dx—lim{ —} = lim —+-
I —dX— hmI I x b X b—w b
2 x+2 b—w \/x+ = 0+1=1
= lim I:Z\/X+ :| = llm 2(\/b+2—2) =0 J.OO xn_le_xdx:J.M xn_le_xdx_kv‘-Do x"la=Xdx
b—a0 b—o0 1 1 M

. < M n-1 7Xd w 1 d
Thus, by the Comparison Test of Problem 46, we —,[1 X € X+L x_2 X

o 1
e i M
conclude that J.o Nrrs) dx diverges. . J-l «la—X g
by part a and Problem 46. The remaining

: 2 2
>
49. Since X~ In(x+1)> x~, we know that integral is finite, so J-loo Lo Xy
0
2; < Lz _ Since J'Ooiz dx = [_l} =1 converges.
x“In(x+1)  x I x il
we can apply the Comparison Test of Problem 46 52. J.lefxdx = [_e*X T — e l41=1 _l’ 5o the
0 0 €
© 1
to conclude that 1 mdx converges. integral converges whenn=1. For 0 <x <,
0<x" <1 forn>1. Thus,
< < . n-1
50. IfO SIE g.(x) on [a, b] and either L 1l <eX By the comparison test
hm f(x)= hm g(x) = or X
1
hn}J f(x)= hm g(x) = o, then the convergence from Problem 50, -[0 x"le ™ dx converges.
X—>
of | g(X)dx implies the convergence of -
ja 53. a. I'(l)= L:O xe Xdx = [—e‘x Jo =1

b b
Ia f (x)dx and the divergence of Ia f (x)dx
b b. F(n+1)=ij”e‘xdx
implies the divergence of Ja g(x)dx. 0
Let u=x",dv=e"dx,
du = nx"ldx,v = —e ¥,
r(n+1)=[-x"e™ 1§ + Igo nx" e *dx
_ P on-1,~Xqv _
_0+njo X' e 7dx =nI'(n)

c. From parts a and b,
ry=1,r)=1-rq=1,
re)=2-r2)=2-1=21.

Suppose I'(n) =(n—-1)!, then by part b,
I'(n+)=nl(n)=n[(n=1)!]=n!.
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54. n=1, jfe*xdxﬂ:oz:(l—l)!
n=2, jfxe*xdx:1:1!=(2—1)!
n=3, j;oxze‘xdx=2=2!:(3—1)!
n=4, j;°x3efxdx=6=3!=(4—1)!

n=s, j(:ox4e‘xdx=24=4!=(5—1)!

55. a. Jio f(x)dx=j(:OCx“’1e’ﬁxdx

y 1
Lety= /X, s0 x== and dx=—dy.
B B

a-1
P A~ya—1—Bxqy _ [* l —yl _L O a-1.~Y 4, —a
.[0 Cx“e dx_jo C[ﬂj e ﬂdy = .[o y“ e ldy=Cp “I'(«)

o

o 1 B
CA T(a)=1whenC=———= _
pTie) =Twhen L T(a) T'(a)

b. u=[" xi dx= [“x Ly te Prgx = L Pxg
. y_iwx(x)x—joxr x“ e X =—— _[xe X

(@) [(a)”0

Lety = X, so X:%and dX:%dy.

Sl ') R I B AW B N

g F(a)jo{ﬂJ Y Y O O
(Recall that I'(a¢+ 1) = ol (@) for > 0.)

a 2 ﬁa ﬂ 2
2 0 2 o0 a—1.—BXx a-1,-pX
c. o =j_oo(x—y) f(x)dx=J'O [x—zj Ta)x e ﬂdX_F(a)I [ ﬁsz e PXdx
j x“He Py 2 ﬂ j x* ﬁxdx+ﬂ X% le =P dx
F(a) () Y0

In all three integrals, let y = X, so X = % and dx = %dy .

a a+l a-1 a 2 pa-2 a-1
2_ B Y vyl 2087 (Y| vy @B (Y -y L
=@ (ﬂj Ak e (ﬂ) YTk (ﬁ] T

1 a+1 7yd 20{ © 7yd (24 © a1 7yd
E r(oe)j C Y ) Jy ve P Jy ey
a? 1 a?
=— INa+2)- 3 MNa+)+ 3 INea) = 3 (a+Dad () - 3 0(1“(0()+—2
B T(a) pT(a) pT(x) A T(a) A T(x) it
_a2+a 20 o o«
A
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56. a.  L{t?(s)= j(;”t“e*“dt

Let tzﬁ,so dt:ldx, then

s s
a

.[oot”‘e’Stdt:_[oO X e’xl X=IwLx“e’xdx=M.

0 0 0 gatl

S S SOH—]

If s<0, t% ! Swast— o, so the integral does not converge. Thus, the transform is defined only when
s>0.

b. L{eat}(s) — J‘weate—stdt — Iwe(a—s)tdt - {Le(a—s)t} _ 1 [ lim e(a—s)b _1}
0 0 0 a—S

a—S b—w
) (@—s)b o ifa>s
lim e =
b—ow 0 ifs>a
-1 1 .
Thus, L{eo‘t }(s) =——=—— when s> a. (When s < &, the integral does not converge.)
a—S S—o

. Lisin(at)}(s)= L‘)’O sin(at)eStdt
Let | = I(:o sin(at)e_Stdt and use integration by parts with u = sin(a t), du = « cos(a t)dt,

_ 1 _
dv=e"Sdt,andv =——e".
s

Then | =[—lsin(at)e5t} +ﬁj°ocos(at)e*5tdt
s o 70

Use integration by parts on this integral with

u = cos(at), du =—a sin(at)dt, dv = e Sdt,and v = ! e S,
s

I:[lsin(at)e“} +g{[lcos(at)esﬁ gJ.Oosin(oct)eStdtJ
S 0o S S o 70

© 2
= _l[e_St (sin(at) +Zcos(at)ﬂ _a_2|
S S

0 S
Thus,

3 o0
| {1 + 0‘_2] = l{e“ (Sin(at) + gCOS((%I)H
s S S 0

I = - e ™ [sin(at) +gcos(at)j 5 lim e~ (Sin(ab) +gc0s(ab)j e

s(l +o 0o ST+a”[bow
S2
0 ifs>0
lim e P (sin(ab) +3cos(ab)j = { :
b—w S oo ifs<0
Thus, | = when s > 0.
S“+a
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57. a. The integral is the area between the curve 58. ForO<x<1. xP>x9 so 2xP > xP +x9 and

yzzl—_x and the x-axis from X =0 to x =1. 1 S 1 CForl1<x x4 >xP so
. X . xP x4 2xP
2 _ 12X 2 vy _
yo==% 1= x(y"+D =1 2x% > xP +x% and 1
. xP x4 2x4
X= 2 j dx = I ;dx
Ox'°+xq x'°+xq I xP 4 x4
As X0,y = / _) %, while B?th olf these 1nte1gralls must converge
I dx > J. dx=— —dx which
OxP 4+ x4 02xP 2°0xP
whenx=1, y = T =0, thus the area is converges if and only if p < 1.
® 1 o ] 1
@ dx>| —dx=— —dX which
jo y2+ldY—b11_I)130[tan y1o .[1 <P 4 xa 1 5yd 201 a
converges if and only if @ > 1. Thus, 0 <p <1
= lim tan 'b—tan'0=" and 1 <q.
b—w 2
b. The integral is the area between the curve 8.5 Chapter Review
2 1+X .
=—- he x- from x = -1
X and the x-axis from to Concepts Test
x=1.
14X 1. True: See Example 2 of Section 8.2.
2oyt oyt =Ly 1= Xy 1
T1-x 2. True: Use I'Hopital's Rule.
2
x= Y 1 4
yz 41 3 False: lim 1000x™ +1000 _ 1000 —10°
v x> 0.001x*+1  0.001
When x=-1, y= f e \/7 0, while
1= 4. False: lim xe™"/* = oo since e/* -1 and
X—>0
as X—>Ly= l—x_> X—>00 as X —> 0.
The area in question is the area to the right of 5. False: For example, if f(x) = x and
the curve y = ‘[T—X and to the left of the g(x)=e*,
—X
. X
line X = 1. Thus, the area is lim —=0.
2 1 ) X—0 ex
[ v Ll vt :
0 yZ +1 0 y241 6. False: See Example 7 of Section 8.2.
— lim [2 tan! bi 7. True: Take the inner limit first.
b—w
. 8. True: Raising a small number to a large
lim 2tan"'b—2tan"' 0= 2[—) =T exponent results in an even smaller
b—co 2 number.
9. True: Since lim f(x)=-1#0, itserves
X—a
only to affect the sign of the limit of
the product.
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10. False: Consider f(x)=(x- a)2 and 17. False: Consider f(x)= 3x% +x+1 and

g(x) = , then lim f(x)=0 g(x) = 453 +2x+3; f'(X)=6x+1
(x-a)° e g'(x) =12x> +2, and so
and lim g(x) =oco, while /
x—>a fim + O gy SXFL 1 e
lim[ f (x)g(x)]=1. x=0g'(X) x5012x2+2 2
X—a

, 2 FO _ . 3 +x+1 1
11. False: Consider f(x)=3x" and lim ——= — =3
5 x>0 9(X)  x>04x3 42x+3 3
g(X) = x“ +1, then

f(x) . 32 18. False: p > 1. See Example 4 of Section 8.4.

lim
xoo §(X)  x—>w x2 +1 OO
19. True: I —d —J —dx+ . —dX
= lim 3, but xP
X—)OOl‘f’f2
X

lim [ f (x)-39(X)]

Io—pdx diverges for p>1 and

— <
= lim [3)(2 _3(X2 +1)] I dX diverges forp < 1.

X—>00
= lim[-3]=-3 w1
X— 20. False: Consider '[ —dx.
0 x+1
12. True: As x> a, f(X) > 2 while
0 0 0
L 21. True: LD f (x)dx = j_w f (x)dx + jo f (x)dx
|g(X)| If f is an even function, then
) f(—x) = f(x) so
13. True: See Example 7 of Section 8.2. 0 .
J‘,w f (x)dx :Io f (x)dx.
14. True: Let y=[1+ f(x]" 109, then Thus, both integrals making up
Iny= In[1+ f(X)]. J‘io f (x)dx converge so their sum
converges.
lim ——In[1+ f (x)] = lim S T O] '
x—a f(X) x—»a  f(X) 22. False: See Problem 37 of Section 8.3.

e . 0
= . b

This limit is of the form 0 23, True: _[OO f/(x)dx = lim J‘ F1(x)dx
0 b—>00+0

—Lfr(x
{1+ fOO] _ ) 1+F (0 ) = lim[f () = lim f(b)— f(0)
X—a f(x) Xx—a f'(x) B 8_)?(0) 3 f(O)b—m
= lim ! =1 f(0) must exist and be finite since
x—al+ f(x) f'(X) is continuous on [0, o).

im[1+ f ()] T = lime™Y =el =¢
X—a X—a

© ® X : —X1b
24. True: .[0 f(X)dXSJ.O e "dx= lim[-e "]
15. True: Use repeated applications of b
NI A, ' . _ 0
I'Hépital's Rule. = lim—e P +1=1, so [ " f(x)dx
b—o0 0
16. True: €% =1 and p(0) is the constant term. must converge.
25. False: The integrand is bounded on the
interval {0, E}.
4
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Sample Test Problems

1. The limit is of the form %

. 4x . 4
lim = lim =4
x—>0tan X x—0 se02 X

2. The limit is of the form %

. tan2x . 2sec’2x 2
lim — = lim ==
x—0sin3X x—0 3cos3X 3

3. The limit is of the form % (Apply I’Hopital’s

Rule twice.)
cos X —sec? X

. sinX—tanX .
lim T2 =lim 5
x—0 3 X x—0 3 X
. —sinX—2sec X(sec X tan X
= lim 3 ( ) =0
Xx—0 3
. cosX rra e 1
4. lim = (L’Hopital’s Rule does not apply
Xx—0 x

since cos(0)=1.)

. . 2XcosX
5. lim 2xcotX = lim ———
X—0 x—0 s X

The limit is of the form %

. 2XcosX . 2cosX—2Xxsin X
lim ———=lim —MM—
Xx—0 sin X X—0 cOS X
2-0

== -9

6. The limit is of the form —.

o0
1
. In(1-x . T1x
lim gz lim 1—;
x—1~ COtTX x5~ —mwese” X
sin® X

im
x—1~ T(1=X)
The limit is of the form %

. sin? mx 27sin X COS TTX
lim ——= _— =

= 0
xo1” Tl=X) x50 -

7. The limit is of the form —.
o0

1
fim 2 i L = 1imL:0
too t2 tow2l  tow )2

Instructor's Resource Manual

10.

11.

12.

The limit is of the form —.

0
3 2
. 2X . 06X .
lim 22 = lim —— = lim 6X° =0
Xx—>w InX  x—>w % X—»00

As X —>0,sinx—> 0, and l—)oo.Anumber
X

less than 1, raised to a large power, is a very

32
small number (%) =2328x1071% | so

lim (sinx)!’* =0.
x—0"

lim xInx= lim X

x—0" x—0" &

The limit is of the form —.
o0

1
fim X fim X = fim _x=0

x=>0" o x0T ——5 x>0"
X

The limit is of the form 0°.
Let y=x*, thenlny=xInx.
In x

Iim XInx= lim —

x—0" x—0" &

The limit is of the form —.
o0

1
fim X fim X = fim _x=0

x=>0" o x0T ——5 x>0"
X

lim x* = lim ™Y =1
x—0"1 x—0"1

The limit is of the form 1%.

Let y =(1+sinx)>’%, then Iny = E1n(1 +5in X).
X
lim 2 In(1 + sin x) = lim 220 $0%)
x—0 X x—0 X

The limit is of the form %

. 2
. 2In(1+sin X . -~ COS X
lim ( ) - lim 1+sin X

X—0 X x—0 1

. 2cosx 2
=lim——===2
x=>01+sinx 1

lim (1 +sin x)>’* = lim ™Y =¢?
x—0 x—0
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13, lim JXInx= lim 22X 17. The limit is of the form 1%.

x—0" x—0" N Let y = (sin X)™*, then Iny = tan X In(sin X).
. . . sin XIn(sin X
The limit is of the form . lim tan XIn(sin X) = lim sinxIn(sin x)
(o] Xx—I Xx—I COS X
1 2 2
. Inx . X .
lim - = hm+ = 11m+—2\/; =0 0
0" —= 0" ——75 0 imit i b
x>0" x> T The limit is of the form 0
i i cos X In(sin X) + 31X cog X
14. The limit is of the form oo, lim 31 XIn(sinX) _ lim ( : )+ Sinx
x—I  COSX XX sin X
Let y:tl/t, then lny:llnt. : . ?
t . cosX(l+In(sinx)) O
Int - hn}t sin X :T:O
lim ;lnt = lim — >3
t t
e e . lim (sin X)X = lim ™Y =1
The limit is of the form —. >3 >3
e 0]
Int l 1 Xsinx—=L
hmT— hmT: hmIZO 18. lim | xtanx— Zsecx |= lim —— 2
t—o0 t—o0 t—o0 x> 2 x>%  cos X

lim t'/t = lim e™Y =1

o o0 The limit is of the form %.
15. lim ( .1 —lj: lim m lim XsinX—7 lim sinX+Xcosx 1 !
*\sinx X + XsinX — 2 im— P o
x—>0" A\ S X—>0 0 s x> COSX XX sin X 1
The limit is of the form o (Apply I’Hopital’s
00
Rule twice.) 19. J'OO dx _ |:_ 1 :| —0+1=1
. X—sinx . 1—cos X 0 (x+1)? x+1
lim ———= lim ———
x—0" XsinX  y_yo* sin X+ Xcos X
— sin X :9:0 20. (:O dX2:|:tan71x:| :E_ :E
x—>0t 2CO0s X—XsinX 2 1+x 0 2 2
o2 1o 1 2 1 o
e 0]
16. The limit is of the form —. (Apply I’'Hopital’s 21. j Xdx = [ e X} =5¢ -0=¢
o0 —00
Rule three times.)
2 1 dx
lim tan 3X - lim 38602 3x 22. . _ hm[_ln(l_ X)]
x—>% tanX  x-% sec” x 1-x
) :—hmln(l—b)+ln2:oo
— lim 3cos” X lim <08 Xsin X b—1
x> cos? 3x x5 003 3xsin 3x The integral diverges.
2 .2
iy 508" X—sin” X 1 23 J'(:O_dx =[In(x+1)]y =0—-0=00
x—>T 3(cos? 3X —sin 3X) T30-1) 3 x+1
The integral diverges.
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2 b
24. .[ 1 = 1/5 = lim .[
2 X(In x) b—1" "2 X(In X)

2
SO Y (5 s 5 oY S s S VT s s 415
(0)—[1 5) J+(Z(ln2) Z(O)j_Z(lnz) Z(lngj =2 (2" - 1n2)*"7)

[(1n2)4/5 (In 2)4/5]

5 4/5 b 5 4/5 2
= lim [—(ln X) } + lim {—(ln X) }
XS '[b x(lnx)”5 b>1"L4 Loportl4 b

b—>1+

-lklm/ \

o0

2. [” o :jw(i— ! )dX:{—l—tanlx} =0-Zil+tan1=1+ -2 =1 2
X

Px?2ax® TAx2 14%2 1 2 4 2 4

2. [ dx _[ 1 T 1
. 700(2—X)2 2-x —o0 1

b 0
21. | X _ fim | X\ lim K i [lln|2x+3|} + lim [lln|2x+3|}
22x+3 by 3 -22x+3 by 3" b2x+3 NS > Lt 5 .
2 2 P >

=| lim Eln|2b+3|——(0) + —1n3— hm —1n|2b+3| _(_OO)+(2IH3+OO)

b—)—% b—

The integral diverges.

2. [ X Jim 2% T8 =243~ lim 20X 1 =23 -0=23
1 VX— b—1* b—1"

29 J'OOL_[LT_O+L_L
2 x(In x)? InxJ, In2 In2

30. jwd—x{—i} — 0422
e 0 1

0 ex/2 X/2
5 dx . (b dx .5 dx . 3P 1737
31. ————=lm || ———+ lim | ——— = lim [—3(4—X) J + lim [—3(4—X) J
j3 (4-x>*3 b 4*I3 (4-x>3 b 4+Ib (4-x>%3  boa 3 b4t b
= lim —3(4-b)"3 +31)"3 =313 + lim 34-b)"3 =0+3+3+0=6
b—4~ b—4"
2 27®
32. ije’x dx={—lex } _04let Lo
2 2 5 2 2
00 X 0 X o0
33. dx = dx + dx
Jloo><2+1 '[*°°x2+1 ‘[0 X°+1
:l[ln(xz +1)J0 +l[ln(x2 +1)JOO = The integral diverges
2 -0 2 0 '
(0+©)+ (0—0)
® X 0 X 0 X 1, 2 0 1 12
34. I 4dX:.[ 4dX+I 4dX —[ tan } +[—tan X }
B R P14 0 14x 2 o L2 0
Lo E) B L o0 Er T g0
2 2 2) 2\2) 2 4 4
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N L

2"+1_(e")2+1

Let u=e*, du=e*dx

X o0
Jm ze dX:J.OO 21 du:[tanflu] :E—tanfllz
0 X411 %41 12

35.

36. Let u= x3, du = 3x%dx
fwxze*)@dx:fw%e*”du =§J.Le*“du +%J'goe*“du =l[—e*u J?w +l[—e’“ T: =§(—1+oo)+§(—0+1)

The integral diverges.
3 X
3r. ——dx=
I_3 V9-x2

See Problem 35 in Section 8.4.

-—sin X dx = —tan x dx

38. let u=In(cos X), then du =
COS X

lnl

1
T In—
J‘z&dx_]‘ T_Ldu: nz%du :[_l} 2__ 1 +0:_1

3 (Incos X)2 I y? ~u Ul o 1n% In2
1 o 1 1
39. Forp# 1,p#0, [ —dx=|-—————| =lim +
1 P p-1 p-1
X (p—DxP™ | b (1-p)b p-1

th:O whenp—1>0orp>1,and th:oo whenp<1,p = 0.
b—so0 p P! b—w h P!

Whenp=1, Lwldx =[InXx]{" =00 —0. The integral diverges.
X

When p =0, Looldx =[X]" = —1. The integral diverges.

I —dX converges when p > 1 and diverges when p < 1.
11 1 : 1
40. Forp;tl,p;tO,I—dX: - 1 + lim N
L T A N T
lim converges whenp—1<0orp<1.
b—>0p P~

Whenp=1, j —dx =[In X]() =0- lim Inb = . The integral diverges.
b—0"

When p =0, joldx:[x]%) =1-0=1

I —dX converges when p <1 and diverges when 1 < p.

41. Forx > 1, X8 + x> x® \/X +X>\/7 x> and ——— . Hence,
Vx® +x I\/

o0
j —dx converges.
1
Vx® +x

dx < .[ —dx which

converges since 3 > 1 (see Problem 39). Thus
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42. Forx>1, Inx<e*, so ln_xx<1 and
e

Inx_ Inx 1
e2x (ex)Z ex'

@D | —

Hence,
.[ lnde _[ e Xdx=[-e "] =—0+e ' =
1 g2x
o In X
Thus, L ede converges.
Inx 1
43. Forx>3,Inx>1,so — >—. Hence,
X X
j lnde j Lix = [In XJ¥ = o0 —In3.
The integral diverges, thus J.;On— dx also
X
diverges.
44. Forx > 1,Inx <X, so 1n—X<1 and hl—X<L
X X2
Hence,
o0
[ 1n3xd %dx:[—l} = 0+1=1.
1 X 1 X X |

o In X
Thus, L —3dX converges.
X

Review and Preview Problems
1. Original: If x>0, then x> > 0 (AT)
Converse: If X2 >0 ,then x>0
Contrapositive: If x2 < 0,then x<0 (AT)
2. Original: If x2 >0 , then x>0
Converse:

If x>0, then x> >0 (AT)

Contrapositive: If X <0, then x2 <0

3. Original:

f differentiable at ¢ = f continuous at ¢ (AT)

Converse:
f continuous at c = f differentiable at c

Contrapositive:

f discontinuous at ¢ = f non-differentiable at ¢

(AT)

Instructor's Resource Manual

10.

11.

12.

13.

Original:

f continuous at ¢ = f differentiable at ¢
Converse:

f differentiable at c = f continuous at ¢ (AT)
Contrapositive:

f non-differentiable at ¢ = f discontinuous at ¢

Original:

f right continuous at ¢ = f continuous at C
Converse:

f continuous at ¢ = f right continuous at ¢
(AT)

Contrapositive:

f discontinuous at ¢ = f not right continuous at ¢
Original: f'(x)=0= f(x)=c (AT)
Converse: f(X)=c= f'(X)=0 (AT)
Contrapositive: f(x)zc= f'(x) 20 (AT)
Original: f(x)=x* = f'(x)=2x (AT)
Converse: f'(X)=2x= f(x)= x2

(Could have f(x)=x>+3)

Contrapositive: f'(X) #2x = f(X) = x> (AT)

Original: a<b= a’ <b?
Converse: a’ <b>=a<b
Contrapositive: a?>b>=ax>b

1+

_4 _
4

11 2.1 7
=t ==
2 4 4 4 4

1 11 1 1
I+—+—+—+—+—=
2 4 8 16 32

32 16 8 4 2 1 63
St —t—t—+—=—
32 32 32 32 32 32 32

1 1 1 1 1 12+6+4+3 25
ZT:‘+_+_+_:—:_
S 12 3 4 12 12
i _‘_ L S
= 2 8 16

1

"

—-8+4-2+1 -5
16 16

lim = lim L_

. o0

By L’Hopital’s Rule (—) :
o0
11

x—o2X+1 x—ow2 2
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14.

15.

16.

17.

18.

19.

512
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. © .
By L’Hopital’s Rule [—) twice:

o0

. n? .2n 2 1
lim =lim=—=Z==
n—owon®+1 n-owdn 4 2

By L’Hopital’s Rule (2) twice:
o0
2
fim X = tim 2 = im 2 =0
x—wo X x—w X x—weX

. 0 .
By L’Hopital’s Rule (—J twice:

(e 0]
2
. 2n 2
lim—=Ilim—=1lm—=0
n—w @ noo " nowel

1 .ortl
Iw—dX= lim| —dx=
1 x t—wvl X

lim [In x]| = lim [Int] = oo
t—o0 t—o0

Integral does not converge.

o 1 Lot 1
—dx=lim| —dx=
1 X2 t—aovl X2

t
lim {—l} = lim [l—l} =1
tow| X[ tow t

Integral converges.

C | dx = I t 1 dx =
.[1 oor K= I roor T
t
. 1000 . 1000
tll)rgj|:— 0,001 :|1 = tli)r{.lo|:1000—mi| =1000

Integral converges.

Review and Preview

21.

22.

Loo X dx=1imt X dx =

X2 +1 too’l x% 41
u:x2+l
du=2xdx

1. (241
—llmj —du=w
t>o'2 U

Integral does not converge (see problem 17).

©
=0

o X . t X 1 5
jl 3 +1dx:th—>ncx13'|.1 X2+ldX:EIH(X +1)

Integral does not converge.

1

© t
" gem tim [ ox-
2 x(Inx) t—>"2 x(In X)
u=Inx

du:%dx

Int
Int
1imj“ 1 gu=tim [—l} -
In2,2 too| U

t—o u In2
im o a3
towo| In2  Int In2

Integral converges.
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