Vector Calculus
CHAPTER

14.1 Concepts Review 6.

1. vector-valued function of three real variables or a
vector field

2. gradient field
3. gravitational fields; electric fields

4, V-F,VxF
Problem Set 14.1 7. (2x-3y,-3x,2)
1. y
'\ / 8. (cos xyz)(yz,xz,xy)
\\ /i.\_ 9. f(x, v, 2)=In[x|+In|y|+In|z|;
—

/? i‘\ VI (X, Y, z):<x‘1, y‘l, z‘1>

2. y 10. (x,y,z)

y _ -
< | >\ i 11. eY(cosz, xcosz, - xsinz)
1 / 12. Vi (X, Y, Z) :<0, 2ye—ZZ, _2y2e—22>

=2ye™?%(0,1, -y)
/ \ 13. divF =2x-2x+ 2yz=2yz
/\ curl F= <22,0,—2y>

— |

S | -

\/ 14. divF=2x+2y+2z
\/ curl F=(0,0,0)=0

4. ' 15. divF=V.-F=0+0+0=0
curl F=VxF=(x-x, y-y,z-2)=0

16. divF=-sinx+cosy+0

~— | curl F=(0,0,0) =0

17. div F=e*cosy+e*cosy+1=2e*cosy+1

5.
curl F = <O, 0, 2e*sin y>
18. divF=V-F=0+0+0=0
curl F=V x F=(1-1,1-11-1) =0
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19. a. meaningless
b. vector field
c. vector field
d. scalar field

e. vector field

f.  vector field

20. a.

b. curI(gradf)=curI<fX, fy, fz> :<fzy—f

div(curl F) :div~<Py -N,, M, =P, N, -

My> = (Pyx

Nzx)"‘(sz

g. vector field
h. meaningless
i. meaningless
j. scalar field

k. meaningless

_ny)"'(Nxz _Myz)zo

e — fao fyx - fxy>:0

c. div(fF)=div(fM, N, fP)=(fM, + fxM)+ (N, + f,N)+ (P, + f,P)
= (F)(My + Ny +P,)+(fxM + fyN + f,P) = (f)(div F)+(grad f ) - F

d. curl(fF)=curl{fm, N, fP)

=<(ny+ fyP)=(fN, + f,N), (fM, + f,M) = (P + £,P), (N, + fxN) = (M + fyM)>

= (1)(Py =N, M, -By, N,

21. Let f(x, vy, z):—c|r|'3, S0

grad(f) = 3c|r| — —30|r|_5 r

Then curl F = curl[(—c|r|‘3)r}
= (—c|r|'3)(curl r) +(30|r|_5 r)x r (by 20d)
=(~elrl

’)
div F= dIV|:
)
’)

(0)+(3c|r| )(rxr):0+0:0
~e|rf)r |

( clr|” =3 (div r)+(30|r| ) r (by 20c)

= (-elr® @14+ (3efr® )

~(-3e]r®)+3clrf* =0

22. curl[—c|r|fm r} = (—c|r|fm ) (0)+me|r| ™%

=0

div[‘°|r|_m r} = (‘C|r|_m ) )+ mc|r|_m_2 Ir

=(m-3)c|r|™"
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23.

24.

_My>+<fx’ fyv fz>><<M, N, P) = (A(curl F) + (grad f) x F

grad f :<f’(r)xr‘1’2, f’(r)yr‘“z, f'(r)zr‘1/2>
(ifr = 0)

= f(r2(x y, z)= f'(rer

curl F=[f (][curl r]+[f/(nr2r]xr

=[f (M][curl r+[f(r)r Y 2r]xr

=0+0=0

div F = div[f(r)r] = [f(r)](div r) + grad[f(r)] - r
=[f(r)](div r)+[f’(r)r‘1r]~r

=[F (1@ +[F/(Nr](r-r)

=3f(r)+[f(N)r 1(r?) =3f(r)+rf'(r)

Now if div F =0, and we let y = f(r), we have the

differential equation 3y +r dy 0, which can be
r

solved as follows:
dy

y
foreach C # 0. Then y:Cr‘ , or

:—3—, In|y| = =3In|r|+In|C| = In‘Cr ‘

f(r)= cr3, is a solution (even for C =0).
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25. a. Let P= (Xo, yo)
div F = div H = 0 since there is no tendency
toward P except along the line x = xy, and

along that line the tendencies toward and

away from P are balanced; div G < 0 since
there is no tendency toward P except along
the line x = Xy, and along that line there is

more tendency toward than away from P;
div L > 0 since the tendency away from P is
greater than the tendency toward P.

b. No rotation for F, G, L; clockwise rotation
for H since the magnitudes of the forces to
the right of P are less than those to the left.

c. divF=0;curlF=0
2
divG =-2ye™¥ <0 sincey>0atP; curl
G=0
divL = (x2 + yz)‘l/z; curlL=0
divH =0;curl H= <o, 0, - 2xe'x2> which

points downward at P, so the rotation is
clockwise in a right-hand system.

26. F(x,y,2)=Mi+Nj+Pk ,
where
M(x,y,2) =y, N(x,y,2) =0, P(x,y,2) =0
2

I T e

1.5¢

T I

T e

R

S

0.5}

L T e e

1.2 1.4 1.6 1.8 2

a. Since the velocity into (1, 1, 0) equals the
velocity out, there is no tendency to diverge
from or accumulate to the point.
Geometrically, it appears that
divF(1,1,0)=0. Calculating,

oM ON oP
—_ =

divF(x,y,2)=—+ 0+0+0=0
ox oy oz
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b. If a paddle wheel is placed at the point (with
its axis perpendicular to the plane), the
velocities over the top half of the wheel will
exceed those over the bottom, resulting in a
net clockwise mation. Using the right-hand
rule, we would expect curl F to point into the

plane (negative z). By calculating
curlF=(0-0)i+(0-0)j+(0-)k =-k
F(x,y,2)=Mi+N j+Pk ,where
X y

P P N — T T 5 4 _a/p 1
@+ X2 + y2)3/2 @+ X2 + y2)3/2

a. Since all the vectors are directed toward the
origin, we would expect accumulation at that

point; thus divF(0,0,0) .should be negative.
Calculating,
3(x2 + y2)
a1+ X2 + y2)5/2
.
@+ X2 + y2)3/2
so that div F(0,0,0) = -2

divF(x,y,z) =

0

b. If a paddle wheel is placed at the origin (with
its axis perpendicular to the plane), the force
vectors all act radially along the wheel and so
will have no component acting tangentially
along the wheel. Thus the wheel will not turn
at all, and we would expect curlF =0. By

calculating
curlF=(0-0)i+(0-0)j

3yx 3xy

+ - k
2)3/2

(1+x2+y (1+x2+y2)3/2

=0
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28. divv=0+0+0=0;
curl v=(0,0,w+w) =2ak

30. V2f :div(gradf)zdiv<fx, fy, fz>

= fy + fyy+ f;

a. Vif=4-2-2-0

29. Vi(x, y,2)= %ma)2 (2x,2y,2z) = mw? (x,y,z)

=F(xY,2)
b. V2f=0+0+0=0
C. V?f=6x-6x+0=0
d. V2f —div(gradf) = div(grad |r|‘1)
- o|iv(—|r|‘3 r) —0 (by problem 21)
Hence, each is harmonic.
31 a. FxG=(fy9,-"f,9y)i-(f9; - f,0,)i+(fx9, — f,9x)k . Therefore,

. 0 0 0
div(FxG) =&(fygz - fzgy)_a(fxgz - fzgx)"'g(fxgy - fy0y).

Using the product rule for partials and some algebra gives

of of
diV(FXG):gX %__y +gy|:%_%:|+gz _y_%
oy oz oz ox ox oy

o o
o1, FL&} fy{ag_x_ag_z} ‘ {&@}
oy oz 0z 0Ox ox oy

=G-curl(F)-F-curl(G)

Y e

oy 0z 0L oy OX 0z 07 OX OX oy 0oy Ox
Therefore, div(Vf ><Vg):i adog oo _g(ga_g_ga_gJ+g aog_ofdg .
ox\oy oL o0zoy) oy\oxorz oOLox) oz\oxoy oy ox

Using the product rule for partials and some algebra will yield the result
div(Vf xvg)=0

F(x, y, 2) =L if for each &> 0 there is a 5> 0 such that 0<[(x, y, z)—(a, b, ¢)| < & implies that

32. lim
(%, ¥, 2)>(a, b, c)
IF(x, y, 2)-L|<e.

lim =F(a, b, ¢).

F is continuous at (a, b, c) if and only if
(x,y, 2)—>(a, b, c)

14.2 Concepts Review

1. Increasing values of t

N

: Zn:f(K,Vi)ASi

i=1

f(x(t), yOWIXOF +[y' (0O

F.ar
dt

w

B
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Problem Set 14.2

1.

10.

11.

12.

13.

1

~

862

j;(27t3 +£8)(9+0t)!/2dt =14(242-1) ~25.5980

1 t 1 25 1

| (—J(t) a2 dt:[—j(263/2—1) ~0.2924

ol 2 4 4 450
Letx=t,y=2ttin [0, ].
Then jc (sin x+ cos y)ds =jg(sint+0052t)\/1+4dt =25~ 4.4721
Vector equation of the segment is

(x,y) = (-1,2) +t(2,-1),tin [0, 1].

j;(—1+ 2t)e2t (4 + 1) 2 dt = Be? (1-3e) ~—1.7124

I;(2t+9t3)(1+ 4% +9t4)H 2t — (%) (1432 _1) ~ 85639

[ 02“(16cos2t+16sin2t+9t2)(16sint2 +16c0s?t+9)H 2dt = joz“ (16+9t%)(5)dt

32" 3

=[80t+15t }O — 1607 +12073 ~ 4878.11

1% ~1)(2) + (at)(20)]dt = %

4 3, 2.

jo (=1)dx + j_1(4) dy = 60

3 34y 3 3 3 34y _ (213 2 N3y _49) —

jcy dx + X dy_jcly dx+ x dy+IC2y dx + x°dy _.[1 -4 dy+j_4( 2)7dx =192 + (-48) =144
jfz[(t2 ~3)3(2)+ (20 (20)]dt = % ~ 23.6571
y=-x+2
Jf([x +2(=x+2)](D) +[x=2(-x+2)](-1)dx =0
jl[xz + (x)2x]dx = j13x2dx =1

0 0
(letting x be the parameter; i.e., x=X, y= x2)
(x,y.2) = (1,2,1) +t(1,-1,0)
j;[(4—t)(1) +(1L+1)(=D) - (2 -3t +t2)(=D)]dt = % ~2.8333

Lo 3ttt | a2ty a-ty | ratyioa2t 14 (2)3 1) 2 5

er)e )+ (e +eT) (=3 )+ (e )(2e)[dt =| = |e" +| = |e° —e+| = |eT° —— =~ 23.9726

e )6+ @)y s et =( e+ (2ot -3 )e -
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15. On C:y=z=dy=dz=0
OnCy:x=2,z=dx=dz=0
On Cz: x=2,y=3,dx=dy=0

2 4
2 ixs Comandy+ [“@sa-2dz || +i2y—y2B4|72-20| =2+ (3) + 20 = 19
[ xdx+ [ @-2y)dy+ [ (4+ —z)z—70+[ y-y’To+ i (-3)+20=

16. (x,y,z) =t(2,3,4),tin [0, 1].

[0+ @)(3) + (30(@)]dt = 27

17. m=[_k[xds= j_22k|x| @+ 4x)H 2dx = [%j 7%'2 ~1) ~11.6821k
18. Let &X, Y, z) =k (a constant).
m= k.[clds = kj;”"l(a2 sin?t+a? cos?t +b?)Y2dt = 3nk(a? +b?)H?
2+b2)l/2
2
M,, = kjc yds = k(a2 +b2)1’2j§“asintdt = ak(a? +b?)2(2) = 2ak(a? +b?)V/2

3 9n’bk(a
My :kjczds:k(az+b2)1’2j0"btdt = (

My, = kjc xds = k(a2 +b2)1/2_[03nacostdt = ak(a? +b>)2(0) =0

Myz :0;7:—MXZ _2R. 5 Myy _3mb

m 3r’ m 2

Therefore, X =

19 [, 03— y¥)dx+ xy2dy = fl[(t6 —£9)(2t) + (€2)(t®)(@t2)]dt = —ﬁ ~-0.1591

[ ey = ﬂ(t:*)[%j —(Zitj(%ﬂdt - 1236

21. W = Ic F-dr= Ic (X+y)dx+ (x-y)dy = Iglz[(acost+bsint)(—a5int) + (acost —bsint)(bcost)]dt

2

o

_ nl2

2 h2ve
12—
=1 [—(a2+b2)sintcost+ab(coszt—sinzt)]dt:J‘TE M+ab0052tdt

0 2

12
_{(a2 +b?)cos 2t . absin 2'[:|1T _ a? +b?

4 2 -2
0

22. (x,y,z) =t(111),tin [0, 1].

[ @x=y)dx+ 220y +(y - 2)dz = j;(t +2t+0)dt=15
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23. In r sin n—t cos n—t + 7t cos n—t +sin n—t -t dt=2—gz1.3634
01\ 2 2 2 2 2 T

24. W :jCF-dr :jc ydx +zdy + xdz =joz[(tz)(l)+(t3)(2t)+(t)(3t2)]dt =j02(2t4 +3t3 +t?)dt

:%+12+§:£z 27.4667
5 3 15

25. The line integral J' F e dr represents the work done in moving a particle through the force field F along the curve
Gi
Gi,i=123

a. In the first quadrant, the tangential component to C; of each force vector is in the positive y-direction , the same
direction as the object moves along C;. Thus the line integral (work) should be positive.

b. The force vector at each point on C, appears to be tangential to the curve, but in the opposite direction as the
object moves along C,. Thus the line integral (work) should be negative.

c. The force vector at each point on C5 appears to be perpendicular to the curve, and hence has no component in
the direction the object is moving. Thus the line integral (work) should be zero

26. The line integral J' F e dr represents the work done in moving a particle through the force field F along the curve
G
Ci,i=123,

a. In the first quadrant, the tangential component to C; of each force vector is in the positive y-direction , the same
direction as the object moves along C,. Thus the line integral (work) should be positive.

b. The force vector at each point on C, appears to be perpendicular to the curve, and hence has no component in
the direction the object is moving. Thus the line integral (work) should be zero

c. The force vector at each point on Cj is along the curve, and in the same direction as the movement of the
object. Thus the line integral (work) should be positive.

27. Ic [1+%jds = IOZ (1+10sin®t)[(-90cos? tsint)? + (90sin? tcost)? T 2 dt = 225

Christy needs % = 2.25 gal of paint.

28. [(0,0,1.2)-(dx, dy, dz) = [ 12dz = j§“1.2(4)dt:38.4m120.64 ft-lo

Trivial way: The squirrel ends up 32z ft immediately above where it started.
(327 ft)(1.2 Ib) ~120.64 ft-lb

29. C:x+y=a
Letx=t,y=a-t, tin[0, a].
Cylinder: x +y = a; (x+y)2:a2; x2+2xy+y2=a

Sphere: X2 + y2 +2°=a°

2

The curve of intersection satisfies: 22 = 2XY; Z = ~/2XY .
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C e

Area =8[_\/2xyds = 8!;1/2t(a—t)«/(1)2 +(<1)2dt :16j; at —t2dt

o gt a1 o (2] 22

=2a%n

Trivial way: Each side of the cylinder is part of a plane that intersects the sphere in a circle. The radius of each

circle is the value of zin z=./2xy when x=y :%. That is, the radius is 2(%)[%) :%. Therefore, the

total area of the part cut out is r 7{#] =2a’n.

3
[ kocPds = 4k [ 2420t = 442 K&
30. 1y =], keds = ak [ [t*2dt = 42 =

(using same parametric equations as in Problem 29)
Iy =1y (symmetry)

3
IZ:IX+Iy=8\/§%

31. C: x2+y2 =a°

Letx=acos 6, y=asin g, din {0, ﬂ

x c: { ,:2:-;]_\'2 =ay ]

Area =8 a? - x?ds
Je¥

- 8]5/2 (asin 0)\/(—asin 0)? + (acos9)?do

/2
= SI;T (asin 0)\/a_2d9 =8a’[- cos¢9]§’2

-8a’
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32. Note that r =a cos falong C.
Then (a2 -x% - y2)1’2 = (a2 - r2)1/2 =acosé.
X =rcosé = (asing)cosd
et . ( . ) . , @in [O,E]
y=rsingd = (asind)sing 2
Therefore, x'(6) = acos20; y'(0) = asin 26.

12
Then Area = 4-[0 (a2 —x? - yz)l/zds = 4%t (acos@)[(asin 26’)2 + (acos 29)2]1/2d¢9 =4a’.

/2
12 12 "

33. a .[c xzyds :I;T (35int)2(3cost)[(3cost)2 +(—33int)2]“2dt :81.[(;T sin®tcostdt :81{(%)sin3t} =27
0

b, [ xy?derxy?dy = [*B-1)E-D2(Ddt+ [ B-1)E-0 (Dt =2[ (> ~13t% + 55t - 75)dt = -148.5
Cs 0 0 0

14.3 Concepts Review 7. My =2eY —e* =N, soFis conservative.
1. f(b) -f(a) f(x, y)=2xe¥ —ye* +C

2. gradient; Vf(r)

8. M= —e™Xy = N,, s0 F is conservative.

3.0;0 f(x,y)=e*Iny+C

4, F is conservative. 9. My:O:NX,MZ:O:PX, and NZ:O:Py,

so F is conservative. f satisfies

—3y2 _ay2
Problem Set 14.3 Py, 2) =3x%, 1y (x y,2) = 6y7, and

f, (X, Y, 2) =972,

Therefore, f satisfies

f(x, y):5x2—7xy+ y2+C 1. f(x, y,z)=x3+01(y, z),

2. f(x, z):2y3+Cz(x, z), and
3. f(xy, z):323+C3(x, y).

A function with an arbitrary constant that
satisfies 1, 2, and 3 is

f(xy, z):x3+2y3+323+C.

1. My =-7=Ny, soFisconservative.

2. My = 6y +5= Ny, soF is conservative.

f(x, y)=4x3+3xy2+5xy—y3+C

3. M, =90x"y-36y° = N, since

N, =90x*y—12y®, so F is not conservative.
10. M, =2x=Ny,M, =2z=B,, and

4. My =-12x*y*+9y® = N,, soF is N, =0=PR,, so F is conservative.

conservative. f(x Y, 2)=x°y+xz% +sinnz+C
f(x, y)=7x° - x3y4 +xy9 +C

5 My = [—%} 2y=3 — Ny, so F is conservative.
(2),3,-2
f(x,y)= T X’y +C
6. My = (4y2)(—2xysin xy2) +(8y)(cos xyz) # Ny
since Ny = (8x)(—y2 sin xy2)+(8)(cos xyz), soF
is not conservative.
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11. Writing F in the form b. Applying the second condition,

F(x,y,2) =M (x,y,2)i+N(x,y,2) j+ P(x,y,2)k 1+2y22:?:§(y+y222)+86&
we have M(x,y,z)z%, N(x,y,z)=0, L ’
(x“+29)

= 2y22 +&
_27 oz
P(X,y,2)=——— 0Cy
(x +2 ) which requires —==1o0r Ci(z)=z+c.
0z
so that
@—0—® M A oP Hencef(x,y,z):y+z+yz +C
o  x o (x®+z2)2 x| _ _
13. M, =2y+2x=N,, so the integral is
ON oP y
— =0=—. Thus F is conservative by Thm. D. . )
0z oy’ mdependent of the path. f(x, y)=xy“+x“y
We must now find a function f (X, y, z) such that J- (y +2xy)dx+(x +2%y)dy
of | 2x ot ot -2z (-12)
ox (x2+z?) &y o (P+7%) = [xy? +x2y]g’11’)2) =14
Note that F is a function of x and z alone so f
will be a function of x and z alone. 14. M, = e*cosy = Ny, so the line integral is
a. Applying the first condition gives independent of the path.
F(X,y,2) = J‘ Let f,(x, y)=e*siny and f,(x, y)=e"cosy.
x +21 Then f(x, y)=e*siny+C;(y) and
=In| —— [+C(2) — X g
(X2+sz 1 f(x, y)=e"siny+Cy(x).
Choose f(x, y)=e*siny.
b. Applying the second condition, By Theorem A
-27 of 0 1 o, A,7/2)
—=—=—In| —— |+—== : X gj X
(Cizd) o [x2+22] pe ©.0) e”sinydx+e” cosydy
_ C[aXainLT/2) _
zi-i-? which requires aaﬁ =0 =[e"sinylg o) =€
(*+2%) 2 z (Or use line segments (0, 0) to (1, 0), then (1, 0)
1
Hence f(x, y,z):ln( j+C T
X2 4 72 to 1,5 .

12. Writing F in the form_ . 15. For this problem, we will restrict our
F(xy,2) =M(x.y,2)i1+ N(x.y,2) j+ P(x.y, 2)k consideration to ,the set
we have M (x,y,z) =0, N(x,Y,2) =1+2y22, D={(x,y)| x>0,y >0}

(that is, the first quadrant), which is open and

P(x,y,2) =1+2y :
(xy,2)=1+2y"z simply connected.

so that . .
oM . N oM o P N i P a. Now, F(x,y)=Mi+N j where
—=U=—, —= 7 =—,
oy ox' oz wxa Ty M(x,y) = x> N (K, Y) = y?
Thus F is conservative by Thm. D. ' (x*+y ) (x*+y )
We must now find a function f(x,y, z) such that oM —8x3y3 N
ot of ) thus —=————— so Fis
= =1+2y7?, 08—:1+2yz . o (x*+yh3 S
z .
Note that f is a function of y and z only conservative by Thm. D, and hence JF(r)-dr is
' C
a. Applying the first condition gives independent of path in D by Theorem C.
f(xy,2)= [@+2y2%) dy = y + y22% +Cy(2)
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b. Since F is conservative, we can find a function

868

f (X, y) such that
a 3 a v
GX (X4 + y4)2 ! ay (X4 + y4)2 ’
Applying the first condition gives
X -1

ny):jw4+yﬁzdx: +C(y)

Appling the second condition gives

A S cH G S -

teyh? oy aylaxt+yhy) oy
3

S Y

ot ryh? oy

hence % =0and C(y) = constant. Therefore

f(x,y)= %+ ¢, and so, by Thm. A,
4(x7+y7)
(6,3) 3 3
X dx + y

o 4+ y4Y2 4+ y4)?

=f(&SN—fQJ):(_E%%+CJ_(_g§+C)

20
1377

Consider the linear path C:y :g, 2<x<6 in
D which connects the points (2, 1) and (6, 3);
then dy =%dx . Thus

(6,3) 3 - y3 B
o (x4 . y4)2 (x4 + y4)2

x.3
6 3 (E) 1

.[ 4Xx42 7 xaa Q=
A T

¢ 16 4 11

[od=| = | = ee
517X 17x* ], 9508 68
20

1377

Section 14.3

16. For this problem, we can use the whole real plane

as D.
a. F(x,y)=Mi+N j where
M (x,y) =3x2 —2xy — y2 ,
N(x,y) = 3y2 —2xy — G
thus ﬂ=—2x—2y :ﬂ so Fis
oy OX
conservative by Thm. D, and hence
IF(r)-dr is independent of path in D by

C
Theorem C.

b. Since F is conservative, we can find a function

f (X, y) such that

of

—=3x2—2xy—y2, ﬂ
X

=3y2 —2xy—x2.
oy
Applying the first condition gives
f(x,y) :jsx2 —2xy—y2 dx

=x3—x2y—xy2+C(y)
Appling the second condition gives
of O[3 .2 2\ 0oC
3y2—2xy—x2:—=— X7 =Xy —=xy“ |+ —
oy 6y( ) oy

=—x?- 2xy + E;
oy
hence % =3y2and C(y) = y3 +c. Therefore

f(xy)=x>—x?y—xy? +y3+c, and so, by
Thm. A,
(4.2)
j (3x? —2xy — y?) dx+ (3x? — 2xy — y?) dy
(-1
= f(4,2)- f(-11) =(24+c)—(0+c)=24

. Consider the simple linear path

C:x=5y-6,1<y<2 inD which connects the
points (~1,1) and (4, 2); then dx =5dy .
Thus
(4.2)
I (3x% —2xy — y?) dx + (3y? - 2xy — x?)dy =
(-11)
2
j(64y2—168y+108x5dy)+(—32y2+72y—36)dy
1

2
j@88y2—768y+50®dy
1

3 2 2
[96y 384y +5o4y]l

= 240+ (-216) = 24
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2
17. My=18xy =NX,MZ=4X=PX, NZZOZPy' 23, F(X, Y, z)=k|r|L:kr:k<x, Y, Z>
By paths (0, 0, 0) to (1, 0, 0): (L, 0, 0) to (1, 1, 0): I
1,1,0)t0(1,1,1
(1 ) 01( ) ) 1 f(x, Y, z)=(gj(x2+y2+zz) works.
IOde+I09y dy+jo(4z +1)dz=6
(Or use f(X, y)=3X2y3+2X22+Z-) 24. Let f :(Ejh(u) where U=X2+y2+22.
2
18. My=z=Ny,M; =y=PR, N, =x=hy. 1 1
Hx,y) = XyzZ + X +y +2 Then f, = (Ej h'(u)uy = [Ej g(u)(2x) = xg(u).
Thus, the '”tlefz‘l' qut)‘a's similarly, f, = yg(u) and f, = zg(u).
[xyz+x+y+2]G16) =3 Therefore, f(x, y, 2)=g(u)(x, v, z)
19. My =1=N,,M, =1=P,, N, =1=P, (0 path =90 +y* +2°) (%, y, 2) =F(x, y, 2).
independent). From inspection observe that b
f(x, Y, 2) =xy+xz+yz satisfies 25. jc F-dr= Ja (mr”-r')dt
f =(y+z,x+zx+Y), so the integral equals b
Lo = mj (X"X"+y"y"+2"2")dt
[Xy + Xz + yz]g o ’oT)E) =—m. (Or use line a
T N2 ron2 o2 P
segments (0,1, 0) to (1,1,0), then (1,1,0) to _m &7 07 (@)
L11).) 2 2 2 .
MO 2 M2 (rran2
20. My =22=N,,M, =2y=P,, N, =2x="R, by =E{hﬂﬂ}a=3ﬂrmﬂ-ﬁrwﬂ}
paths (0,0,0) to(=,0,0), (r,0,0) to(r,x,0).
n n 26. The force exerted by Matt is not the only force
Io cos xdx + Io sinydy =2 acting on the object. There is also an equal but
) opposite force due to friction. The work done by
Oruse f(x, Y, z) =sin X+ 2xyz — coS y+2_' the sum of the (equal but opposite) forces is zero
2 since the sum of the forces is zero.
21. fy=M,f,=N,f, =P 27. f(x,y,z)=-gmz satisfies
fyy =My, and fy, =Ny, so My = N,. VE(x, y, 2)=(0, 0, —gm) = F. Then, assuming
f,, =M, and f, =P, so M, =P,. the path is piecewise smooth,
fy, =N, and f, =P, so N, =P,. Work :J'CF-dr =[—gmz]E§12’§’12'23)
. =-gm(z; - 71) = gM(zg - 2,).
22. fX(X, Y, Z) :ﬁ’ SO
XS +y +z 28. a. Place the earth at the origin.

f(x,y,2) :_—Zkln(x2 + y2 + 22)+C1(y, 2).

Similarly,
f(x,y, 2) =_7k|n(x2 + y2 +22)+C2(y, 2),

using fy; and
(0 ¥, 2) =250 +y2 +22) + Gy, 2),

using f,.
Thus, one potential function for F is

f(x,y, 2) =_—2kln(x2 + y2 + 22).

GMm ~ 7.92(10*)

-GM
0=

F(r). (See Example 1.)

is a potential function of

G }147.1(109)
I

Work = .[c F(r)-dr = {
Ir|=152.1(10%)

= —1.77(1032) joules

b. Zero
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29.a M=—2Y M oy
Ca M= M, =

(x* +y?) (X% +y%)?

Neo Xy -y

TEeyd) (B yR)?

b M- y _ (sint)
(x2 + y2) (coszt+sin2t)
B X _ (—cost)
(x2 + y2) - (c052t+sin2 t)

=sint

N = = —cost

JoF-dr = [ Mdx+Ndy
= Ioz "[(sint)(=sint) + (- cost)(cost)]dt

2
=-j0“1dt=-2n¢o

30. fis not continuously differentiable on C since f is
undefined at two points of C (where x is 0).

31. Assume the basic hypotheses of Theorem C are

satisfied and assume j F(r)«dr =0 for every

c
closed path in D . Choose any two distinct points
AandBinD and let C; C, be arbitrary

positively oriented paths from Ato B in D. We
must show that

[ F(r)+dr= [ F(r)-dr

G G,

Let —C, be the curve C, with opposite
orientation; then —C, is a positively oriented path
fromBto Ain D. Thusthe curve C=C;u-C,

is a closed path (in D) between A and B and so,
by our assumption,

0=j|:(r).dr:j|:(r)-dr+ j F(r)+dr =
C

G -G,

[ F@r)«dr— [ F(r)-dr

Cl C2

Thus we have '[F(r)-dr = I F(r).dr which
G C,

proves independence of path.

14.4 Concepts Review

p ON_om
ox oy
2. =2;-2

3. source; sink

4. rotate; irrotational

870 Section 14.4

Problem Set 14.4

<'f>c 2xy dx + yzdy = ”s (0-2x)dA

_[2¢2y __EN_
_jojyz —2xdxdy = =~ 4.2667

.\I

[

0 2 X

gsc\/ydx+\/§dy:”5%(x—1/2 _ y_llz)dA

1) p2 X212, _ _
:(EJJ.O Io (x 1/2_y 1’2)dydx

32

_ N2 . 08485
5

2
|

0 2 X
gSC (2x+ y2)dx + (x° +2y)dy:”8 (2x-2y)dA

2% 14 2l x* X8
:Iojo (2x—2y)dydx:fo{7—E}dx

D8 2 oosn
5 7 35
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4. 4y 8.
f— 4_
i S
| |
C, c
s I
- [ [
0 2 X 0 2 4 X
<JSC Xy dx + (X + y)dyz.”'S (1-x)dA A(S):(%J(}Sc xdy - y dx
1p0-2y+2 1
= (1-x)dxdy ==
Iofo 3 _(L Jz 3 o[1)e |ax-[ L j0[2x2—xz]dx
2)°01\ 2 2 2)72
5. S 2
B 3
| 1 1 _I 1 1 | 9 )
-5 | 54 1
sk = s
2 2 — _
qSC(x +4xy)dx + (2x +3y)dy_”s(4x 4x)dA
_ ! .
_O 0 l X
6. y .
N a. jjsdlv FdA:”S(MX +Ny)dA
L :” (0+0)dA=0
AL s
i s b. jjs (curl F)~de=”S(NX ~My)dA
1+ 11
L :ﬂs(zx—zy)dA:jojo(zx—zy)dxdy
0 2 6 X

- [{a-2y)dy=0
¢ (€ +2y)d+ (6 +siny)dy = [[ (2x-2)dA 0
Cc

10. a. 0+0)dA=0
ffjf(ZX—Z)dxdy=j1424dy=24(3):72 2 ”s( +0)

o b. jjs(b—a)dAzj;j;(b—a)dxdy:b-a
N 11. a. ﬂs(0+0)dA=o

b. .”s (3x2 - 3y2)dA =0, since for the
integrand, f(y, x) = —f(x, y).

|-
0 2 8 X

A(S) :(%jcﬁc xdy —ydx

1)¢2 1)\0 8
= [E) J.O [4x2 — 2x2]dx + [Ej .[2 [4x—4x]dx = 3
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12.
15. y

2 X

-y
N

-2

a. [[ divFdA=[[ (M, +N,)dA 0 | X

=[], A+ DdA=2[A(S)] = 2n W =§_F-Tds = [[ (N, -M,)dA

101
b. -Us (curl F).de:HS (Ny —M,)dA =”S (_Zy_zy)dA:.[oIo_4dedy

1
=[], 0-0)dA=0 = [y4ydy=-2

13. [[ (curl F)-kdA= | F-Tds—[_ F-Tds 16. g F-Tds=[[ (2y-2y)dA=0
1 2

=30-(-20) =50 17. Fisaconstant, so Ny =My =0.

14. §_F-nds=[[ (2x+20dA= [ [ axdxdy =2 o F-Tds = [ (N —M,)dA=0

18. <]5M dx+Ndy:”S(Nx—My)dA:O

Therefore, jc F-dr is independent of path since
j F.dr-j F-dr:j F.dr=0

C, C, C
(Where C is the loop C, followed by -C,.)

Therefore, IQF'dr:Jc F-dr, soFis
2

conservative.

19. a. Eachequals (x* - y?)(x* +y%)2.

—_ _ 2 . 2
b. CJSC y(x2 +y2) 1dx—X(x2 +y2) 1dy=.fon(_sm2t—0052 tydt =J‘0n—1dt

c. Mand N are discontinuous at (0, 0).

20. a. Parameterization of the ellipse: x =3 cost,y=2sint, tin [0,2x].

2 i .
[ n[%(—%mt) -%(most)}dt — on
0 1 9cost+4sin“t 9cos®t + 4sin“t
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1 2y-1 12 -1 -1 2y-1 T 2 nlay
b. [ -@+yH) Ty + [ T+ Hdx+ [ @ y?) Ty + [ -0 +D)Hdx = 2n
c. Green’s Theorem applies here. The integral is 0 since Ny =M.

21. Use Green’s Theorem with M(x, y) = -y and N(x, y) = 0.
. (y)dx = [[ [0~ (-D]dA= A(S)
Now use Green’s Theorem with M(x, ¥) =0 and N(x, y) = X.
gSC xdy = jjs (1-0)dA = A(S)

22. qsc(_%j yzdx = ”S (0+y)dA=M, 'CJ;C (%J xzdy = HS (x-0)dA=M,

23. A(S)= (%J cﬁc xdy—ydx = (%) L)Zﬂ[(a cos® t)(3asin2 t)(cost) - (a sin® t)(3a cos? t)(-sint)]dt = [gj a’n

24. W :gSCF-Tds:US (curl F)-kdA :ﬂs(NX—My)dA:jjS(-s—z)dA :—5[A(S)]:—5[%j:—15f52n, using

the result of Problem 23.

_ x2+y2 B 1 1
T2 23312 1,2, o2\l2 4
(C+y?)32 (P ey?)t? a

25. a. F-n
1 1

Therefore, I F-nds=—f 1ds = —(2na) = 2m.
C a’C a

(¢ +y)D -9, (° +y)O-MQY) _,

b. divF=
(X +y?)? (% +y?)?

c. M is not defined at (0, 0) which is inside C.

(P +y?)
d. [Iforiginis outside C, then @C F-nds= .Us divFdA= HSOdA: 0.

If origin is inside C, let C" be a circle (centered at the origin) inside C and oriented clockwise. Let S be the
region between Cand C'. Then 0= .Us div FdA (by “origin outide C” case)

:J‘CF-nds—jC,F-nds (by Green’s Theorem):.[CF-nds—Zn (by part a), so jCF-nds:Zn.

26. a. Equation of C:

b. Area(P)={_ xdy wh
(X, y)=(Xo, Yo)+t(X, = X0, Y1 - o) rea(P) jcx y where

tin [0, 1]. C=CuCyu...uC, and C; istheith
Thus; edge. (by Problem 21)

1
Jo xdy = [ Do +t0a = %0)1(v - Vo)t = Icl Xdy+jc2 xdy+...+J'Cn xdy

which equals the desired result.

_ 5 000 i) (o
=1

2

c. Immediate result of part b if each x; and
each y; is an integer.
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d. Formula gives 40 which is correct for the 3 .3
polygon 31 the figure below. b. é_[_B _[_3{—5902 (gj +sec? (%ﬂ dydx=0
10 —\
B 29. a. divF=-2sinxsiny
N div F <0 in quadrants I and 11l
N div F > 0 in quadrants Il and IV

27. a. divF=4

XA
AN
= Ny CRKNRALTy 7]
AN St orsas 7
101 SRR SSeCSK) ’o,"c’;-’il,"_’_t'
5

LSS SeONN LRI T
S T S LM o T T
s ST T

OO LT T T T

oI

x2 +y?
NNt
NN\\\\ ¢t rr 77
NNNNNNN |
NNNN N Vs
ooy oboooss b. Flux across boundary of S is 0.
SR D Flux across boundary T is —2(1— cos3).
P A aar S B N I B T W S
S A VN NN 1 5 5
S/ 4 HE VNN NN B —(X“+ 14,2 2
77700 VAN 30. dwF:Ze( YV (x% 4 y? - 4)
b. 4(36) = 144 so div F < 0 when x2+y2<4 anddivF>0

when x? + y2 >4,

Ty,

qh?

Yy

4 4 -

X
Incos(—j—lncos(l) DR RS FERPRV SRV

3 3 A“\\\JII"‘
BN NN AN CTINNN\ S
—~—re 4 4 & b A Y Y \\\\\\///‘/’

RN
~—v ¢ 4 4 |4 v v Y N - [ f e -
—v v ¢ ¢ ALY Y e we— o e T T AN -
——r v v ¢ 4| Y v N w=—— -//'/'//‘\\\\\‘
A R R R R v/// /\\\\\.
e S Y I ,1///’\\\\\,
S N T ,;l/f"\\\»,
ey R UL T B B Y S T ¢ « « 4« 4 F|F vy 0
S T O T S O I A A Ay g
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14.5 Concepts Review
1. surface integral

n
2. 2.9(%, Vi, Z)AS;
i1

3. ./fX2+ fy2 +1

4. 2; 18x

Problem Set 14.5

1. HR[X2 +y2+ (x+y+D]L+1+1)Y 2 dA

= I;I;Jg(xz + y2 + X+ y+1)dxdy :¥

2 (b on ”( dexdy
s

4

3 ([ (x+ YW@ —x2) Y212 104 1dA

1 2(x+Yy)
.[ .[0(4 X )1/2 dydx
_ V3 2x+1

0 (4_X2)1/2
\3

= {—2(4— xz)“2 +sin7t [EH
2/ 1y

_TH0 o T 30472
3 3

2npel o 2 a\1/2 (=
4, jo jor (4r% +1) rdrde_(eo)(ZS\/ngl)

~ 2.9794
5. [F[""4r? +D)rdrdo=| 2 |n ~1.9635
'jojo (4r° +rdr —§n~.

6. y

Instructor’'s Resource Manual

[[ yeay? +0H2aa=[[*ay? +1)2 ydy ox

3/2 3/2
3 — -
@z 1 dx 17 1
0 12

~17.2732

ij(x+ y)(0+0+1)Y2dA

Bottom (z = 0): I;I;(x+ y)dxdy =1
Top (z = 1): Same integral

. Ll 1
Left side (y = 0): IOIO(X+O)dxdz =5

Right side (y = 1): J;j;(x+1)dx dz :%

Back (x =0): I;I;(O+ y)dydz =

N|lw N -

Front (x = 1); j; j;(1+ y)dydz =
Therefore, the integral equals

1+1+1+3+ +—=06.
2 2

. Bottom (z = 0): The integrand is 0 so the integral

is 0.

. r4r8-2x 128
Left face (y = 0): .[o .[o z\/idzdx_?
Right face (z = 8 — 2x — 4y):
Ijjs_zy(S—2x—4y)(4+16+1)1/2dxdy

_ (%jm
3
Back face (x = 0): L)z I§_4y z/1dzdy = %

Therefore, integral = 64+( )\/_ 112.88.

X

ijF-nds :ij(—fo ~ Nf, +P)dA
= I;j;_y(8y +4x+0)dx dy
= [}~ y)y+ 20~ y)?1dy

= j;(—Gyz +4y+2)dy =2
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10. j;jf_zxm(xz —%(—%)dydx =11.25 Myy = [ 25 = [[ (2= x-y/3dA
51 Z\EJ.SJS_V(a—x—y)dxdy
1. [0 - y2) ™2+ 2)dydx =20

(In the inside integral, note that the first term is
odd iny.)
2 2 3
al a a3
12 :@IO(T_aWy? ==
M
7=—Y _%, then X = (by symmetry)
m

16. By using the points (a,0,0), (0,b,0), (0,0,c) we
can conclude that the triangular surface is a

c portion of the plane 1+X+E =1,or
’ a b c
HR [-Mf, - Nfy + PJdA z=1f(xy)= c(l—f—%J , over the region
a

T owin? 4 2\-12 Eoe2 | 2\-112
_HR[ 2X(X° +y°) Sy(x®+y%) ™ +3]dA Ry ={(X,y)|OSXSa,OSySb(l—g)}. Since

2n ¢l . _

= Io 7TJ.O[(—Zr cos@-5rsin@)r~ +3]rdrdo we are assuming a homogeneous surface, we will
o 1 assume o(x,y,z)=1.

= Io (—2c059—55in9+3)d9j0rdr

_ _ 2, £2
=(6n)ej=3m9.4248 a.m —IsfldS —jRj fe +fy +1dA
_ 02 02 02
13. mzﬂ'kazds:J'Ikazx/gdA _” 22t dA

_ \/
=x/§kj§joa *x2dy dx =(%Ja4 tralc? it Hl dA

(7) 2c2 +a202 +azb2

14. m= HG kxy ds = J‘.[R kxy(x2 + y2 +1)1/2dA

\/bzc2 + azc2 +a2p?

_ it 2,02 /2 _ )
_Iojokxy(x +y“+1)" “dxdy Let w= " ; then
- [LJ (9/3 82 +1) ~ 0.3516k —
15 2
15. b.MXy:J.J‘zdS :I zwdA
S R
fi
=W (c——x——y) dy dx
00 a b
VX:ab—x
a
afch e chx? wabc
S

2 2 a 2a 6
Let 6=1.
m =H51ds =”R(1+1+1)1/2dA

2
3 ara-y B a _a“v3
- \/§J'O .[o dx dy _\/5.[0 (a-y)dy = 5
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19. r(u,v)=2cosvi+3sinvj+uk

M
c. Thus 7=i=M=E. In a like
m 6(abw) 3

manner, using y = g(x,z) = b(l—i—zj over
a c

AR LR

R

e

AR RERRNY

DAY

AR

the region
Ry ={(x,2)]0<x<a,0< 230(1—2)}and

-
-
=
I
]
=
-
=
]
=
-

-
Z
z
g

=
z
-

A b A A

x=h(y,z)= a(l—%—ij over the region
c

Ry, ={(¥,2)[0< y<b, 0< ZSC(l—%)},

we can show X =% and y =% so the center

. abec 20.
of massis | —,—,— |.
333

17. r(u,v)= ui+3vj+(4—u2 —vz)k

AR AR AL AN
o o S R A T
2 v..““\:“\:\‘\\

| 21. r,(u,v)=sinvi+cosvj+0Kk,

| . .

| ry(u,v) =ucosvi—usinvj+1k
Iy xr, =cosvi—sinvj—uk

| |
23
| 4 "ru er||=\/COSZV+Sin2V+u2 :\/1+u2
Using integration formula 44 in the back of the
book we get

6 6
;'D/ A= j T\/uz +1dVdU=7Z'j\/U2+1 du =
-6 0 -6
6
ﬁ[%\/u2+1+%ln u+\/u2+1} =
-6

2l 6vaT o in 3758 | 100 40

J37-6
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22. r,(u,v)=cosusinvi-sinusinvj+0Kk,
ry(u,v) =sinucosvi+cosucosv j+cosvk
I, xr, =—sinusinvcosvi—cosusinvcosy j
+sinvcosvk
=sinvcosv[-sinui—cosu j+1k]

r, xr,| =[sinvcosv|vsin? u+cos? u +1
Iy =<r]=| |

=~/2[sinvcosy] :%kin 2v|

Thus

27 27 2
A=£ I I |sin2v|dudv:\/§7rj |sin2v| dv =

2

0 0 0

72
V2z| 4 [ sin2vdv | = 2v2x[~cos ZV]ZJ’/2 -

0
427 ~17.77

-——
] ’

[T

I“-

[ 17
[
w

]
]
W

23. r,(u,v)=2ucosvi+2usinvj+5Kk,

2sinvi+u?

r,(u,v)=-u cosvj+0k
ryxr, = —5u2 cosvi—5u?sinvj +2ulk
=-u® [5cosvi+5sinvj—2uk]

Iy x 1y | = u?N25+4u?

Thus
27 21

A:I qu 4u® +25dvdu
0 0

2
:Zﬁ_[ u?y4u? +25 du
0

A4 2
= 27 [ T w4 (5)? ()=

w=2u 0 4
dw=2du

%‘TWZ\/WZ +(5)2 dw.
0
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Using integration formula 48 in the back of the
book we get

A=z ﬂ(2w2+25)\/w2+ 5925,
4|8 8
- Z{Z(327r2+25)\/167r2+25 - %In

+%In 5} ~ 5585.42

A
W+\/W2+25 }

0
47z+\/167r2+25‘

30 T
a5 -40

24. r,(u,v) =-sinucosvi-sinusinvj-sinuk,
r,(u,v) =—cosusinvi+cosucosvj+0k
Iy X, =SiNUCOSUCOSVi+sSinucosusiny j
—sinucosuk
=sinucosu[cosvi+sinvj—1k]

vy %, || =|sinu cosu|cos? v +sin? v +1
=+/2[sinucosyl =%|sin 2u|

Thus (see problem 22)
27[/2 27 /2

A== J' I|sin2u|dvdu:ﬁﬁ j sin2u du
2% 0 0

= %ﬂ'[—COS 2u]g/2 =27 ~ 4.443
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25. 5(x,y,z)=k|z|=5ku (k >0). Thus Thus:
27 27 <
m= 5ku u2\/4u2+25jdvdu:
-([ -([ ( )( =|-25sin v|\/(cosusin v)? + (sinusinv)? + cos? v
2 = 25[sinv|\/[(cos? u +sin? u)sin® v+ cos? v
5k J udVa? +25 du = | |\/
0 t=4u?+25 =25|sinv|\/sin2v+c032v = 25]sinv]|
dt=8udu
1672425
% j (t—425)\ﬁ it 28. m_Uszs_HR3dA
25 , (=3A(R) = 3n(3)% = 27, ignoring the subtlety)
167°+25 2 3—
5k12,% 50.% . = tim [ [*“3rdrdg = lim 33— £)?n = 27x
3215 3 25 £—070 0 £-0
%[139760+833] ~ 21968k 29. a. 0 (Bysymmetry, since
32 g(X, Y, _Z) = —g(X, Y, Z))
b. 0 (By symmetry, since
26. a. 5(X,Y,z) =kyx%+y? =kl|cosu
(y,2) =kl = kleosu o0 ¥,-2) = g%, . 2))
Thus
7/2 2% 2 2,2 2
C. XS +y +z7)dS = || .a“dS
A= I I (kcosu)(\/isinucosu) dvdu -UG( y ) -UG
0 0 = azArea(G) =a? (4na2) = 4na*
7/2
=227k J' sinu cos? u du d. Note:
0 . UG (x% +y? +2°)dS :.[J.G x2dS +J.J‘G y2ds
= —2\27zk[t? dt ([ 72ds = 2
t=cosu ”{ = [[4 2°ds =3[[  x?ds
dt=—sinu du (due to symmetry of the sphere with respect
3 227k ~ 2962k to the origin.)
-3 " Therefore,

27.

b. &(x,y,z) =k|z| =k|cosul
Thus the density function is the same as in
part a. and hence so is the mass: ~ 2.962k

r, =-5sinusinvi+5cosusinvj+0k and
r, =5cosucosvi+5sinucosv j+-5sinvk .
Thus,
i ] k
ry xr, =|-5sinusinv 5cosusinv 0
Scosucosv  5sinucosv  -5sinv

= (=25cosusin® v)i+ (—25sinusinv) j+
(—255in2 usinvcosv — 25cos? usinvcosv)k
= (—ZSCosusin2 v)i+(-25sinu sin® V) j+

+ (—=25sinvcosv) k
= (=25sinv)[cosusinvi+sinusinv j+cosvk]

30.

.Ue x2dS = (%J”G (x2 + y2 + zz)dS

4
3 3

2 gna*
e, [0 +y2yis = 2Janat -2

a. Let the diameter be along the z-axis.
l, = ij k(x? +y?)dS

1. HG x2dS = HG y2dS = HG 22dS (by
symmetry of the sphere)

2., y2 1 52vds — 2
2. HG(X +Yy“+2z9)dS _.UGa ds
= a®(Area of sphere)=a® (4ra”) = 4na*
Thus,
2 8ra’k
I, = HG k(x? +y?)ds = §|<(4na“) ===

(using 1 and 2)
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31.

Let the tangent line be parallel to the z-axis.

, 8ma‘*k

Then I =1, +ma® = +[k(4na?)]a®

20ma’k
-

Place center of sphere at the origin.
F :”Gk(a—z)ds :kaﬂGlds-kﬂszs

=ka(4na?) - 0 = 4na’k

Place hemisphere above xy-plane with center
at origin and circular base in xy-plane.

F = Force on hemisphere + Force on circular
base

:”Gk(a—z)ds +ka(ra?)

= kaﬂelds - k_UG zdS + na’k

2
a 3
=ka(2na2)—k 7 [——dA+na’k
.”R az_xz_yz

— 2733k a
=3na’k—k|[ 2 —dA
=3na’k - ka(naz) =2na’k

Place the cylinder above xy-plane with
circular base in xy-plane with the center at
the origin.

F = Force on top + Force on cylindrical side
+ Force on base

= 0+jjG k(h-z)dS + kh(ra?)
= thGms —kﬂszS+na2hk

a2 2
+0+1dA+mra“hk

= kh(2nah)—4kijz -

a’- y
(where R is a region in the yz-plane:
0<y=a,0<z<h)

= 2nah’k + ma’hk — tkah?
= nah’k + na2hk = mahk(h +a)

Now let G' be the 1st octant part of G.

My = [ kds =4[] keds =4kij,z[§JdA

(See Problem 19b.)
=4ak [Area (R")]

:4akn{(a2 ) (@ —h%)}

4 4

m(G) = j jG kdS = k[Area(G)]
=k[2ma(h, — )] = 2rak(hy —y)

nak(hy —hZ) h +h,
2nak(h, —hy) 2

Therefore, 7 =

14.6 Concepts Review
1. boundary; &S
2. F-n
3. divFk

4. flux; the shape

Problem Set 14.6

1. jjjs(0+0+0)dv =0
2. ms(1+2+3)dv =6V (S)=6

3. jﬁSF-n ds =ms(MX+Ny+Pz)dv
:Elﬁlﬁl(0+1+ O)dxdydz =8
4, ﬂﬁsF-n ds =mS(MX+Ny+PZ)dv

:SIIIS (x2 + y2 + zz)dxdydz

Converting to spherical coordinates we have
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3.[“5 (x2 + y2 + 22) dxdydz

:gjﬂspz(pzsin@dpdadqﬁ
w2ra

=3j j j(p4sin¢)dpd9d¢

000

5 FondS = [1 (M = No 4PV = [0 (% 2y + 202 + 2xy2) ey iz = [© [P3a2yzdyz = [*32 22
' U&s n _JI.[S( x+ Ny +F) —Iofofo( Xyz +2xyz + 2xyz)dx dy Z—IOIO a“yzdy z-J'O z
_3&12b202
4
6. ms (3-2+4)dV =5V (S) :5[(%}:(3)3} — 1807 = 565.49
2
2m 02 p4-r . 641
7. ZIIJS(X+V+Z)dV =2.[0 Io o, (rcosg+rsind+z)rdzdrdo == ~67.02
8.
27 02 p2-rcosé
IJJS(MX+Ny+Pz)dVZIIIS(ZX+1+22)dV =j0 jojo (2rcos@+1+2z)rdzdrdo
=j02ﬂ_[02[(2r2 cos@+r)(2—-rcosf)+r(2—rcosd)?1drde =j()2nj()2(6r—r3cosze—r2 cosd)drd@
zjzn(12—4cosze—8cosejd0: 201
0 3
9. -ms (1+1+0)dV = 2(volume of cylinder) = 27;(1)2 (2) = 41 ~12.5664
4 04—X pd4-X-Yy
10. [[[ @x+2y+22)dv = [ [ [T @x+ 2y + 22)dzdy dx =64
1 [ M Ny +P)av = [[] 243+ 4)av 12. [[f, ©+0+22)av = [7" [ [222r dzdr do
=9(Volume of spherical shell) — 127 ~ 37.6991
= 9(4—;] (5° -3%) =1176n ~ 3694.51
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13 [[Fends =[[[(My+N +P,)ds = x ¥ &

25 s % op 0p

J=|* o a

I”(O+2y+0)dV:ZIJIdedde 20 90 06

S S ox oy o

op 09 0
Using the change of variable (from (x,y,z) to singsing cos ¢ singcosd
(r,y,0)) defined by =|psingcosd 0 —psingsing
X=rcosd, y=y, z=rsin@ yieldsthe pcosgsing —psing  pcosgcosé

Jacobian 2

_ =—p sin3¢sin29—p2sin¢cosz¢cosz9—
ox oy o

or 5{, or| | cosg 0 sing 02 cos? gsin gsin? 6 — p? sin3 gcos? @ =
Jr,y,0)=|&¢ & 2= 0 1 0 |=
(r.y.6) oy oy oy . —pzsin¢[sin2¢(sin29+c0526’)+cosz¢(sin29+coszeﬂ
ox oy oz| |-rsind 0 rcosd
060 00 06 =—p25in¢
2 S 2, : : '
rcos® @+rsin“ @ =r. Further, the region S is Thus,
now defined by r? <1, 0<y<10. Hence, by 3.[”(x2 +y? +2%)dxdydz
the change of variable formula in Section 13.9, S
il ydxdydz=2 [ [ [yrdrdydo— 7 21
[[Jydxdydz=2 [ [yrdrdydo= =3[ [[p?(p?sing)dpdads
S 000 0 00
27 10 27 7 77
[ [ydydo= [ 50d0=1007 ~314.16 3 a2 N7
00 0 :—I I5|n¢d6d¢=—J singdg
50 0 5%
14. [[Fends = [[[(My+Ny +P,)dV = :s_ﬂ[ﬂ%lm
B s 5

3.[J._|'(x2 + y2 + zz)dxdydz
3 15, (%)mg 1+1+1)dV =V (S)

Use the change of variable (basically spherical
coordinates with the role of z and y interchanged

and maintaining a right handed system): 16. 5
X = psingsing, y = pcosg, z= psingcosd
Then the region S becomes
,02 <1 (x2 +y2 +22 <1
0<¢p< % (y=0)
5in2¢§% (x2+z2 < y2) so that
pel01], ge [0,%], 6 €[0,27]. The
. L 1 _
Jacobian of the transformation is V(S) :EJ 55 F-ndS for F—(x, Y, z)
1 2n ra ch
:§IIJ33dV :Jo .[0 Io rdzdrdg
2 2
2 2
= [ [*rhdrdo=| "N ppdh
0 Jo 0 2 2
= na’h
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17. Note:
1. ij(ax+by+cz)ds :ijd dS =dD (R is the

slanted face.)

(a, b, c)
2. n=———"L—— (for slanted face)
(a2 b2 +C2)1/2
3. F-n=0 on each coordinate-plane face.

Volume = (%)ﬂs F-ndS (where F =(x,y,z)).

- (%)”R F-ndS (by Note 3)

3\/a2+b2+c2

(ljﬂ (ax+by +cz) ds
3 Rx/z;12+b2+c2

dD

18. msdiv Fdv :mSOdv =0 (“Nice” if there is

an outer normal vector at each point of &S.)

19. a.

divF=2+3+22=5+2z
”55 F-ndS = m.s (5+2z2)dvV = jJISSdV +2J.J'J.S zdV =5 (Volume of S) +2M,,
= 5(%“}22 (Volume of S) =£;+2(0)(Volume) :%n

X, Y, z)-—<x’ Y. 2)
NPCERLES L

H@s F-ndS =IJI51dV =475(1)2 =4n

F~n=(x2+y2+22)3/2( =(x*+y?+7%)% =1 on 45.

L divF=2x+2y +2z

HﬁSF~ndS=m‘82(x+ y+z)dV
=2m'5xdv (Since Xx=7Z=0 asina.)

= 2M, = 2(X)(Volume of §) = 2(2)(“) _16n

3) 3

d. F-n=0 on each face except the face R in the plane x = 1.
_ _ . _ Y
[]F-nas=][ F-nds =] (1,0,0)-(100)ds =[] 1ds =(@)*=1
e. divF=1+1+1=3
111
j _Fnds= mssdv = 3(Volume of S) :3[5[5(4)(3)}(6)j =36
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div F = 3x? +3y2 +322 :3(x2 + y2 + 22) =3o0nJS.

_ 2 2 2 _ 38n _ 127
”ﬁSPndS —3”]'5 (X“+y“+z%)dv _?{EEJ_?
(That answer can be obtained by making use of symmetry and a change to spherical coordinates. Or you could

go to the solution for Problem 22, Section 13.9, and realize that the value of the integral in this problem is g
g. F-n=[In(x*+ yz)](x, y, 0)-(0, 0, 1) =0 on top and bottom.
X! ) 0 -
F-n=(n4)(x vy, O)% =(In4)\x? +y? = (In4)\4 = 2In4 = 4In 2 on the side.
X +y

UﬁSPndS :UR‘”” 2dS = (4In2)[2n(2)(2)] = 327 In2

20. a. divF =0 (See Problem 21, Section 14.1.)
Therefore, IJ' F-ndS = j” divFdVv =0.
7S s

b. .Uas F-ndS =4n (by Gauss’s law with —cM = 1 as in Example 5).

rr_1
Il Irl e

Thus, ﬂﬂs F.ndS = &jj _lds

= (ij (Surface area of sphere) = (%) (4na2) =4na .
a

c. Fon=

d. F-n=f(|r)r L:|r| f(Jr]) = af (a) on 5.

I
— _ 2y _ 3
[ F-nds =af @] 1dS =[af ()](4ma’) = 4na’f (a)
e. The sphere is above the xy-plane, is tangent to the xy-plane at the origin, and has radius %.

div F =|r|" div r+(grad| f |n)~r (See Problem 20c, Section 14.1.)

" @+ 242 +n| 7 Do =3)r" 4[] = @+n)r]"

i

/ . 2 n+3
I oF s =@ [ ov = @emfy 72 2 oo sinya ptgan - 22
2l. Jas D, fdS = Ias Vf-nds = ms div(Vf)dv = I”S v2fdV (See next problem.)
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22. ﬂasf(Vfn)dS:ﬂﬂS(fo)-nds zmsdiv(fw)dv
= j j js div(Vf)+(Vf)-(Vf)dV (See Problem 20c, Section 14.1.)

[ 1 0l e

=ms[(v2f)+|Vf|2]dv =mS|Vf|2 dV (Since itis given that V2f =0 on S.)

23. ”ﬁs fDngdszﬂﬁS f (Vg -n)ds :jjﬁs(ng)-nds:msdiv(ng)dv (Gauss)
:Hjs[f(divVg)+(Vf)-(Vg)]dv :jﬂs(fvzg +Vf-vg)dV (See Problem 20c, Section 14.1.)

24, jas(fDng - gD, f)dS = .Uas fDng dS _”as gD, f dS
= [l (fv2g+ vt -vg)adv - [[[ (gV*f +Vg-Vf)dV (by Green’s 1st identity)

zms(fvzg—gvzf)dv

14.7 Concepts Review
1. (curlF)-n

2. Mobius band

w

. ﬂ(curl F)-ndS
s

4. curl F

Problem Set 14.7

1§ F-Tds :ij(NX-My)dA:HROdA:o

= _[tn2 1
(]SﬁsFTds—Iclodx+jczxydx+yzdy+xzdz+.[c3yzdy —Io(t +7t—4)dt_—g
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HS (curl F)-ndS :q')ﬁs F-Tds :9555(“ 2)dx + (x% + z2)dy + y dz

ol T . . 1 T . 9
_Ioldt+jo [(1+smt)(—smt)+cost]dt+J‘0—1dt+J‘O sin?tdt (*)

= J‘g(—sint+cost)dt ==-2

The result at (*) was obtained by integrating along S by doing so along C;, C,, C;3, C, in that order.

Along C;: x=1,y=t,z=0,dx=dz=0,dy =dt, tin [0, 1]

Along C,:x=cost, y=1,z=sint, dx=-sindt, dy=0,dz=cos tdt, tin [0,]

Along C3: x=-1,y=1-t,2z=0,dx=dz=0,dy=dt, tin [0, 1]

Along C,: x=-cost,y=0,z=sint,dx=sintdt, dy=0,dz=costdt tin [0,7]

AS isthecircle x?+y? =1, z=0 (in the
xy-plane).

_ 2 34y —
95&3 F-Tds= g]}és xy“dx + x°dy = (cos xz)dz
_ 3 _ 2n 34y _ _E
_<.|'>Sx dy_J'O (cos® t)(—cost)dt _[ 4)11
~ —2.3562
AS isthecircle x?> +y2 =12, z=2.

Parameterization of circle:
x =+/12sint,y =12 cost, z=2, tin [0,27]

_ 2
qSﬁSPTds _gsas yzdx+3xzdy + z°dz

2
= |7 (24sin t—=72cos” t)dt = 48 ~ ~150.80

JS isthecircle x> +y%2=1,z=0

2k
jjs (curl F)-NdS = 9855 F-Tds

= § (2= y)dx+ (z+X)dy + (-x - y)dz
Xx=cos t; y=sint; z=0; tin [0,27]
= Ic,zn[(—Sin t)(—sint) + (cost)(cost)]dt
=271 ~6.2832

(curl F)-n=(3, 2, 1)-<(%]1, 0, —1> =2
gSﬁSFTds =HS J2dS =2A(S)

= \/E[sec(45°)](Area of a circle)=8n ~ 25.1327

(curl F)-n=(-1, -1, 4)-{(%)(0, 1 —1)} =0,

so the integral is 0.

. (curl F) = (-1+1,0-1,1-1) = (0,-1,0)

The unit normal vector that is needed to apply
Stokes’” Theorem points downward. It is

(-1-2,-1)
%

n=

éSCF~Tds :HS (curl F)-ndS

:J‘J'S[%st :IJR[%J(1+4+1)“2dA

= ”R 2dA = 2(Area of triangle in xy — plane)
=2(1)=2
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10. (curl F)~n:<0, 0, —4x? —4y2>-{[%j(—1, 0, 1)}

-II;, (7

(wherez =xy)

2y>-(—y, -x, 1)dA

_ 2,2
= Zf(x +Y°) =Iljl(—x2y3—2y)dxdy:——
” (x +y )dS 0-0
) , ) 15. curl F =(0-x,0-0,z-0)=(-x,0,2)
__4-[0I0(X FyT)dxdy = - <JSCF~Tds:HS(curI F)-ndS
11. (curl F)-n=(0,0,1)-(x,y, )=z :”Sxy (curl F)'<_9X’ ~ 9y 1>dAwhere
HszdS :HRldA:Area of R =g(x, y) = xy2. (Problem 13)
{%)2:%:07854 ‘” ~x.0,2) < v - 20, 1>dA
= ["["(xy? + 0+ xy?)dxdy
12. (curl F)=(-1-1,-1-1, -1-1)=-2(1, 1, 1), Lijo )y L,
= |\ XY Ix=o Jdy = | y“dy ==
n:%, so (curl F)~n:—2\/§. JO( o 0) ’ joy ’ 3
16. gSCF.Tds =”S (curl F)-ndS
:ﬂ (curI F)-<—gx, -9y, 1>dA
_” -X, 0, z < 2xy2, —2x2y, 1>dA
(Where z=x° y )
% =”S 3x%y2dA
p Xy
(JSCF.TdS:J‘J‘S(Cu” F)nds —12J.n/2_[a(rCos6’)2(rsin¢9)2rdrd¢9 —TciG
= -2V2[[ 1dS = -2V2[_(sec45°)dA ~ o o 8
= _ﬁ[A(R)]:_% 17. gSﬁSPTds :IIS (curl F)-ndS
:.Us (curl F)~<—gx, -0y, 1>dA
13. LetH(x,y,z) =z-g(x,y) = 0. ’ < 2 2 2 1/2>
vH  (-909y0) X, y, (@2 3% = y?)”
Then n:|VH|:\/1+ngiig§ points upward. —” 2 2, O (aZ—XZ—yZ)_llz dA
Thus, 9 2 _y2 _\2y-124p
Us (curl F)-ndS :”s (curl F)-nsecy dA _sty(x+y)(a o
<_ _xy 1> :2”‘% y(@2 —x2 —y2y" 124
:”Sxy (curl F)%Jgf +gg +1dA :4'[“/2J'asmg(rsin0)(a2 1224 dg
X y 0 0
(Theorem A, Section 14.5) _4a? joules
=”SXY (curl F)~<—gx, -0y, 1>dA 3
18. curl F =0 by Problem 23, Section 14.1. The

14. curl F :<zz, 0, _2y>
¢ F-Tds =[] (curl F)-nds (Stoke’s

Theorem)
- ”sxy (curl F)-(-gy, -9y, 1) dA (Problem 13)

result then follows from Stokes” Theorem since
the left-hand side of the equation in the theorem
is the work and the integrand of the right-hand
side equals 0.
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19. a. Let C be any piecewise smooth simple Sample Test Problems
closed oriented curve C that separates the

“nice” surface into two “nice” surfaces, S; 1. ’
and S,.

jjﬁs (curl F)-ndS \ /

= ” (curl F)-ndS +H (curl F)-nds o
St S2 / \

=95 F-Tds+<ﬁ F-Tds=0 (-C is C with
C -C

opposite orientation.)

b. div(curl F) =0 (See Problem 20, Section 2. divF=2yz-6y+2y?
14.1.) Result follows. curl F = <4yz,2Xy'_2xz>
20. §_(fvg)-Tds =[] curl(fvg)-nds grad(div F) = (0,22-6+4y,2y)
S S div(curl F) =0
= [J[f (curl Vg) +(Vf xVg)] -nds (See 20a, Section 14.1.)
= [ (vf xVg)-nds, since curl Vg =0, 3. curl(fVF) = (f)(curl V) +(Vf xVf)
(See 20b, Section 14.1.) =®@O)+0=0

i 4, a. f , = 2 i C
14.8 Chapter Review a. f(x y)=xTy+xy+siny+

Concepts Test b. f(x,y,2)=xyz+e " +e¥+C
1. True: See Example 4, Section 14.1 5. a. Parameterization isx =sint,y =—cost, tin
s
2. False: It is a scalar field. {0, E}-
: i i i /2 .
3. False: grgd(curl F)is not defined since curl jﬁ (1_0032 t)(sm2 t + cos2 t)llzdt _r
F is not a scalar field. 0 4
) ~0.7854
4. True: See Problem 20b, Section 14.1.
. . . n/2 .2 .
5. True: See the three equivalent conditions in b _[0 [tcost —sin“tcost +sintcost]dt
Section 14.3. (31-5)
. o =32 L 07375
6. True: See the three equivalent conditions in 6
Section 14.3.

6. M, =2y=N, sothe integral is independent of
. 2 . .
7. False: N, =0=z"=P, the path. Find any function f(x, y) such that
fu (X, y)= y? and fy(x, y) =2xy.

8. True: See discussion on text page 750.
. I . f(x ) =xy*+Cy(y) and
9. True: It is the case in which the surface is in 2 2
a plane. f(x, y) =xy= +Cy(x), solet f(x, y)=xy~.
o 214, 2) _
10. False: See the Mobius band in Figure 6, Then the given integral equals [xy ](0, 0) — 4.
Section 14.5.
o 7. D218 =47
11. True: See discussion on text page 752. Dyl
12. True: divF =0, so py Gauss’g Divergence 8. [xyz+e* +ey]% 16 43) —24e1ie~50862
Theorem, the integral given equals e
IJJDOdV where D is the solid sphere
for which S =2D.
888 Section 14.8 Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



0 E] I X

A vector equation of Cz is (x,y) = (2,1) +t(-2,-1) fortin[0,1],s0letx=2-2t y=1-tfortin[0, 1]
be parametric equations of Cs.

jOZde+j;(4+ yz)dy+j;[2(l—t)2(—2)+5(1—t)2(—1)]dt - m%-s:%

=]
I

X =cos t
y =-sint
tin [0,27]

27
]
Sin t:| -0

jozn[(cost)(sint)(—sint) + (cos2 t+sin? t)(cost)]dt = jozn(l—sinz t)costdt = {sint—T
0

10. jjsdiv FdA:jjsszzzA(S):s

11. Let f(x,y)=(01- x2 - y2) and g(x, y)=—-(1- x2 - y2), the upper and lower hemispheres.
Then Flux = HG F-ndS

= [[L[-Mf, = Nfy +PldA+ [[_[-Mg, — Ngy +PIdA = [[ 2P dA (since f, =-g, and f, =-g,)

= ”RGdA =6 (Areaof R, the circle X2+ y2 =1,2=0)
= 67 ~18.8496
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12.

—2X+ 2(1-x)? -x)°
”nyzds:ijxy(x+y)(sec)dA:\/§j;j02 (2y -+ xy2)dy de =J§f;4x (12 & +8X(13 o

243 (1
_TJO(X

4 _6x° +9x° — 4x)dx =- S, t3m 2=~ 0.3464

(-1, -1,1)-(0,0,1)
3

Therefore, secv = /3.

COSv =

13. S is the circle x% + y2 =1z=1

A parameterization of the circle is x = cos t,
y=sint,z=1,tin [0,27].

Tds= 3 y xyz - 3y, eY
9555': Tds_%s[x ydx+e dy+ztan( . jdz} _955S(x y+e’dy)

= I;ﬂ[(cost)a(sint)(—sint)+(e5i”t)(cost)]dt =0

- e ] com0comn s [ s o0 (3 0]
= 907 ~ 282.7433
15. curl F= (3-0,0-0,-1-1) = (3,0,-2)
(a, b, 1)

\/a2 +b%+1

3a-2 3a-2
F-Tds=|| (curlF)-ndS = ds = [A(S)]

boF el s s
_ 3822 (9n) (sisacircle of radius 3.)

x/a2 +b%+1
_ 9n(3a-2)

x/a2 +b2+1
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